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ABSTRACT

The nature of electronic states in disordered two-dimensional (2D) systems is in-

vestigated. To this aim, we present our calculations of both density of states and dc-

conductivity for square lattices modeling the Anderson Hamiltonian with on-site energies

randomly chosen from a box distribution of width W. For weak disorder (W), the eigen-

functions calculated by means of the Lanczos diagonalization algorithm display spatial

fluctuations reflecting their (multi)fractal behaviour. For increasing disorder or energy

the observed increase of the curdling of the wavefunction reflects its stronger localization.

Our dc-conductivity results suggest a critical fractal dimension <fc = 1.48 ± 0.05 to dis-

criminate between the exponentially and the power-law localized states. Consequences

of the localization on transport properties are also discussed.
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1. Introduction

Since the formulation of the one-parameter scaling theory of localization

by Abrahams et al. [1], the subject of Anderson localization has attracted

increasing interest with a rapid development of new theoretical and experi-

mental approaches. The scaling theory [l] predicts a Metal-Insulator Tran-

sition (MIT) to occur only in 3D systems and an exponential localization of

all eigenstates (with the localization length f) for any arbitrary small but

finite disorder in two and one dimensional systems. However, the latter be-

haviour is very difficult to detect if the corresponding localization length £

is macroscopically large as it is the case when diminishing the strength of

disorder in 2D systems. Thus, here, it appears questionable [2-4] whether the

concept of exponentially localized states is reasonable in the weak disorder

limit. In this respect, Kaveh [5,6] has argued for a two-parameter scaling

theory giving a well-defined "pseudo-mobility edge" separating two types of

localized states — the exponentially localized states away from the band

center and algebraically (power-law) localized states towards rnidband. This

is in agreement with the experimentally determined /? function of Davies,

Pepper and Kaveh [7]. Both of the above characteristics can be accommo-

dated, however, if one associates an exponential envelop function (e,~r/t) to

the power-law localized state (* ~ r~a). Then the power-law decay would

govern the character of the wavefunction at small distances before the as-

symptotic exponential behaviour dominates. Hence this exponential factor

would have the side effect of producing a normalizable wavefunctions. In

fact it becomes a general belief [8,9] that the homogeneously extended states

(with the mobility edge of course) exist only in 3D systems for weak disorder

and in 2D systems with inclusion of a strong perpendicular magnetic field.

There has always been a problem of how to characterize the wavefunctions

in weakly disordered system. One characterization is the localization length
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{, which describes the exponential decay of the localized state. Another is

the correlation length A, which describes the spatial extent of the amplitude

fluctuations of the extended state. On the other hand, to describe the spatial

extent of the wavefunction by an exponential decay length, has not oniy suf-

fered from the difficulty of computing reasonably large systems (at the order

of £) but also from strong spatial fluctuations of the amplitude of the wave-

function. These fluctuations are a characteristic feature of the wavefunction

in disordered system and have been believed to mask — at least on small

length scale — the homogeneously extended or the exponentially localized

behaviour. At the mobility edge, in 3D systems, these fluctuations occur on

all length scales larger than the lattice spacing. This has led to the sugges-

tion that they display self-similar fluctuations (ie: they are fractal entities).

This idea was first suggested by Aoki [9] and was corroborated by numerical

investigations [10,11]. The calculation of the generalized fractal dimensions

and the singularity spectrum of the fractal measure [11] have confirmed the

multifractal behaviour of the wavefunctions at the mobility edge in 3D sys-

tems. This would be a reasonable picture to describe the transition from

exponentially localized to homogeneously extended states.

The multifractal behaviour is shown not only at the mobility edge but

more generally for also short range fluctuations of the wavefunctions in disor-

dered systems up to length scales of the order of localization length f and the

coherence length A of localized and extended states respectively [10,11]. This

was effectively demonstrated for extended states [12] as well as for localized

states in ID [13] and 2D [14]. In this respect, the multifractal character of

the wavefunction was suggested [10] as a new method for finding the mobil-

ity edge. The transport properties are, of course, drastically influenced by

the (multi)fractal behaviour. The question ,which is raised here, is which

fractal dimension (among the set of multifractal dimensions) is significant
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for the description of the transport properties. Several authors [15,16] have

suggested the fractal correlation dimension (this point is discussed further

below). Moreover, as the traditional assumption of exponential spatial decay

of the localized wavefunctions may not reflect the most significant features,

the multifractal description is necessary for their correct characterization.

This latter idea was numerically exploited by several authors, determin-

ing the fractal dimension from either the density-density correlation function

[10] or the participation number [17] or the amplitude of the wavefunction

[18]. Calculating the fractal dimention d' from the participation number in

3D systems for various disorder strengths [19], the author estimated a crit-

ical fractal dimension d' = 1.6 ± Q.I corresponding to the metal-insulator

transition (ie: fractals of lower dimensions are localized and of higher di-

mensions are extended). From this dimension, he derived the trajectory of

the mobility edge in the disorder-energy (W-E) plane. This calculation, also,

confirms that the transition between the extended, through fractal, to the

strongly localized states is smooth. In the same work, d" — 1.6 corresponds

to a critical disorder Wc ^ 21 (which is due to the Gaussian distribution

of the Anderson Hamiltonian diagonal elements) and yields a mobility-edge

trajectory in good agreement with the results of the finite-size scaling [20].

The scope of this paper is to readdress the same question, of searching

the critical fractal dimension d*c which can discriminate between the exponen-

tially and power-law localized states in 2D systems. For this task, we used the

same Anderson Hamiltonian as used in Schreiber's work [21] (with on-site en-

ergies taken from box distribution) and calculated both the density of states

and dc-conductivity, based on the Kubo-Greenwood formula, versus energy

and disorder (W). Our calculations were done on square lattices containing

numbers of sites ranging from 300 to 10.000 sites. The dc-conductivity re-

sults are used to search for the critical disorder Wc, above which the midband



states become exponentially localized. (Here our conductivity reference for

localization is taken to be the Mott's minimum metallic conductivity, ffmlT1.)

We used the obtained Wc of the largest sample (of size 100x100 sites) and by

interpolating the results of fractal dimension d'(E) of Ref.[21], we estimated

a critical dimension rf* = 1.48 ± 0.05.

In the next section we describe the model and the calculations of both

density of states and dc-conductivity. In section 3, we present and discuss

our results. The last section summarizes our conclusions.

2. Computational Details

Our investigation is based on the Anderson model, commonly used to

study the localization of the wavefunctions in disordered systems. In site

representation, the one-electron Hamiltonian is;

£ l» (1)

where the on-site energies tn are randomly chosen from a box distribution of

width W, reflecting the strength of disorder. The transfer integrals Vnm — V

are restricted to nearest neighbours only, as indicated by the brackets <>,

and define the energy scale (V=l). At vanishing disorder, one expects the

energy spectrum to extend from ~v to u, where v is the number of nearest

neighbours.

The energy spectrum of the Hamiltonian (1) and the corresponding wave-

functions are calculated using a direct diagonaJization procedure based on the

Lanczos algorithm [17,22]. This diagonalization method is known to be very

efficient for large sparse matrices. We applied this method on Hamiltonian

(1) for square lattices with periodic boundary conditions.

We used the obtained energy spectrum to calculate the density of states:

E.) (2)

j

where s labels eigenstate of the Hamiltonian. Both eigenvalues and eigen-

vectors of the Hamiltonian are used to calculate the dc-conductivity, which

is given by [23] the Kubo-Greenwood formula, for noninteracting electron

system within the linear response theory at T=0DK (with £jr=E)

, ~ 2nhe2 .£ I (3)

Here the polarization is taken in the direction of the x-axis, fj, and u label

eigenstates, P1 is the momentum operator (Px/m — (i/A)[X,H]), il is the

volume of the sample, and H is the Hamiltonian (1) of the system. We would

like to note that we have performed ensemble averaging over different realiza-

tions of the random potentials for both quantities (2) and (3). The number

of realizations done varies from 256 to 8 realizations (per half band) corre-

sponding to the smallest (20x20 sites) and largest (100x100 sites) samples

respectively.

3. Results and discussion

We first display in figure 1 the obtained probability amplitudes of eigen-

states of the Hamiltonian (1) on two square lattices of sizes: (a) 30x30 sites,

and (b) 50x50 sites. Both figures la and lb are obtained for a disorder W= 1.8

and by averaging over both realizations and an energy window of AE = 0.1

at the band center (E=0). Hence each of them represents a wave packet of

eigenfunctions. This figure 1 reflects the self-similarity of the eigenstates be-

having as fractal. Here we do not prove the fractality because it is out of the

scope of this paper and interested readers may consult Refs.[l7,24] for proofs.

To prove the fractality, one should either employ the original definition of



HausdorfF measure or to follow the multifractal analysis given in Ref.[24],

But here, we rather plot typical 2D wavefunctions for illustration. For this

disorder, the localization length is estimated [25] to be macroscopically large

f > 8 x 10s (in lattice spacing units), and the fractal dimension is estimated

[21] to be about d' — 1.85. In all density plots we show only sites whose

amplitudes are larger than the average (l/\/jV). The darker the square dots

the higher the amplitudes of the wavefunctions are. The white places are

areas of weak probability density. The plots of Figure 1 demonstrate also

the fragmentation of the probability density of the wavefunctions. This is a

behaviour of fractal entities.

In figure 2, we display similar spatial distribution of the probability den-

sity for samples of a unisize (50x50 sites) but for various parameter combina-

tions of energy and disorder. Figure 2a is same as Figure lb and corresponds

to the smallest energy and smallest disorder (E—0, W=1.8). Typical cur-

dling of the amplitude of the wavefunction can clearly be seen and would

indicate the fractal entities as described above. Figures 2b and 2c display

the eigenstates of higher energy (E=2 and E=<1 respectively) but for the same

disorder, W=1.8, as in figure 2a. While one expects more and more local-

ization to occur, it seems for this particular combination of disorder W=1.8

and relatively small sample size that the eigenst&te of energy E=2 is more

homogeneously spread and, therefore, more delocalized than that of E=0.

From only observation, one would expect the former eigenstate to have the

highest participation number. In fact, our dc-conductivity results (see below)

has its maximum value close to E ~ 2 when W=1.8. (Of course, when the

sample size is increased, the localization strength should vary proportionally

to the energy [26].) It is clear that the eigenstates at the band tail (E=4) are

more localized because the number of speckles decreases but their average

size increases as well as the maximal amplitudes. This figure 2c, indeed,

reflects an exponential (strong) localization. Figures from 2d to 2f display

the eigenstates of E=0 with increasing disorder (W = 6.2, 10.4 and 16 re-

spectively). When increasing the disorder at fixed energy (E=0) stronger

and stronger microclusters (speckles) appear with increasingly deep valleys

in between and the wavefunction appears more and more localized. Figure 2f

display an exponential (strong) localization with a localization length equal

to the lattice spacing (f = 1 site). Table 1 gives the corresponding local-

ization lengths [25,28] and fractal dimensions [21] at the band center (E=0)

to the disorders used in Figure 2. Note that as the disorder increases, the

localization length ( decreases and also does the fractal dimension rf*, as a

consequence the diminution of the self-similarity region. It is worth it to

make the following remarks about the density plots of Figure 2: (i)- The

case of the most localized eigenstate is obviously figure 2f (where E=0 and

W=16) and the most extended eigenstate is the one of figure 2b (where E=2

and W=1.8) in this particular sample; (ii)- With respect to this finite sample

size, the eigenstates of figures 2c, 2e and 2f are localized as being confirmed in

our dc-conductivity calculation, where their corresponding o(E) is less than

the Mott's minimum metallic conductivity (<7mln ~ O.le2/ft), (iii)- When de-

creasing the disorder, more and more microclusters (speckles) appear, which

support a significant amount of the wavefunction. At some critical disorder

Wc, these clusters join and allow a perculation-like path through the sam-

ple as depicted already in Fig.2a. (Of course, it is understood that this is

different from the classical perculation because we consider here a quantum

system where tunneling is allowed. Neverthless, it can bring a close idea

about localization of the electronic density.); (iv)- The transition from the

exponential to the power-law localization seems to be continuous.

Now, we discuss our dc-conductivity results. In Figure 3, we show the

results of both density of states (DOS) in solid curves (in units of 1/eV)



and de-conductivity in dotted curves (in units of e^jh) for a sample of size

20x20 sites (400 sites) with disorders ranging from W = 1 to 16. The plots

are shown for half-band scale E > 0 to obtain better ensemble averaging by

taking the mean of the two band sides. We note the following points: (i)

First, one clearly sees the expected decrease of conductivity with increas-

ing disorder (W). There are large fluctuations of the conductance (same as

conductivity in 2D) as E varies over the band for lower disorders, Since the

averaging over disorder includes about 256 realizations of the random po-

tentials, these <J(E) fluctuations are presumed to be partly intrinsic due to

disorder (the universal conductance fluctuations) and partly due to the finite

size effects, (ii) For disorders W < 4, overall,the conductivity follows the

density of states profile, but vanishes for energies before band tails, where

the DOS remains substantial. This may suggest a "pseudo-mobility edge"

separating two types of states: the inner states towards midband are more

conducting and therefore less localized than the states on the outer sides of

the "pseudo-mobility edge", (iii) For disorders W > 8, however, it seems

that all states are localized as far as <r(E) is less than crm;n. This is also

consistent with the estimated localization lengths [25,28] listed in Table ],

Similar observations can be made for larger samples of sizes 30x30 and

50x50 sites with results displayed in figures 4 and 5 respectively. These figures

may give and idea about the finite-size scaling of conductance. For weak

disorders (W = 1.8, 2.fi and 3.6), whose localization lengths are much bigger

than these sample sizes (see Table 1), the results suggest that the conductance

falls rnonotonically with increasing lattice size. For higher disorder (W >

fi.7), however, the results suggest that all the states are localized as o(E) <

a-,r,in over all the band. This latter is consistent with the small localization

lengths of Table 1. Of course, for a definite proof of the localization of the

full band for any disorder requires much larger samples and this was beyond

our limited computational means. Lastly we note that the displayed curves

in Figure 4e and 5e correspond to two different disorders W = 6.7 and 6.2

respectively. These disorder values yield <j(0) ~ amin. This seems reasonable

as larger samples require larger critical disorder Wc for the localization of all

their states (this is well represented in Fig.6c below) in order to make the

localization length £ smaller and rather f < L.

For completeness, we have compiled in Figure 6a some available estima-

tions in the literature of the localization lengths at the band center £(£ = 0)

versus disorder W. In this figure 6a, the data shown in open circles (o) and

crosses (x) have been obtained from the calculation of transmission prob-

ability using the strip (bar) method in Ref.[28] and Ref.[25j respectively.

However the data shown in triangles (A) are obtained from the potential-

well analogy method [27] In Figure 6b, we display the fractal dimension d'

at the midband (E=0) for various disorders reported in reference [21] from

participation ratio calculations. We have taken the maximal estimation of

localization length displayed in Figure 6a to predict the critical sample sizes

(the side of square sample is Lc), above which an exponential localization

of the band center (as well as al!) states is expected as £ becomes smaller

than L. The results are displayed in Fig.6c, where the dotted lines indicate

the region of sample sizes, where power-law localization is expected because

there L < { = i.c. The full circles (•) are indicating an overestimation of Lc

as far as the fractal dimensions corresponding to these two data points are

relatively small as shown in Fig. 6b.

The next point we would like to discuss is what would happen when the

sample size is scaled only in one (X or Y) direction. For this, we fixed the

disorder W = 6. Figure 7 shows the finite size scaling of conductance in the

X-direction for samples of sizes varying from 10x30 to 70x30 sites. To get

a clearer idea, we have presented the calculations of a(E) on an expanded

10



scale for three samples in Fig.8. Large fluctuations of the conductance as

E varies over the band are clearly observed. These also are presumed to be

partly due to the universal conductance fluctuation (which is essentially a

quantum effect governed by quantum tunneling and interference) and partly

due to the finite size effects.

Figure 9, however, displays the finite-size scaling of conductivity in the Y-

tiireclion for samples of sizes ranging from 30x10 to 30x70 sites. Similarly, we

have drawn the o{E) results in Figure 10 in an expanded scale for only three

samples. As we were intuitively predicting, the conductivity &(E) seems to

increase with the growing of the Y-side of the sample. We again emphasize

that the conductivity is calculated in the X-dircction as explicitly indicated

in Eq.(3). This growing conductivity with increasing Y-side sample sizes

might be explained by the increase of the number of tunneling channels.

Throughout our discussion of the dc-conductivity results versus disorder

(namely displayed in Figures 3 to 5), it can be inferred, obviously, the exis-

tence of a critical disorder Wc, which depends on the sample size and which

would be able to localize all the eigenstates. Our results shown in figures 4

and 5, corresponding to the samples of sizes 30x30 and 50x50 sites, suggested

critical disorders Wc ss 6.7 and 6.2 respectively. The highest estimations of

localization lengths (figure 6a) for these two respective disorders are f ~ 27

and 40 sites, which are smaller than the respective sample sizes. As the con-

ductivity in 2D systems is normalizable, one would expect Wc to diminish

with increasing sample sizes (this is shown in Fig.6c). In consistency to this,

our preliminary dc-conductivity results on a sample of 100x100 sites at the

midband, a{E = 0), suggested a critical disorder of Wc = 5.5 corresponding

to a(E — 0) ss <7mil,. Again, this is consistent with the localization lengths of

( 2; 50 and 70 estimated in Ref.[27] and Ref.[28] respectively. Hence, one can

rely on this value of Wc in estimating the corresponding fractal dimension.
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By an interpolation of the results of Ref.[21] (see Figure 6b), we estimated

that d"c ~ 1.48 to correspond to the above Wc. Our error bar for the disorder

is estimated to be AW ~ 0.3 wich yields Ad' ~ 0.05. This estimated d' value

seems reasonable because as shown in figure 6b the fractal dimension falls

very rapidly after this Wc. Our estimated d"c — 1.48±0.05 lies in between the

fractal dimensions, of the most extendend states in 2D system with strong

perpendicular magnetic field, reported by Aoki [18], d' = 1.57 ± 0.03, and

the one reported by Ono et al.[30], rf* = 1.39.

Finally, we are at the point to discuss the effect of localization on the

transport properties at finite temperature. In the fractal picture described

in this paper, transport between the different speckles takes place by hopping

processes. With decreasing localization (disorder) the pickles become closer

and closer, and the tunneling becomes easier until finally perculation-like

paths through the entire sample are possible. Furthermore, as transport is

usually concerned with a wave packet traveling through the system, we have

taken this point into consideration in our density plots of the amplitude of the

eigenstates which are shown in figures 1 and 2. But it has been demonstrated

[24] that the wave packet also maintain the multifractal properties and follow

the central single state characteristics. In the regime of strongly localized

states, the transport can be described by the variable range (phonon-assisted)

hopping theory [29], which yields the conductivity:

(4)<7 ~ exp —

where D is the Euclidean dimension of the lattice. In the metallic regim,

however, the conductivity can be related to the density-density correlation

function by means of the Kubo formula [30], Hence it can be expected that

the fractal correlation dimension Dj (= ct here) is the significant dimension

for the description of transport properties in this regime.

12



4. Conclusions References

We studied the nature of localization of the eigenstates of the Ander-

son Hamiltonian using our calculations of both density of states and dc-

conductivity. The eigenstates are suggested to be characterized not only by

a localization length f but also by a fractal dimension d'. The displayed

density plot.s of the probability amplitude of eigenstates reflect their fractal

behaviour and show a growing localization (with reduction of the fractal di-

mension as consequence) as disorder or energy increases. The transition from

the exponential to power-law localizations is shown to be continuous. For a

fixed sample size, there exists a critical disorder (Wc) for the localization of all

its eigenfunctions. Under the assumption that the eigenstates, whose a(E)

is less than the Mott's minimum metallic conductivity, are exponentially lo-

calized, we determined the critical disorders (Wc) for localization of all the

states in square lattices. The corresponding fractal dimensions were obtained

from the work of Schreiber [21]. Based on the results of the sample of size

100x100 sites, we estimated a critical fractal dimension d" = 1.48 ± 0.05 to

discriminate between the exponentially and power-taw localized states. Our

dc-coriductivity results are consistent with the existing localization lengths in

the literature. This fractal (correlation) dimension is expected to be responsi-

ble of the conductivity but no proof is mentioned in this respect. Finally, our

</* value should be tested further for larger sample sizes. This together with

an attempt to draw the trajectory of the "pseudo-mobility edge", separating

the exponentially and the power-law localized states, in the disorder-energy

(W-E) plane for various sample sizes are considered in our future work.
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w/v
1

1.8

2

2.6

3.6

4

5.2

6

6.2

6.7

7.3

8

10.4

16

((E = 0)

> 7 x 10s "

> 7 x 10s "

6.34 x 108 "

1,9 x 106 % 2.6 x 105 *

4065% 25616

1123% 1O276

127°, 1286

41°, 51 '

35% 40*

24% 27*

17% 19*

11% 12'

5% 66

1% 2h

d'{E = Q)c

> 1.85

1.85

1.84

1.80

1.71

1.70

1.53

1.41

1.37

1.31

1.20

1.08

0.67

(a) Reference [27]

(b) Reference [28]

(c) Reference [21]

Table 1: The localization lengths and corresponding fractal dimensions

at the midband (E=0) for a square lattice are interpolated from Figures 6a

and 6b respectively for various disorder strengths W, used in our present

work.



Figure Captions

Figure 1: Probability amplitude of eigenstat.es on a square lattices of

size: (a) N = 30x30 sites, and (b) N = 50x50 sites with disorder W = 1.8

and at the midband (E=0). Every site with an amplitude larger than the

average (|e,n[ > TV"1'2) is shown. Four different grey levels {j = 0, 1, 2, 3)

are used to distinguish whether e2
in > V jN.

Figure 2: Same as Figure 1 but for samples of unisize N — 50x50 sites.

We start from (a) E — 0, W=1.8 then the energy is increased in: (b) E = 2

and (c) E = 4. Then we again start from (a) and the disorder is increased

in: (d) W = 6.2, (e) W = 10.4 and (f) W = 16. All values of energies arc in

units of transfer integral V.

Figure 3: DOS (solid curve) and dc conductivity (dotted curve) for a

sample of N = 20x20 sites with the disorders: (a) W = 1, (b) W = 2, (c) W

= 1 (d) W = 8, and (e) W = 16. The scale shown is for DOS in 1/eV units,

and for conductivity in e2/fi units. Note that <r(E) in (a) and (b) should be

times 30 and 7 respectively.

Figure 4: Same as Figure 3 but for a sample of size N = 30x30 sites

with disorders: (a) VV = 1.8, (b) W = 2.6, (c) W = 3.6, (d) W = 5.2, (e) W

= 6.7, (f) W = 7.3, (g) W = 10.4. DOS should be read in 1/eV units and

conductivity in e2jh units.

Figure 5: Same as Figure 4 but for a different sample of size N = 50x50

sites. Note that the disorder in (e) is W = 6.2 different from that of Fig.4e.
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Figure 6: (a) The logarithm of localization length £(£ - 0) as function

of disorder W for a square lattice is compiled for three different references:

Triangles (A) due to Ref.[27], Open circles (o) due to Ref.[28], and crosses

(x) due to Ref.[25]. (b) Fractal dimension at band center d'(E = 0) due

to Ref.[21], (c) Critical sample sizes shown in open circles (o) as function

of disorder. The dotted lines indicate region of sample sizes in which the

power-law localization is expected.

Figure 7: Scaling of conductivity versus the x-side of the 2D sample at

fixed disorder W/V = 6. DOS is shown in solid curve in units of 1/eV and

conductivity in dotted curve in units of e2jh.

Figure 8: dc conductivity for some of the samples displayed in Fig.7 are

shown for the same disorder W/V=6.

Figure 9: Same as Figure 7 but the sample is scaled this time in the

Y-direction. Also same disorder W/V=6 is used. DOS is shown in solid

curve in units of 1/eV and conductivity in dotted curve in units of e2 jh.

Figure 10: dc conductivity for some of the samples displayed in Fig.9

are shown for the same disorder W/V=6.
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