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ABSTRACT

The nonlinear dynamics of a coherent interacting polariton-biexciton system in opti-
cally excited semiconductors is investigated. We consider the case when two macroscopi-
cally coherent modes - a lower branch polariton and a biexciton existing simultaneously in
a direct-gap semiconductor. The conditions for exhibiting optical bistability in stationary
regime are obtained. Numerical simulation for the nonlinear dynamics equations of the
system is also carried out.
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1 Introduction

Stimulated by the observation of giant two-photon absorption of a biexciton (a bound
state of two excitons, also called an exciton molecule) [1,2] a great number of studies
have been devoted to the problem of biexciton nonlinearities such as the nonlinear nuta-
tion in a system of coherent excitons, photons and biexcitons in the M-band region [3]
as well as optical bistability (OB) [4,5], These papers were stimulated by the interest-
ing nonlinear optical properties of the exciton-biexciton system. Moreover, the optical
nonlinearity due to the virtual formation of biexcitons [6] may also lead to OB [7]. It
has been pointed out that semiconductors are to be very good candidates for optically
bistable devices such as optical memory elements with a short switching time, and stud-
ies of the instability properties of the bistable system play a very important role for the
development of devices. Therefore, optical nonlinear dynamical instabilities have been ex-
tensively studied in recent years in highly excited semiconductors. Chaotic and periodic
self-oscillations in exciton [8-11], and in photon-exciton-biexciton systems have been in-
vestigated [12,13]. However, for the reason given below the interacting photons, excitons
and biexciton system should be considered in the interacting poSariton-biexciton picture.
It is well known that, in direct-gap semiconductors (CdS, CuCl, etc.) at low temperatures
a strong exciton-photon coupling is usually present. As a result the transverse photon and
exciton states mix and their dispersion curves are modified considerably in the crossing
region. Consequently, neither a photon nor an exciton separately are the true eigenstates
of the crystal-electromagnetic field system. For this reason, in such a case, the problem
concerning the interaction between the electromagnetic radiation and the material in the
exciton resonance region should use the polariton picture rather than the photon-exciton
picture.

In this paper, the nonlinear dynamics of the coherent interacting polariton-biexciton
system in semiconductors driven by an external coherent light field have been investigated.
We consider the case when two macroscopically coherent modes - a lower branch polariton
and a biexciton one exist simultaneously in a direct -gap semiconductor. We show that
in such a system OB can appear without the local field effect as in [4] or a resonantor
as in [5]. The chaotic behaviour is also obtained. In Section 2 a model Hamiltonian for
a coherent interacting polariton-biexciton system is given, and only the resonant term
retained. In Section 3 the nonlinear coupled differential equations which describe the
nonlinear dynamics of system are derived. In this section the bistable steady-state and
the dynamical solutions are numerically studied. Conclusion is given in Section 4.



2 Hamiltonian of Polariton-Biexciton System

The system of the photons, excitons is described by the Hopfield Hamitonian HQ. Adding

!l\ for the biexcitons which are created by the fusion of an exciton and a photon we have

[3,6] :
// = //„ + Hi

where

and

(1)

(2)

Here ci^ait and £?* are the bosonic operators of a photon, an exciton and a biexciton

repectively corresponding to frequencies <*Jf(k) = fee, u^(t) and u^{2k) (ft = 1 is used).

The functions g(k) and f(k) are given by:

,1/2

(3)

where Wo is the plasma frequency of unexcited crystal, d is the oscillation strength of the
ground state—exciton transition and Mo the biexciton creation matrix element.

The exciton-photon Hamiltonian can be transformed into the polariton Hamiltonian

by using the canonical transformation:

(4)

(5)

where (a^,at,i/) are creation and annihilation boson operators for polaritons, At|il,(i =
1 — Asv = 1,2) are the coefficients of the linear transformation connecting the exciton
and photon operators to those of the polaritons which are determined by the following
fomulae:

| f(k)
and

(7)

(8)

(9)

Formally, we can represent the mathematical transformation (5) in the following form:

(10)
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With the resonant terms only retained and making use of the transformation formulae
(10,11) we can rewrite Hi in the polariton-biexciton interaction term as [3,6]:

a*i

The constants of the polariton - biexciton interaction are defined by the quantities:

>ls - A, , 3 2 ) (13)

W]2(fc,g) = M0[(AM1 - AJ[t21)(A,il2 - A,,32) + (AM 2 - Afc|22)(A,il| - A9t3,)],

where the constant Mu(k,q) describes the decay of a biexciton into two upper branch
polaritons. The constant Mz2(k,q) describes the decay of a biexciton into two lower branch
polaritons, and Mu(fc,<;) describes the decay of the biexciton into one upper branch and
one lower branch polariton (there are, of course, reverse processes as well).

Near the two-photon resonance, the upper polariton branch is far off resonance and
their contribution can be neglected. Let us now consider a direct-gap semiconductor in
which a macroscopically coherent polariton mode is created on the lower branch by an
external coherent light field with amplitudes Ej^ . The frequency of this mode is equal to
the external pumping frequency Q and its wave vector is k<,. Since the optical conversion
of an exciton into biexciton, as well as the two-polariton excitation of the biexciton from
the crystal ground state are characterized by a giant oscillator strength, it is necessary
to assume that, besides the mode ko, a macroscopically coherent mode of biexciton exists
in the crystal. The biexciton state appears as a result of two-quantum transitions. Its
frequency is u^ = 2(1 and the wave vector q0 = 2k0. Then the Hamiltonian of the two
selected modes of polariton-biexciton system driven by a coherent light field may be
written as:



H = - T =

c - m a i + fc.c}1 (14)

where a^fa*,,) = a j , 2(11*0,2) are the operators for the creation (annihilation) of polariton
on the lower branch corresponding to energy e(fco) = Zziko)- m{fco) = M2i{ko,q0 =
For brevity, from now on we will drop the indices fco and 2ko in all further formulae.

3 Nonlinear Dynamics of the System

The Heisenberg equations for the polariton and biexciton can be set up from (14):

da , . , 2:

if

(15)

(16)

where 7(P) is polariton (biexciton) transverse damping, which has been added phenomeno-
logically. To study the macroscopic transient evolution we need to average (15) and (16)
over the coherent state [14] of the field to get the averages < a[t) > and < B(t) >. Using
the property of the coherent state which is the eigenstate of the annihilation operator we
obtain from Eqs.(15) and (16) a closed pair of equations for < a(t) > and < B{i) >.

Since the behaviour of the system is mostly imposed by the driving field, we can extract
from < a(t) > and < B(t) > the slowly varying functions *)((),4>2(() and 6](i),62(£):

(17)

where the factor Q = 71/V/m is introduced for convenience.

We now introduce dimensionless scaled notations defined as follows:

T wu/2-Q. . e-U n2 ug2

(18)

then, from Eqs.(15,16) with the use of (17-19) we can obtain the following system of

nonlinear differential equations:

(20)

dr

—1 = 2A63 - oQi + 2*!*j
dr

(21)

(22)

- (*? - *a) (23)

where, for simplicity we assumed that the amplitudes £ ( ± ) = E are real quantities.

When the external laser field with its frequency near the two-photon resonance of the

biexciton is applied to a semiconductor, the radiation field is scattered by the biexcitons.

The mean value of the dimensionless scattered field intensity is given by [15]:

lsa(r)=\< B{r)>|2= G|{T) (24)

In the steady state, it is easy to find, by setting the terms on the left-hand side of

Eqs. (20-23) equal to zero, that this scattered intensity Isc is determined by the following

equations:
P2

he = + 4A2

and

/ = - 25A {60 + 2A)2}

(25)

(26)
<r2 + 4A2

where we have defined the dimensionless incident field intensity I = P2 and the dimen-
sionless density of polaritons p = $J + *2-

The basic equations (25,26) of the problem of optical bistability can be considered
analytically. Note that in the considered case the quality 6 = (e — fi)/7 < 0 and then
it can be proved that Isc will be a tri-valued function of light intensity I , i.e. optical
bistability will appear, if the following conditions hold:

- -v/3, (27)

Fig.l ia an example showing the scattered field intensity plotted versus the incident
field intensity when the system is in steady state with the parameters as: 6 = —10, A =
—8 and a = I. Optical bistability is clearly shown in this figure. However, in the
transient regime, we have to solve the nonlinear equations (20-23) numerically. Generally
speaking, optical bistability occurs only when the system exhibits nonlinear responses to
the external field and a feedback of the field or other agent exists. In semiconductors, there
are intrinsic mechanisms of feedback. In the present case, as the incident field intensity
changes, the dynamics of polaritons changes accordingly, leading to a subsequent change
in the biexciton mode. As a consequence, the polariton-biexciton coupling changes the
property of the polaritons, resulting in a change in the scattered light. This internal



process of feedback provided by the pokriton mode permits possible multivalued solutions
to the output intensity of the nonlinear optical scattering problem. This means that
within a certain range, there can be three distinct scattered intensities for each incident
intensity. By using the linear stability analysis we can prove exactly the middle branch is
unstable [16]. As observed in Fig.l, when / increases continuously from zero, Isc increases
continuously until it reaches point 2 where it becomes unstable. Further increase of / leads
to an abrupt jump of Isc to the upper branch. Similarly, when / decreases continuously,
Isc jumps to the tower branch at point 1.

By using an iterate procedure [16] for numerical caculations of Eqs.(20-23), we have
studied the time evolution of the scattered intensity Isc after a sudden intensity change
of the incident field. Fig.2 describes the situation that when the system initially suffers a
slight displacement from the steady state corresponding to the point a (P = 60(/ = 3600))
in Fig.l. We can see in Fig.2 that the scattered intensity oscillates in a short time and
then quickly arrives at its steady state. This means that the system corresponding to the
point a is stable. By making use of the linear stability analysis we have found that the
lower branch of bistable curve is stable, and there is an unstable domain in the upper
branch but it corresponds to the region of very high intensity of incident light. Increasing
the incident intensity from the stable domain of the upper branch we will meet at about
(P = 370) periodic self-oscillations of scattered intensity which are plotted in Fig.3 and
corresponding phase portrait is plotted in Fig.3a. If we continue increasing the incident
intensity / we will observe many different multi-periodic oscillations. When the incident
intensity / reach higher values, at about (P = 400) the chaotic self-oscillations appear.
In Figs.4 and •la we plotted the chaotic self-oscillations of scattered intensity and the
corresponding phase portrait respectively.

4 Conclusion

In this paper we have considered the nonlinear dynamics of a. coherent photons, excitons
and bicxcitons system in the coherent, interacting polariton-biexciton picture. Near the
two-photon resonance, the upper polariton branch is far off resonance and their contribu-
tion can be neglected, and then we can consider the system as one of two macroscopically
coherent modes - a lower branch polariton and a biexciton one exist simultaneously in
a direct-gap semiconductor. We have shown that, in such a system the renormalization
of polariton energy due to the interaction of excitons with photons, optical bistability
can appear without the local field effect as in [4] or a resonator as in [5]. Finally we
wish to note that the periodic and chaotic self-oscillation behaviour may appear in the
system, however, it corresponds to the very high region of incident intensity and outside
the hysteresis loop of the steady- state bistable curve. It is worth to note that in excitons

systems [8-11] the chaotic behaviour appear inside the hysteresis loop. This property is

suitable for the operation of the optically bistable devices.
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Figure Captions

Fig.l The biatability steady-state curve of the dimensionless scattered intensity Isc as

a function of dimensionless light intensity / = P2 for 6 = -10, A = - 8 and a = 1

Fig.2 Time-evolution of the dimensionless scattered intensity ISc when the system ini-
tially suffers a slight displacement from the steady-state corresponding to the point
a (with P = 60(1 = 3600)) in the upper branch of the bistability curve in Fig.l.
Stability behaviour.

Fig.3 Time-evolution of the dimensionless scattered intensity Isc when the system ini-
tially suffers a slight displacement from the steady-state corresponding to the point
of the very high region of incident intensity (P = 370). Periodic self-oscillation
behaviour.

Fig,3a Phase portrait corresponding to Fig.3.

Fig.4 The same as the Fig.3 but P — 400, chaotic self-oscillations.

Fig.4a Phase portrait corresponding to Fig.4.
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