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ABSTRACT

We introduce irregularities on one of the longitudinal boundaries of a quasi ID strip

which has no bulk disorder. We calculate the localization length of such a system within

the scope of tight-binding formalism and see how it behaves with the roughness introduced

on the boundary and with the strip-width. We find that localization length scales with a

composite one parameter.
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The role of substitutional disorder on the transport properties of metals,

in the absence of e-e interactions, is reasonably well understood1. One pa-

rameter scaling theory by Abrahams et al.2 indicates and subsequent works

confirm that in ID and 2D, all states are exponentially localized, however

small the degree of disorder is, for large enough size of the system. On

the other hand, in three dimension, we have Anderson transtion (Metal-

Insulator) at a finite disorder.

However, there could be other kinds of disorder like topological disorder

associated with randomness in the geometrical shape of the system. Some

examples of this type of disorder are branched polymers, fractals, and perco-

lation networks. We would be particularly interested in systems whose width

(or, cross-section) is fluctuating along its length. This is because the quasi

ID wires prepared in the laboratory may not have uniform cross-section and

moreover one or more constrictions may be intentionally introduced in the

flow path. Thus this would also be important in the study of quantum trans-

port properties of nanostructures which are of present day interest. A typical

example of fluctuations of the boundaries of a conductor is shown in Fig. 1.

We refer to such a random fluctuation of the width of a strip as 'boundary

roughness'.

Historically, a similar model of boundary roughness was considered by

Guinea and Verg'es* and so first we discuss their findings. In their model, side

chains of arbitrary fixed length are attached at random locations to another

perfect chain of infinite length. There is no randomness in the site energies

(which are placed on equidistant lattice points in both the host and the side

chains) or the nearest neighbor hopping terms. The effect of an isolated side

chain may be replaced by a Fermi-energy dependent self-energy (or effective

potential) acting on the branching point. Thus this quasi-ID system with

randomly placed side branches (not affecting each other) may be replaced by

a random ID system with an effective potential distributed randomly along

the infinite chain. This is very much like the standard Anderson model of

aubstitutional impurities, with the difference that the diagonal site-energies

themselves (at the branching points) are Fermi-energy dependent. Poles ap-

pear at certain energies to the effective potentials at the branching points

giving rise to zero transmission amplitudes for the corresponding eigenstates

and so localization of those states. In the case of a finite concentration of

impurities (side branches) the presence of one starts affecting the contri-



bution of the other, and in this case, they find the local density of states

(DOS) by averaging over chains of fixed length, matched at both ends to

perfect coherent potential approximation (CPA) systems where each atom is

perturbed by the CPA self-energy corresponding to the given concentration.

The DOS seems to have a qualitatively ID character. Similarly they did

find the transmission amplitudes of chains of fixed length and realization,

by matching chains with random distribution of impurities (presumably a

binary distribution with either the bare site energy or the self-energy of a

side-branch) with the same concentration as before. It may be noted that

an approximation is involved here, since the self-energy of a side branch is

affected by multiple scatterings from nearby side-branches. In any case, they

find that almost all states are loca'ized with a finite localization length. Fur-

ther, by doing an energy-averaging (within the uncertainty of the average

level spacing), they find that for low concentrations of side branches, the

states are somewhat stronger than exponentially localized (the localization

length itself decreasing logarithmically with length).

We have considered a more general model where there are side branches

at each site of the host chain, but the size (width) of each side branch can

randomly take any integer value between a maximum (M) and a minimum

(> 1). This is done to mimic the geometry shown in Fig.l. But, for simplicity

we have let the width fluctuate only on one side of the host chain since from

symmetry arguments we do not expect any physically different result in the

other case where there is roughness on both the longitudinal sides of the

strip. Other than studying the effect of roughness on the ballistic transport

of electrons in narrow (quasi ID) geometries, our aim is also to study the

way the transport in a (rough) wire crosses over to that in 2D. We would like

to point out here that the configurations of ref.3 are special cases of ours if

we choose binomial distributions (instead of multinomial) of one width equal

to M (with probability p < 0.5) and another equal to one (with probability

1-p) respectively.

As discussed above, we expect almost all states to get localized because

of boundary roughness with the localization length (f) being strongly de-

pendent on Fermi energy as in the Anderson model. On physical grounds,

we expect passage to extended states with £ —• oo in two different limits:

(i) as the roughness -» 0 for any finite width (Bloch states) and (ii) as the

average width of the channel -+ oo for small, finite roughness. Our interest

is to see whether f scales as a function of a single composite variable made

of the average width and the roughness or not (in the spirit of one parameter

scaling theory).

We have done a numerical calculation for the localization length of such

a system within the scope of tight-binding model following the method by

Taylor and MacKinnon*. This of course involves a one-electron picture and

the results obtained should be reasonable (in the same spirit as in band

theory) even in the presence of interactions as long as the quasi particles

behave like a Fermi liquid. Further there is an advantage of using the fol-

lowing recursion method for the Greens functions at a certain Fermi energy

as compared to solving for the scattering of the eigenmodes of the related

Schrodinger equation6 in that one need not worry about adiabaticity (i.e.,

no mode mixing) conditions for the quantum ballistic transport particularly

in the regions where the width of the channel change sharply.

Tight-binding Hamiltonian for a single chain looks like:

(1)

where in the 2nd term, j is summed over the nearest neighbours only. In our

system we keep all site energies to a fixed value (to) Mid also the hopping

energies (V). We take V = 1 (between nearest-neighbor sites) to set the

energy scale.

The quasi-ID system is generated by coupling isolated slices of certain

width (M). The submatrix, of the system's Green's function, which relates

the 1st slice and the (JV + l)th slice, Gi.jv+i, is calculated iteratively. If

one knows the Green's function upto JVth slice, G^JV, then GI,N+I c a n be

calculated by treating the hopping between JVth and (N + l)th slices, VN.JV+I

as perturbation by using Dyson's equation. The equations which relate the

submatrices are given by the following:

GN+1,N+1 =

where Ep is th Fermi energy.

The localization length £M can be defined by

= - lnnJl/N)lnTr |



We vary the strip-width (M) along the longitudinal direction in step of in-

tegers. This variation is given by a uniformly random distribution. Suppose

the strip-width can change from M, A f - 1 , M - 2 , up to M — (fc-1). k is

the number of possible values the width M can take and we call it 'roughness

index'. The standard deviation of this variation is a = k2 - 1)/12. We

actually determine the localization length for a given maximum strip-width

and a roughness index after averaging the quantity Y = Tr | G[N^ \2 over

many smaller lengths of the strip and then from the best fit of the following:

In fig.2 we show how the renormalized localization length (fjw/Af) of

a strip of maximum allowable strip-widths (M) and for a particular energy,

varies with the roughness index (k). Fig.3 is a different way of looking at

the data. That is we plot renormalized localization length against M and we

treat k to be disorder parameter. This is in the light of what has been done

by MacKinnon and Kramer5 to obtain the scaling as in the case of normal

Anderson model of substitution^ disorder in the bulk.

The scaling ansatz is:

= f(U(k)/M)

The scaling parameter is found to be („ ~ az, where x = 0.8 ±0 .1 . The

scaled variable is M / ^ and we see a reasonably good overlap of data points

in the plot of fjw/M against this in Fig.4.

In conclusion we show single parameter scaling is valid as that in the

normal Anderson model with substitutional bulk disorder.
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Figure Captions:

Fig.l: A cartoon of the system we consider.

Fig.2: Plot of renormalized localization length against roughness index.

Fig.3: This plot shows how renormalized localization length varies with

different Strip-width (maximum allowable) for various roughness indices.

Fig.4: Plot of renormalized localization length with the scaled variable.
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