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ABSTRACT

The problem of the time evolution of the position and width of a reaction front between
initially separated reactants for the catalytic reaction A + B —> B + C (C inert) is treated
within a recently introduced Galanin-like scheme.

MIRAMARE TRIESTE

July 1994

'Present address: Escuela de Medicina Nuclear, Garibaldi 405, 5500-Mendoza,
Argentina.

Permanent address: Centro Atomico Bariloche-CNEA and Instituto Balseiro, Univer-
sidad Nacional de Cuyo, 8400 S.C. de Bariloche, Argentina. Member of CONICET.



The topic of the anomalous kinetics in bimolecular reaction-diffusion processes has
recently attracted considerable attention due to its relevance in several applications [1].
Reaction-diffusion processes are usually described in terms of partial differential equa-
tions for the local concentrations. However, such a mean-field-like approach overlooks
the fluctuations and correlations which have been shown to be essential to the under-
standing of the anomalous kinetics of these systems [2]. Recently, a novel approach has
been introduced that includes such fluctuations within a theoretical scheme, that is able
to describe the cases of imperfect reactions and allows one to obtain exact or approxi-
mate analytic results. It was initially applied to the case of the one-dimensional reaction
A + B —> B + (inert) [3]. More recently, this scheme has been extended in order to
describe the annihilation reaction A + B —* C{inert), not only for the one-dimensional
case, but for higher dimensions as well [4].

Here we want to apply such scheme to the analysis of the situation where the reactants
are initially separated in space [5]. In such a situation the system develops a reaction front
at the interface between the reactants that is characterized by the concentration of the
(assumed immobile) products. As has been remarked [5], the presence of an interface is
a characteristic of many reactions in physics, chemistry and biology.

The case we are going to consider corresponds to the one-dimensional catalytic reaction-
diffusion system A + B—*B + C(C inert and inmobile). As was done by other authors
[5], instead of trying to get the whole concentration profile of the product C as a function
of coordinates and time, we will concentrate in the first few moments of such distribution.
For this situation, the B particles play the role of an absorber or catalyzer, and the above
indicated scheme can be used directly. As was shown in Ref.[3] for the several traps case
(that is : a dense equation adopts the form

§ ^ C*. 0 (1)

where NA(x,t) indicates the density of A particles, while e,(£) corresponds to the posi-
tion of the j-th B particle. The usual process of averaging the previous equation over
realizations of the assumed diffusive process tj(t) , leads us to

~7ix(z, t) = D-^nA(x, t) - -yA(x, t) (2)

where nA(x,t) = {NA(x,t)} and A{x,t) = (J2j6(x - tj(t))NA(x,t)) (( ) indicates the
average over realizations of the process tj(t) ). As indicated in Ref.[3]( the procedure
gives a closed equation for the absorption function A(x, t) whose main contribution, using
the same notation, becomes

A(x,t) = T(z,zi)nB{zi)G(z,zgW*,) - iT{z,z^nB{zl)G{z,z^A{z2) (3)( ) ( ) { ) ( g W ) i { , ^ { ) { , ^ { 2 ) ()

where we denote by Zi the pair (x\,t\) and z± indicates integration over these variables
for all functions containing them. The densities of A and B particles are indicated by
TIA and ng respectively, and G(z,z') is the diffusion propagator. The operator T(z,z') is

ough the series
TIA and ng respectively, a
defined through the series

T(z,z') = J2n(-



where W{z, z') is the free diffusion propagator for B particles, similar to G{z, z'). The ini-
tial conditions in the present case, clearly, are: UA{X, t = 0) = riod(x) and UB ( x , t = 0 ) =
no0(—x), with 9(x) the Heaviside step function. Doing the Fourier (A{x, t) —*• A(k,t)),
and the Laplace (A(k, t) —• A(k, s)) transform, and after some rearrangements, we arrive
at A(k,s) = Aii(k,s) +-iAr(kts) where

AR(k, s) = ^M ^ IM h (5)
1 J/2T(k)G(k) /2 ( +1nBxh/2T{k,s)G{kJs))

Af[k, s) = —ii— = = 72 \P)

V2 (i fi/2T(k )G(k ))fit s)G(k, s))
with

h= f dk'Gik^s + Dik-k'ftp.p.-r-l—Atik'tS + Dik-k')2) (7)
J K ~~ K—oo

h = f dk'G(k', s + D(k- fc')2)p.p.^—jpAR(k't s + D(k- k')2) (8)
— oo

With the knowledge of A(x,t), the behaviour of the solution of Eq.(2) is completely
determined. It is clear that to obtain the complete form of A(x, t) is a formidable task;
however, for the main goal of the present work it is enough to get information about the
first few moments of A(x, t). According to what was indicated before we want to obtain
the time dependence of the first few moments of the concentration distribution of C, that
is: the width and mean value of the time integrated distribution of absorbed particles.
Using that A(k,s) — f dxA(x,s)etkr, we obtain

*=o= inJxnA(x,s)dx (9)

Accordingly, the Laplace transform of the time integrated values are given by the same
expressions as before, but multiplied by s~' .

In order to get the relevant contribution to the time dependence of the mean value
and width, we will neglect the contribution of the second term on the r.h.s. of Eq.(5a)
for the calculation of AR , and use this value in Eq.(5d) and (5b) for Aj. These results
are the ones to be used in the evalution of < x > and < x2 >. The asymptotic time
behaviour is

< x >~ s-
b'2 => ei2

 M m

< x2 >~ <r3 =* e ™
These results are in coincidence with the growth rate that one can expect from a

mean-field-like scheme. A rough estimate, assuming that both reactants, A and B, are
only diffusive, that is assuming that UA(x,t) ~ (1 + Erf(xi~^) and similarly for TIB{X, t),
gives results that agree with the ones above. Hence, these are the upper bounds for the
asymptotic time dependence of < x > and < x2 > we have sought. The agreement
between our scheme and mean-field like results can be understood because in the present
case the B particles do not dissapear during the reaction, and only follow a diffusive
process. It also explains the larger growth rate found for < x2 > when compared with
the annihilation reaction A + B ~* 0, as well as for giving < x > ^ 0.



Even though we have achieved remarkably good agreement between theory and ex-
periment (simulations) in our previous work [3, 5], it is worth comparing the results just
found with ad hoc simulations of the A + B —* B + C process. This aspect, as well as
the analysis of reaction fronts for the case A + B —• C, will be the subject of forthcoming
papers [6].
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