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1. Introduction
The quantum deformation UK{Vi) of the Poincare" algebra Vi was obtained firstly in [1],
in its trigonometric version, with the mass-like deformation parameter K introduced via
quantum de-Sitter contraction procedure of a nonstandard real form of W,(SO(3,2)) with
j<7| = 1 '. The contraction of standard real form of Uq{SO{Z,2)) with q real, was firstly
performed in [4] (see also Karpacz lecture 1992 [5]) and provided the hyperbolic quantum
K-Poincare algebra with standard real *-structure. In [4] also two Casimirs for K-Poincare
algebra were given2, and elements of /c-deformed free scalar field theory were presented.

There are the following characteristic properties of the K- Poincare algebra given in [4]:

a) The Hopf algebra 0(3) of nonrelativistic rotations remains unchanged in the algebra
as well as the coalgebra sectors.

b) The fourmomenta are commuting, however the coproduct for three-momenta is
noncocommutative, implying the following composition law of threemomenta

c) The Lorentz algebra generators do not form a subalgebra - the structure constants
in the commutator of boosts for K < oo depend on the commuting fourmomenta
components .

d) The threemomenta transform nonlinearly under the boost generators.

It should be stressed here that the choice of the basic generators of U*(Pt} given in
[4] is not unique, and respective changes of the basic generators modify the form of the
K-Poincare Hopf algebra in the algebra as well as the coalgebra sector. In particular the
foUowing two choices of basic generators for n-Poincare algebra were proposed;

1. In 1993 in [7] Ruegg and Tolstoy introduced new basis with the covariant fourmo-
mentum generators P^°v, transforming with respect to the left adjoint action of the
Lorentz generators M^ as the standard Minkowski fourvectors:

where rj^ = (1,1,1, —1) is the Minkowski metric and the general formula for the
quantum adjoint iooks as follows:

adYX = YwXS(Ym) (1.3)

where (in symbolic notation) A(Y) = K(i) ® y(2) and S denotes the antipode.

It should be recalled that the quantum adjoint action generalizes for quantum en-

veloping algebras the notion of commutator, and for quantum groups, dual to quan-

tum enveloping algebra, the notion of the similarity transformation X' = YXY'1,

'The notion of quantum contraction procedure as applied to quantum Lie algebras of
rank 1 was firstly introduced by Firenze group [2], In general case the quantum contraction
describes the extension of Wifner-Inonu contraction for g-deformed Lie algebras. The
notion of standard and nonstandard real forms are explained in [3]. The classical limit is
K —> oo.

3For trigonometric version of the K-deformation the second (fourlinear) Casimir was
found firstly in [6].

2. One can construct the basis with classical Lorentz algebra, which leads to the de-
scription of K-Poincare' algebra PK as the bicrossproduct of the classical Lorentz
algebra 0(3,1) with the abelian algebra of the fourmomenta T4

:

P» = 0(3,l)i*i T4 (1.4)

In such a framework the K-deformation occurs only in the commutators of Lorentz
boosts with threemomenta. Such a basis has been proposed recently by Majid and
Ruegg [11].

It should be observed that the properties c) and d) listed above depend on the choice
of the generators. In Sect. 2 we shall describe all three distinguished bases of K-Poincare'
algebra proposed respectively in [4], [7] and [11] and we shall discuss their particular
features. In the last part of Sect. 2 we shall consider the representations of the K-deformed
Poincare algebra as differential operators acting on the functions of commuting momenta.
In such a way there were obtained [12-17] the K - deformations of the representations
of Poincare algebra, describing the momentum wave functions of the K-deformcd free
classical fields. It should be recalled that besides the K-deformed Klein-Gordon equation
[4], also the K-deformed Dirac equation [17, 12] as well as the K-deformed wave functions
with arbitrary spin [12, 13] were given.

In the construction of the representations in [12-17] the full Hopf algebra structure of
the K-Poincare algebra4 is not employed. Two notions require however the complete Hopf
algebra structure:
i) The adjoint action of Hopf algebras (see (1.3)).
ii) The duality construction providing the quantum K-Poincare group TV

In Sect. 3 we consider duality between the K-Poincare algebra UK(Vt) and the quantum
Poincare group P*. For the pair of dual Hopf algebra we obtain that

- the multiplication in PK(Gi, G2 £ TV) is defined by the comultiplication in Ws(7
7i)(gi,g2 €

- the comultiplication in "P* is determined by the multiplication in U^Pt)

In particular the coproducts of the fourmomentum generators belonging to UK(P/L) deter-
mine the commutation relations for the quantum K-deformed Minkowski space [20-22,11],
which look as follows

!£,'£) if (L6)

An important task is to apply the K-deformation of relativistic symmetries to the
physical phenomena of relativistic physics. At present some applications have been ob-
tained [4,12-17] in the framework of the realizations of re-Poincar6 algebra on commutative

3For the notion of bicrossproduct applied to noncocommutative (quantum) Hopf alge-
bras see [8-10].

*For the deformations of Poincare1 algebra which are not K-Poincare algebras and are
not endowed with the coalgebra structure see [18, 19].



fourmomenturn space, with the commutative space-time coordinates X^ described by the
covariant Schrodinger representation of the rektivistic canonical commutation relations

1 d
(1.7)

where P^ describes the commuting fourmomenturn generators belonging to the K~Poincare
algebra (see (2.1a)). Using such a conventional framework one can interprete e.g. the K
- deformation of the wave operator • = d^d* as putting the relativistic system on the
time lattice (with lattice length Ai = ^ for trigonometric /t-deformations [26]; for the
hyperbolic (standard) K-defcrmations one obtains the lattice in imaginary time direction:
Al = ^ [4, 27, 28]). For the free D = 4 K- relativistic systems the consequences of the
/^-deformation will be presented at this School in the lecture by W.J.Zakrzewski (see also
[22] }.

From the point of view of the theory of quantum groups [23, 24] the approach based
on the non-commutative space-time coordinates (1.6) is more promising and will be dis-
cussed in more detail in [25], In such an approach it is important to observe that the
noncommutativity (1.6) of space-time coordinates is of the Lie algebra type what permits
to obtain the additivity of the noncommuting Minkowski coordinates without introducing
nontrivial braided structure.

We shall conclude this introduction by considering also other approaches to the de-
formation of D = 4 Poincare algebra. One can introduce the following two classes of
quantum-deformed Poincare' algebra:

i) Quantum Poincare algebra with commuting fourmomenta and masslike deformation
parameter « (^--deformations).

The K-deformation discussed in this lecture provides the modification of the boost
sector ^ j p It is aiso possible to obtain in the Hopf algebra framework the K-
deformation leaving invariant the subalgebra 0(2,1), describing two boosts and one
rotation [3, 29] (see also Santander lecture in this volume). The K-deformation in
all three space directions was also proposed [30], but only as deformed Lie alge-
bra, without full Hopf algebra structure. The general form of K-deformed Poincare
algebra with classical 0(3) rotations was studied in [18, 19], Interestingly enough
the Jacobi identity for the algebraic structure selects (modulo redefinition of the
energy operator Fo) quite uniquely the K-deformation given in [1, 4]. It should be
mentioned that recent deformation of Poincare algebra, proposed in [31] is almost
trivial - can be obtained by the redefinition of the energy operator from the classical
Poincare algebra.

ii) Quantum Poincare algebra with noncommuting fourmomenta generators forming
quadratic algebra and quantum Lorentz group as its Hopf subalgebra (q-deformation
with dimensionless deformation parameter q).

Such a structure was obtained in several ways:

a) By g-deformation of the differential realizations of classical Poincare algebra
on Minkowski space.
In this method after replacing the commutative space-time by the ^-deformed
Minkowski space |32] one expresses the deformed Poincare1 generators in terms

of g-deformed space-time coordinates and (/-derivatives [33, 34]. Such an ap-
proach has been studied extensively, with the description of <j-relativistic free
fields [35, 36] and the realizations in Hiibert space. It should be stressed how-
ever that in such an approach usually the eleventh scale generator is needed
for obtaining the real Hopf algebra structure of q-Poincare algebra.5

b) By considering Hopf subalgebras of Drinfeld-Jimbo deformation W,(0(4,2)) of
D = 4 conformal algebra [38-40].
Again in such a framework eleventh scaling generator is needed, i.e. only 11-
generator q-deformed Weyl algebra is the Hopf subalgebra of W,(O(4, 2)).

c) The multiparameter deformation of U(O(4,2)) has been recently considered in
two papers [41, 42]. By special choice of the deformation parameters there were
indeed obtained the 10-generator quantum Poincare algebras as Hopf subalge-
bra of quantum conformal algebra. Unfortunately, it was shown recently [43]
that the ^-deformation given in [41] differs from the classical Poincare algebra
(as a Hopf algebra) only by twist of the coproducts. The second example [42]
is provided with the semi-direct product of <j-deformed fourmomenta and the
classical Lorentz algebra (see Castellani's lecture in this volume), with compli-
cated structure of the coproducts.

d) Finally it should be mentioned that the <j-deformation of the Poincar£ algebra
has been studied in the framework of braided quantum groups, and has been
described as the semi-direct product of ̂ -deformed fourmomenta and the q-
deformerl Lorentz generators [37, 44]. In such a case the q-Poincare algebra as
well as dual q-Poincare group belongs to the category of braided Hopf algebras
(see e.g. [45]and Majid lecture in this volume) with modified multiplication
rule for tensor products.

2. K-Poincare quantum algebra - different choices
of basis.

a) Standard basis (LNR 1992).
Firstly K-deformed Poincare algebra with standard reality structure was given in [4]. It
is described by the following Hopf algebra structure, with real ten generators:

i) Algebra structure:

(2.1b)

,P0] = 0 , (2.1c)[MilPj\=iziikPk ,

p
[LuP0] = iPi (2. Id)

sThe necessity of adding the scale generator follows also from purely algebraic consid-
erations (see e.g. [37]).



*cosh ̂  - JLp t(PM)) , (2.1e)

where K is a mass-like deformation parameter, M = (Mi, M2, M3) and P =
(PM = P,Mi + PiM2 + P3M3).

A(Mj) = M

vi) Coalgebra:

(2.2a)

(2.2b)

A(P0) = Po ® 1 + 1 ® Po.

The counits e of all generators are zero,

iii) Antipodes:

.) = -M,, 5(PM) = -P», S(L,) = -L, + ~ f i .

The deformed two Casimirs for the K-t'oincare algebra are the following:

1) Mass square operator:

C, = P2 4-2«2 (l - cosh^) = P2 -

The eigenvalues C\ = —M% determine the K-relativistic rest mass Mo.

2) Relativistic spin square operator:

(2.2c)

(2.3)

(2.4)

(2.5)

where the /t-deformed Pauli-Lubanski four-vector is given by the formulae

Wt = KM, sinh — + tijkPjLk , Wo = PM. (2.6)

The simplest spinless realization of the K-Poincare1 for which P M = 0 and

P*Hp) = vjtp)

is

a

(2.7a)

(2.7b)

where

\j>oU = "sinh f — j . (2.8)

From the Casimir (2.4) (Ct = —M$) we obtain the following K. - deformation of the KG
equation [2]

(2.9)

(2.10a)

P>-^j)=-M>

b) Covariant fourmomenta basis (RT 1993).
The new variables proposed in [7] have the following form

- (2.10b)

The Lorentz generators are the same.
The new fourmomentum generators permit to define two Casimirs of K-Poincare algebra
in simpler form:

- P= eXp ^ = (2.11a)

C2 =

where

(2.11b)

(2.12)



describe the four components of K-deformed covariant Pauli-Lubanski fourvector trans-
forming under the Lorentz generators M^v — {Mi, Li] as the covariant fourmomenta,
i.e.

In the covariant fourmomentum representation

the free field equations take the simpler form. The re-analogue of the Klein-Gordon equa-
tion

(2.15)

one can obtain to the form obtained in LNR basis {see [4]) if we assume that

what implies that

P2 - = -M2

(2.16a)

(2.16b)

Further the re-analogue of Dirac equation, obtained in [17, 19] by more complicated meth-
ods, takes the form

(^pecov _ A^,,)*^) = 0 (2.17)

The free (sourceless) electromagnetic fourpotentials satisfy the following re-deformed equa-
tion:

= 0 (2.18)

Unfortunately because of quite complicated Lorentz sector (e.g. in formula (2.1 e) one
should substitute P^ by f£ov using the formulae inverse to (2.10)) and complicated co-
products for P^" it is not easy to introduce a re-generalization of the interaction, described
in the momentum space by the convolution integral:

"(k) (2.19)

(2.20)

where (*(fc) describes K-deformed Dirac bispinor)

c) The basis with classical Lorentz subalgebra (MR 1994)
Let us assume that the re-Poincare algebra is a 10-generator quantum algebra with

1. Classical Lorentz subalgebra {M^ s (Mj,JV()}

(2.21)

2. Classical (Abelian) fourmoraenta (P^ = (Pi, Pa})

3. The deformation occuring in the cross-relations between the Lorentz and translation
sectors.

Assuming that the deformation is O(3)-invariant a id present only in the boost sector one
obtains6

i, PA = i(6iJ(P0,u) + PxPi9{P0,u)) (2.22a)

where u = ^ .
Redefining Po PQ = PolPo) one assumes [19] that

Po{Po)=

(2.22b)

(2.23)

then it follows that we can put in (2.22 b) allways h(Pa) = 1.
Keeping in (2.22) h = 1 we can insert (2.22 a) in all possible Jacobi identities. The

condition which follows is the following

(2.24)

We see therefore that all possible deformations of type (2.22) depend only on one arbi-
trary function / , and the function g can be expressed algebraically from (2.24) by / . We
would like to stress, however, that these deformations are not endowed with a coalgebra
structure. It appears however that one example belonging to the class of deformations
(2.21-22) can be obtained from the K-Poincare algebra in the standard basis by the fol-
lowing change of boost generators [11]:

Vj = Pj-e-S (2.25b)

Then we obtain the following "cross-relations" between classical Lorentz and fourmomen-
tum sectors:

\Mi,Vj\ = tUjkPk [Mi, PoJ = 0 (2.26a)

§(1 - + ^ + - (2.26b)

6It should be added that in [31] similar framework was proposed, but with the function
g depending only on Po. In such a case after the redefinition of energy the deformed
Poincare algebra can be identified with the classical one.
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From (2.25) and (2.2 a-c) one obtains the following coproduct formulae:

A(Mi) = Mi ® 1 + 1 ® M,

A(Af.) = W ® AT + ^ F j

(2.26c)

(2.27a)

(2.27b)

i) = V,

and the following antipodes

A(Po) = Po

0 = -Mi S{P0) = -

(2.27c)

(2.27d)

\) = - e - V, (2.28)

0 = -e^N, + ie.

It should be stressed that similarly as in the standard basis the energy operator is additive
(see (2.27 d)).

The example (2.26) is the special solution of the equation (2.2-1) with

/ = | ( l - e - ^ ) + ^ P 2 <? = - (2.29)

which we know describes the real Hopf algebra. If we substitute in (2.25 a) the relations
(2.7 a-b) one obtains:

(2.31a)

(2.31b)

or by introducing pi = e'^pi (see (2.25 b)) one gets

e - N a _ - _ ( W t _ -p_)

Adding to the realization (2.31 a) the 0(3) rotations

a

one obtains the nonlinear realizations (2.31 a-b) of the classical Lorentz algebra.
Because the fourmomenta of K-Poincar^ algebra are commuting, one can represent the

10

generators of VK as differential operators on commuting fourmomentum space (see formu-
lae (2.7 a-b) and (2.31 a-b)). Such single representations describe in physical language
one-particle wave function. It is the coproduct formula which determines the representa-
tion of K-Poincare algebra on 2-particle wave function /(j£1),p*,2)). We have e.g. in the
basis given by (2.26-28)

(2.32a)

(2.32b)

(2.32c)

lpf)) (2.32d)

It is interesting to observe that the formulae (2.46 a-b) provide the two-particle realizations
of classical Lorentz algebra.
d) Finite Lorentz transformations.
An interesting question is the problem of description of finite Lorentz transformations on
the fourmomentum space. For simplicity let us describe the boosts in (0,1) plane. In [12]
it was assumed that in LNR basis the two momenta (Po, Pi) transform under the boosts
generated by L\ in the standard basis as follows:

Pr{a) = eaLl Pre'aU, r = 0,1 (2.33)

It appears that the composition of two finite boosts in different directions (e.g. Q[ for L\
and «2 for L2) leads to the addition formula for the boost parameters depending on the
momenta generators (e.g. an = an{ot\,ct2, Pr))- Such a structure was studied by Batalin
[46] and was called quasi-group structure.
The deficiencies of the quasigroup approach follows from its property that it does not take
into consideration the Hopf algebra structure. Let us observe however that the formula.
(2.33) describing adjoint action of the Lorentz group can be written for the classical
Poincare algebra as follows:

Pr(a) ^ad^L.Pr (2.34)

where the adjoint action is defined by the formula (1.3). If Y e A, where A is a Hopf
algebra, due to the relations

(2.35a)

11



adr.-nX = adYl {adY2X) (2.35b)

the adjoint action Y —> ady describes the representation of A. Moreover, because

ady1(8y2X1«>X2 = ady1Xi®ady:lX2 (2.36)

we obtain that a —> ad^a) describes a representation of the coalgebra sector and in con-
clusion the adjoint representation provides the Hopf algebra representation. The formula
(2.34) can be written as follows

- y —adLAadi • • • (ad^.Pr))...) (2.37)

In the standard basis the adjoint action adh^P^ is quite complicated (see [7]) and different
from the commutator [L^P^]. Surprisingly enough, in the basis with classical Lorentz
algebra given in [11] one can calculate that

adN.F{P0,P>)=[Ni,F(PfhPi)}

for any function F, As a consequence it follows that the formulae (2.34) and (2.33) can be
identified not only for classical Poincare algebra but as well as for the K-Poincare algebra
written in the basis (2.26-28).

3. Duality and K-Poincare Quantum Group.
a) Dual pairs of Hopf algebras and bialgebras.

Let us assume that we have a Hopf algebra H = (v4,A,£(e). The dual Hopf algebra
H* = (A*, A',S',£*) is defined by the following duality relations

< a'b*, a >=< a' ® b',A(a) >

< A'(a ') ,a® b >=< a'.ab >

(3.1a)

(3.1b)

<S*(a*),a >= (3.1c)

t*{a*)=<o*,l> (3. Id)

where < •, • > describes a bilinear map (A', A) —• C. One can say that the pair of Hopf
algebras (H,H*) determines the generalized phase space of a system, where H determines
the set of generalized momenta and H'- the generalized coordinates. In fact putting
H = UK(Vi) we see that its generators include the fourmomenta operators; it is the dual
algebra H* = f(Vf) which will contain the noncommutative space-time variables.

Let us assume that H = Uq(g) ("quantum Lie algebra") and H* = F(Gq) ("quantum
Lie group"). We shall denote the generators of H by e\ , . . . , en and generators of H'

12

by tfi,... ,an ("noncomutative quantum group parameters") which one can introduce in
such a way that

j . e j > = Sij (3.2)

where h is the deformation parameter (e.g. h = q — 1) and

It is often difficult to obtain the full structure of dual Hopf algebra //* in explicite form
- i.e. to determine the algebra A*, coproducts A* and antipodes 5* for the generators
di,dc-2,... ,dn from the formulae (3.1 d). It appears howc.ur that one can consider the
"quasiciaasical approximation" to the full Hopf algebra structure provided that the fol-
lowing expansion is valid

(3.3)

(3-4)

> 4 (3.5)

We describe therefore the quasiclaasical limit of the quantum Lie algebra g as taking the
form of the Lie bialgebra B = (g, 8) , with the commutation relations

If we decompose A(1)(e,} e A® A into symmetric and antisymmetric part (A(1) =
A(1'f) one can put

and the cocommutator 6 given by the formula (3.5),i.e.

*(e".) = /i'e,- A 4

The duality principle applied to bialgebra B defines its dual B* = (d, 6*) by means of the
relations

e, >=<: at,[iklit] (3.7b)

The relations (3.7 a-b) describe for the dual pair of the Hopf algebras F(Gq) ® Uq(g)
the "infinitesimal" form of the relations (3.1 a-b). In particular let us recall that the
important class of the coboundary (or quasitriangular) Lie bialgebras is obtained if

S&i = adfii = [A'0)(ej)i'1] (3.8)

where t £ g ® g and the adjoint action is extended to tensor products as a derivation.
The 2-tensor f is called the classical r-matrix. Let us denote

f = f(+)+f(-> fffW = ±f(±) ( 3 9 )

where o{a ® b) = b <g> a. The classical r-matrix defines the Lie-Poisson structure [23] if

adit ([^" )>^" )]J)
 = 0 (3-10)

13



where the 3-tensor [r,r], is the Schouten bracket, defined for two 2-tensors as follows:
(T\2 — T\2 ® 1 etc.)

f A A i t l i t 1 i ( 1 /q i i \

It is easy to check by using formulae (3.3) and (3.8) that the quantum ft-Poincare algebra
in its infinitesimal form describes the coboundary Lie bialgebra. One obtains (we have
h = I in (3.3))

a) in the standard basis (see [20, 21])

where a A b = ^(a ® 6 - b <g> a)

b) in the basis given in [11]

rj«B = Pi

(3.12a)

(3.12b)

One can check that for both choices of the D = 4 Poincare classical r-matrices (see
3.12a-b) the condition (3.10) is satisfied.

The generators e; satisfying the classical Lie algebra relations can be represented as
the left (right) invariant derivatives D$B (D$B) acting on the functions on the group
^(a),x(a) (67 = (aj,AB, • • •, an,A

B))- F°r a ny classical r-matrices satisfying (3.10) one
can introduce the following two Poisson brackets:

(3.13)

It can be shown that in order to obtain the Poisson manifold with the group structure (i.e.
group multiplication being a Poisson map) we should take the following linear combination
of two Poisson structures:

Let us consider now the biiensor f in N x N matrix representation of the quantum Lie
algebra generators

If we describe the parameters aj as the elements of JV x N matrix a A , the formula (3.14)
for the basic generators can be written as follows

(3.16)

(3.17)

or in a short-hand matrix notation

{a ® a] = r(a ® a) - (a ® a)r = [r, (a ® a)]

where ® denotes the matrix multiplication of the matrix-valued elements of tensor prod-
uct.

14

b) K-Poincar6 quantum group and «-Minkowski space.

In order to obtain the quantum «>Poincar£ group one should calculate the Hopf alge-
bra dual to the K-Poincare' algebra (see 15a-b). Unfortunately this calculation still has to
be done. At present it has been only dualized [20, 21, 47] the "quasi-classical approxima-
tion" to the full Hopf algebra structure of K-Pomcare algebra (see Sect. 3a). Interestingly
enough on this way there are obtained also the formulae (1.6). At present an important
argument for the choice of the algebra (1.6) for K-Minkowski coordinates comes from [11],
where it has been shown that these K-Minkowski coordinates transform covariantly under
the action of the whole K-Poincare algebra.
Further we shall consider the K-Poincare group obtained by the quantization of the bracket
(3.16). We shall calculate the Poisson bracket (3.16) by employing the following 5 x 5
matrix realization of the Poincare group (^ = 0,1,2,3):

V" (3.18)

0

Using the 5 x 5 realization of the 10 Poincare generators {A, B = 0,1,2,3, A)

{Pi)AB = p

one obtains from (3.12 a) and (3.16) the following set of the Poisson brackets

{Af.A*} = 0

{K, v"} = (Aff - <

supplemented by the pseudoorthogonality condition

(3.19)

(3.20)

(3.21)

It appears that the set of Poisson brackets (3.20) can be quantized by the standard
substitution

One gets

(3.22)

(3.23a)

- v"6^) (3.23b)

(3.23c)

15



supplemented by the relation (3.21) for A£.
The relations (3.23) were obtained firstly by S. Zakrzewski [20]; the generalization to the
K-Poincare algebra as well as the K-Poincare group in any dimension was given in [21, 47].
One can check that

i) The quantization (3.22) leads to unique result because due to the relation (3.23 a)
the ambiguities do not appear in the ordering of quadratic terms on rhs of (3.16).

ii) The deformation described by the relations (3.23) is "fiat", i.e. the spaces of linearly
independent polynomials in AJJ and C have the same dimension in classical (K = co)
as well as deformed (K < oo) theory.

hi) The relations (3.23 a-c) are also satisfied by the classical coproducts for the Poincare
group

A{A£) = A£®A;: (3.24a)

A(v") = A£ ® if + if ® I (3.24b)

iv) The defining relations (3.23 a-c) can be written in the standard form

R(f®f) = a(f<g>f)R (3.25)

w h e r e T is t h e following 5 x 5 m a t r i x

T = ( o i )

and

R = 1 + - r (3.26)
n

Let us consider more in detail the translation sector of K-Poincare group. We shall
interpret these translations as describing noncommutative K-Minkowski coordinates. The
coproduct (3.24b) describes then the coaction of K-Poincare group on K-Minkowski coor-
dinates. Indeed, denoting in (3.24b)

1®{/" = X"

one gets the familiar covariance formula

X"' =

where from (3.23 b) and (3.27) follows

A(v») =

+ a"

(3.27)

(3.28)

(3.29a)

(3.29b)
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(3.29c)

It should be recalled that the relations (3.29a) supplemented by the coproduct formula
A{Xfi) = X,, ® 1 + 1 g> Xp are dual to the fourm.imentum Hopf subalgebra of the "full"
K-Poincare algebra (see (2.1a) and (2.1c)).

We see therefore that we obtained the noncommutative K-Minkowski space which
transform in standard way under the Poincare transformations; in particular we see that
the pure translations (A = 1) are additive. It should be stressed that for the 5-dcformed
Lorentz group the noncommutative Minkowski coordinates can be additive only provided
we introduce nontrivial braiding between aM and X11 (first and second component of the
tensor product - see (3.27)).

It is the relation (3.29 b) which implies that our K-Minkowski space describes standard
quantum group, which Lakes the form of ordinary Lie algebra (see (3.29 a) and (3.29 c)).

In order to describe the re-deformation of quantum mechanics and quantum field the-
ory one should introduce the Schrodinger wave functions as well as the classical ^-fields
depending on the «-Minkowski coordinates. The study of such systems and its possible
relation with the scheme with commuting Minkowski coordinates are now under consid-
eration.

4. Conclusions.

We would like to stress that in this short review we did not describe many developments
of the K-deforrt,ed formalism which occured recently. We shall list only here some of these
considerations:

a) The description of finite-dimensional Lorentz transformations in the standard basis
(see [12]).

b) The definition of K-deformed Newton-Wigner position operator and its relation with
uncertainty principle [48, 15].

c) Relation of the K-deformation with lattice theory. It should be pointed out that
the hyperbolic deformation in the standard basis lead to the description of time
development by the finite difference time derivative on purely imaginary time lattice
(see e.g. [28]).

d) The generalization of the D — 4 considerations with standard signature (metric
tensor TJM,, = diag(l, — 1, — 1, — 1) to arbitrary signature and arbitrary dimension
[21].

e) The generalization of the re-deformations to the supersymmetric extension of the
D = 4 Poincare symmetries [49, 50].

It should be stressed however that many problems and questions remain unsolved. Partial
list of these subjects for future research we give below:

1. The physical interpretation of the nonsymmetric addition formula for the three-
momenta.

17



2. Existence of the universal .fi-matrix.

3. Description of K-invariant interacting field theory, i.e. the problem of defining K-
invariant vertex functions.

4. The structure of dynamical theories in noncomtnutative K-Minkowski space, and the
physical meaning of the relation (3.29 a).

5. The physica! consequences of different assignments of physical generators {describing
the energy, threemomentum, angular momentum and boosts of physical systems)
to the generators of U^i).

6. Description of the quantum K-Poincare group which is dual to the full /t-Poincare
quantum algebra (in all orders in ^ ).

We should also mention here that recently there were made sucoesfull attempts to classify

i) the Poisson structures on Poincare group (i.e. providing the list of classical r-
matrices ) (see S. Zakrzewski lecture in this volume).

ii) the quantum Poincare' groups with the "classical" coproduct structure (3.24) [51].

Recent studies are therefore describing not only new aspects of the standard K-deformation
given firstly in [4], but also provide other versions of the quantum deformations of rela-
tivistic symmetries, which might be useful in the physical applications. We see therefore
that still a lot of investigation should be done before we can attempt to answer the ques-
tion how important are quantum deformations for the description of the basic notions of
the contemporary physical theories.

References

[1] J. Lukierski, A. Nowicki, H. Rucgg and V.N. Tolstoy, Phys. Lett. B264, 331 (1991)

[2] B. Celeghini, R.Cracchetti, E. Sorace and M. Tarlini, J. Math. Phys. 31, 2548 (1990);
ibid. 32, 1155 (1991)

[3] J. Lukierski, A. Nowicki and H. Ruegg, Phys. Lett. B271, 321 (1991)

[4] J. Lukierski, A. Nowicki and H. Ruegg, Phys. Lett. B293, 344 (1992)

[5] J. Lukicrslti, A. Nowicki and H. Rucgg, 1992 Karpacz School lecture, publ. Journ. of
Geom. and Phys. 11, 425 (1993)

[6] S. Giller, P. Kosiriski, M. Majewski, P. Maslanka and J. Kunz, Phys. Lett. B286, 57
(1992)

[7] H. Ruegg and V.N. Tolstoy, Geneve Univ. preprint UGVA-DPT 1993/07-826, July
1993; Lett. Math. Phys., 1994 (in print).

[8] S. Majid, Int. Journ. Mod. Phys. A5, 1 (1990)

[9] S. Majid, Pacific Journ. of Math. 141, 311 (1990)

18

[10] S. Majid, Journ. Algebrn 130, 17 (1990)

[11] S. Majid and H. Ruegg, Geneve Univ. and Cambridge Univ. preprint UGVA-DPT
1994/03-844 and DAMTP/94-24, March 1994; HEP-TH/94 05 107; Phys. Lett. B,
1994 (in print).

[12] J. Lukierski, H. Ruegg and W. Ruhl, Phys. Lett. B313, 357 (1993)

[13] S. Giller, C. Gonera, P. Kosiriski, M. Majewski, J. Kunz, Mod. Phys. Lett. A8, 3785
(1993)

[14] L.C. Biedenharn, B. Mueller and M. Tarlini, Phys. Lett. B318, 613 (1993)

[15] N. Maggiore, Pisa Univ. preprints IFUP-TH 19/93 and IFUP-th 38/93

[16] P. Maslanka, Journ. Math. Phys. 34, 6025 (1993)

[17] A. Nowicki, E. Sorace and M. Tarlini, Phys. Lett. B302, 419 (1993)

[18] H. Bacry, Journ. of Phys. 26A, 5413 (1993)

[19] J. Lukierski, A. Nowicki and H. Ruegg, Journ. Math. Phys. 35, 2607 (1994)

[20] S. Zakrzewski, Journ. of Phys. A27, 2075 (1994)

[21] J. Lukierski and H. Ruegg, Phys. Lett. B329, 189 (1994)

[22] J. Lukierski, H. Ruegg and W.J. Zakrzewski, Durham Univ. preprint DTP-57/93,
November 1993; HEP-TH 93 12 153

[23] V.G. Drinfeld, Proceedings ICM-1986, Berkeley, 1, 798 (1987)

[24] S. Majid, "Foundations of Quantum Group Theory", Chapt. 6 and 7

[25] H. Ruegg, Proceedings of the 1994 Varenna School lectures (June 1994)

[26] Bonechi, E. Celeghini, Giacchetti, E. Sorace and M. Tarlini, Phys. Rev. Lett 68,
3718 (1992)

[27] C. Gomez, H. Ruegg and P. Zaugg, University of Geneve and MIT preprint UGVA-
DPT-1994/05-853 and MIT-CPT-2328, June 1994

[28] J. Lukierski, A. Nowicki and H. Ruegg, Proceedings of IInd Born Symposium Spinors,
Twistors, Clifford Algebras and Quantum Deformations, ed. Z. Oziewicz et al.,
Kluwer Academic Publishers, p. 257 (1993)

[29] F.J. Herranz, M. de Montigny, M.A. del Olmo and M. Santander, J. Phys. A27, 2515
(1994).

[30] S. Sachse, Munich Univ. preprint LMU-TPW 92-27, December 1992

[31] A.A Kehaginas, P.A. Meessen and G. Zoupanos, Phys. Lett. B324, 20 (1994)

19



[32] U. Carow-Watamura, M. Schliecker, M. Scholl and S. Watamura, Int. Journ. Mod.
Phys. A6, 3081 (1991)

[33] W.B. Schmidke, J. Wess and B. Zumino, Zeitschr. fur Physik C52, 471 (1991)

[34] 0 . Ogievetsky, W.B. Schmidke, J.Wess and B. Zumino, Comm. Math. Phys. 150,
495 (1992)

[35] M. Pillin, W.B. Schmidke and J. Wess, Nucl. Phys. B403, 223 (1993)

[36] M. Pillin, Max-Planck-In; .itut preprint MPI-Ph/93-61

[37] S. Majid, Journ. Math. Phys. 34, 2045 (1993)

[38] V.K. Dobrev, Gottingen preprint, July 1991

[39] J. Lukierski and A. Nowicki, Phys. Lett. B279, 299 (1992)

[40] V.K. Dobrev, Journ. of Phys. A26, 1317 (1993)

[41] M. Chaichian and Demitchev, Phys. Lett. 304B, 220 (1993)

[42] R. Castellani, Torino Univ. preprint DFTT-70/93

[43] J. Lukierski, A. Nowicki, H. Ruegg and V.N. Tolstoy, Journ. of Phys. A27, 2389
(1994)

[44] S. Majid and U. Meyer, Cambridge Univ. preprint DAMTP/93-68, December 1993

[45] S. Majid, Cambridge Univ. preprint DAMTP/93-4

[46] I. Batalin, Journ. Math. Phys. 22, 1837 (1981)

[47] P. Maslanka, Journ. of Phys. A26, L1251 (1993)

[48] J. Bacry, Phys. Lett. B306, 41 (1993)

[49] J. Lukierski, A. Nowicki and H. Ruegg, Journ. Math. Phys. 35, 2607 (1994)

[50] J. Lukierski, A. Nowicki, J. Sobczyk, Journ. of Phys. A26, LI 109 (1993)

[51] S. Podles and S.L. Woronowicz, in preparation

20



• ii I n I I ,' M 1 m tf * ' T


