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ABSTRACT

The aim of this note is to give shorter proofs of the mean value theorem, the mean
value inequality, and the mean value inclusion for the class of Gateaux differentiable
functions having values in a topological vector space.
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Throughout this note X denotes a vector space, Y a Hausdorff topological vector space
(both over the field R of real numbers), and A C X a convex set. A function f : A —> Y
is said to be Gateaux differzntiable at XQ € A if there exists a mapping from X into Y,
denoted by /'(xo), such that, given any z € X and a balanced neighbourhood V of 0 in
Y, there exists a 5 > 0 satisfying

(/(x0 + tz) - f(xo))/t - f'(xo)(x) E V

whenever 0 < |t| < 8; f'(xo) is called the Gateaux derivative of / at xo and we briefly
write as

f'(xo)(z) = lim(/(x0 + to) - /(**,))/*, z€X . (1)

Some authors also require /'(xo) to be "linear", but we do not need it in our proofs.
A useful reference for the background of the results of this paper is [3]; see also [1, 2,

5,6].
We first consider the Lagrange form of the mean value theorem for real-valued func-

tions on X.

Theorem 1. Let g : A —> R be a function Gateaux differentiate at each point of the
segment [xo,xo + h] in A, Then there exists a 6 e (0,1) such that

g(x0 + h) - g(x0) = g'(x0 + $h)(h) .

Proof. Define <j>: [0,1] -+ R by <j>{t) = g(x0 + th). Then <f> is different!able on [0,1]. In
fact, using (1), we obtain

4>'{t) = lim (g(x0 + (t + At)h) - g(x0 + th))/At
At—>0

By the classical mean value theorem, there exists a 0 G (0,1) such that (f>(\)-0(0) = <f>'(9).
Hence

g(x0 + h)- g(x0) = 0(1) - 0(0) = g\x0 + 6h)(h) ,

as required.
An exact analogue of Theorem 1 for vector-valued functions need not hold as is shown

by the function / : [0,27r] —• R2 defined by / (x) = (cosx, sinx). However, for the class of
these functions, the following version of the mean value theorem holds.

Theorem 2. Suppose Y has a non-trivial (real) continuous dual Y' and let / : A —• Y
be a function Gateaux differentiate at each point of the segment [xo,Xo + h] in A. Then,
given u e Y', there exists a 0 € (0,1) such that

(f(x0 + h)- f(x0), u) = (/'(xo + Oh)(h), u) . (2)

Proof. Define g : [x0,x0 + h] —> R by #(x) = (f(x),u). Then it follows from the
linearity and continuity of u that g'(x)(h) = (/'(x)(/i),tt). By Theorem 1, there exists a
0 € (0,1) such that g{x0 + h) - g(x0) = gt(x0 + Oh)(h). This establishes (2).

The above result clearly reduces to Theorem 1 when Y = R.

Theorem 3. (Mean Value Inequality). Under the hypothesis of Theorem 2, given a
continuous seminorm p on Y, there exists a 9 € (0,1) such that

p(f{xQ + h)~ /(xo)) < p(f'(x0 + eh){h)) . (3)



Proof. By a version of the Hahn-Banach theorem ([4], Theorem 8, Sec. 17.3), we can
choose a u ( / 0) e Y'\ such that (y,u) < p(y) for all y e Y and (f(x + h) - f{x),u) =
p(f(x0 + h) - f(xQ)). By Theorem 2, there exists a 9 e (0,1) such that

(f(x0 + h)- f(xo),u) = </'(x0 + 9h)(h),u) .

Consequently, we obtain (3).
As regards the mean value inclusion, the following general result is given in ([1],

Theorem 1.8); see also ([5], Theorem 1), Using the separation form of the Hahn-Banach
theorem, we give below a shorter and direct proof of it.

Theorem 4. (Mean Value Inclusion). Suppose Y is a locally convex topological vector
space. Then , under the hypothesis of Theorem 2,

f{x0 + h)- f(xo) e co.(B) ,

where B = {f'(x)(h) : x E [xo,xQ + h]} and co.(B) is the closed convex hull of B.

Proof. Suppose f(x0 + h) - f(x0) $ W.{B). By ([4], Theorem 2, Sec. 20.7), there
exists a u(=fi 0) e Y' and an r € R such that

(y, u) < r < (f(x0 + h) - f(x0), u) (4)

for all y G co.(B). Define <j> : [0,1] -* R by <f>{t) = {f(x0 + th),u). Then <j>'(t) =
{f'(x0 + th)(h), u). There exists a 6 € (0,1) such that 0(1) - 0(0) = </>'($). Then

ft) - f(xo),u) = 0(1) - 0(0) = <

which contradicts (4).

Remark. Theorem 4 need not hold if Y is not locally convex, or if co(B) is replaced
by B or co.(B). This follows from ([1], Examples 1.23-1.25).
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