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ABSTRACT

We have shown that by using a correlated Walks' theory for the lattice gas model on
a one-dimensionat lattice, we can study, beside the saturation curves obtained before for
the enzyme kinetics, also the DNA denaturation process. In the limit of no interactions
between sites the equation for melting curves of DNA reduces to the random model
equation. Thus our approach leads naturally to this classical equation in the limiting
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1 Introduction

The Ising and related models such as the lattice gas approximation have been applied with
some success to a number of biological problems ([l],[2j). Interestingly concepts derived
for spin glasses recently find applications in neurobiology , in neural or immune network
and in information science{[3]-[6]). Also, the number of articles using Ising gas models
to derive enzyme kinetics equations or DNA melting curves is numerous and diverse.
While in ([7]-[12]) we have studied, by using different techniques and different lattice gas
models, the saturation process for the enzyme kinetics, in the present work we will study
the DNA denaturation using one- dimensional lattice model and correlated walks'theory.
Using this simple model we will find in a transparent way,some results related to the
melting curves, produced in the denaturation process or helix-coil transition of some pure
synthetic structures of DNA.

2 The model for a pure synthetic DNA- structure
and its Hamiltonian.

DNA has the famous double helix structure. According to the Watson-Crick model([l]),
DNA is composed of two strands wrapped around one another to form this double helix.
One of the two strands is a long polymer chain along which four bases denoted by T,
C, A, and G, are positioned in succession, in a welt defined order which determines the
genetic information. The second strand of DNA contains the same information, but in a
complementary form. In fact, chemical bonds can occur, on the one hand, between the T
and A bases and, on the other hand, between the C and G bases. These two strands are
thus complementary sequences, where, on the one hand, T and A and, on the other hand,
C and G, face one another so that the strands may be bonded by relatively weak hydrogen
bonds all along their length. Since this so simple model explains almost everything that
needs to be explained, it has been almost universally accepted.However, one finds actually
that the data fit a four-strand model much better than a two-strand model. Also, the
dynamics of DNA transcription is today one of the most fascinating problems of modern
biophysics(see [13] -[16] and references therein).

Our scope is to study the denaturation process, i.e., the breaking of the hydrogen bonds
connecting the two strands under treatment by heat. As the temperature is increased,
bonds break until finally one is left with two separate strands or coils. The denaturation
process, or helix-coil transition, produces melting curves ( the fraction of broken bonds as
a function of temperature). The temperature Ti where one half of the bonds are broken
is called the melting point, and around this point the bonds break rather easily, In our
work, we will suppose that all bonds are identical. This simple assumption is applicable
for a pure synthetic one-component DNA ( consisting of all AT or all CG pairs ), but it
is not completely realistic for naturally occurring DNA ( where AT pairs are connected
by two hydrogen bond and CG pairs by three hydrogen bonds).

For our purposes we can consider the Watson-Crick model as the ladder shown in
fig.l. The sides of the ladder correspond to the two strands and the rungs of the ladder
to the complexes joining the base pairs. ( By complexes one means the two hydrogen



bonds connecting an AT pair and the three hydrogen bonds connecting a CG pair). We
will number the complexes (of the same type ) by an index i = 1,2, ...,N and, assuming
for the simplicity that a complex is either broken or intact, we will assign the quantity
a, = 1 or 0,respectively, to the i-th complex.

So, a configuration of the DNA structure is specified by the values of all cr; and we
can interpret it as a lattice gas model , where only particles on nearest-neighbour sites
interact by the interaction potential — J. The total interaction Hamiltonian in a given
configuration is defined by:

where ft is the chemical potential of the lattice gas.

3 Correlated walk.

3.1 The recurrence relations.

Consider a linear lattice of unit spacing (fig.2a). An object (walker) is allowed to move
right (direction 1) or left (direction 2) per unit time. The probability of jumping in
direction j (j = l,2) when the previous step was in direction i (i=l,2), is denoted pij. By
assumption, the directions of successive steps are correlated (a correlation of first order),
which is the main distinction from the conventional random walk.

Following [7] and [17]-[2O] let us consider the square lattice shown in fig.2b. An object
starts at the lower left-hand corner 0 and moves one step per unit time up or to the right.
In the correlated walk, by postulate, the probabilities of the object taking a step depend
on the last step taken. If the last step was on the right, the probabilities of stepping up
and right are denoted by qT and pr, respectively , and, if the last step was upward, the
probabilities are designated by qa and pu . Denoting by Pr(x,y), P^(i,y) and P(x,y),
respectively, the probabilities of the object arriving at (x,y) (with x+y=N) after JV steps
from the left, from below and from any direction we have the following relations:

Pu(x,y) = qnPu(x,y- l) + q

P{x,y)=PT(x,y) + P . ( z , y ) , (

- 1),(» > 0),

*, JV - x) - 1)

(2)

with the initial conditions (for the object arrived at the origin from the left)

and the boundary conditions

(3)
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x,y) = Pr(x,y) = 0 , ( i < 0,y < 0 ) .

Defining

from (2), (3) and (4) we obtain the basic recurrence relations

(5)

R*(x,N) = quRv(x,N- 1) + qrRr(x,N - l ) , (x > 0, JV > 0), (6)

and the conditions

/MM) = 0, •«,(!, o) = W * > o ) ,

(T)

x, N) = R*(x, N) = 0,(N<0,x< 0),

R(x,N) = 0 , ( x > 0 ) .

3.2 Genera t ing function technique.

To solve (6) we use the generating function technique ([17]-[20]. Let us introduce the
function

CO 00

r,N)=^\Nfa(g,N),(« = u,r),
/V=0 x=0 W=0

(8)

where A and g are parameters.
Multiplying the first equation in (6) by XN and g1, summing over g and JV, we obtain

F-r = 1 + XgPuFu + XgprFr. (9)

In the same way we obtain Fu from the second equation in (6) and adding the last
function to F, we find the generating function

F(g, A)=F r X(qT - (10)

From this function we may evaluate the probabilities R(x,N) as a coefficient of gz\N'ui its
double expansion.



4 Correlated walk and lattice gas.

Following the same way as in ([7],[17],[20]), from the canonical distribution ( with /J =
l/fcflI\fcB-trie Boltzmann constant) we have

(II)
pu = exp(0J),

9- - 1,

which are not normalized.
The partition function can simply be expressed by

N

(12)
paths 1=0

and the grand partition function defined by

_ (13)
/v=o

can be expressed in terms of the generating function determined through (8)-(10):

Z(\) = ^ A ^ / ^ A ^ F ^ A J ^ f l + c A X l - a A - f c A 2 ) - 1 (14)

where

(15)bspuqT - ? ap r = exp(0it}[l - exp(/3J)],

C=1T - g« = 0.

Function (14) mathematically is simply the generating function for canonical partition
function Zfj — Z{T,N). Developing in series the right part of (14), we find

F{{, A) = (1 + cA)(l - aA - iA5)"1 = - ( _ ) £ ( _ ) » - ( _ ) £ ( )", (16)
n—o n—0

where

(17)

B=(l+cA2)[i(A1-A3)]-1.

6

The partition function Zfj is then given by

. A ,
(18)

In the thermodynamic limit, for the free energy per site or the pressure (for the chosen
unity of volume) we obtain

p = -$mj

and for the "density"

N = kBT!n[0.5(a + vV+4A)](19)

(20)

where a = exp(fi/hgT) is the fugacity. In a given configuration of broken and intact
complexes, the fraction f=d of broken complexes, denoting K = exp(J/ksT) ,is:

/ = 0.5(1 + Ka - 1
?) (21)

We have obtained the same equation using the model of the partition points([21]). In the
limit of infinite temperature Eq.(21) gives / = 1/2 , which is certainly incorrect since we
know from the experiment that all bonds are broken at sufficiently high temperatures.
Therefore, we are obliged to make as in ([1],[21]) the empirical choice Ĵ = a(T- 7j), where
T\ is the melting point. Substituting this choice in (21) and denoting now ( = (T/7\),
u = (J/kgT\) and b — (a/kg) for the quantities K and a in (21) we have:

K = exp(ujt),a = exp[b(\ — (1/i))] (22)

The first term in (22) takes nearest-neighbour complex interactions into account. In the
limit u = 0 or J = 0 (i.e., no interactions) Eq.(2l) reduces to the random model equation
/„ = Q/(1 + a), which does not in general give a very good fit to experiment, but it is then
one half at the melting point Tt. The parameter b in the second term of (22) is related to
the slope of the curve of denaturation at T = J\, so the melting curve can be made more
"cooperative" or less "cooperative" by increasing or decreasing b ( in accord with the
experimental melting curves, which have a characteristic sigmoid shape, reflecting some
degree of cooperativity).

In fig.3a are represented three of these melting curves for 6 = 1 and different values:
—0.3,0,0.3 of parameter u ( the ratio of the interaction energy J to the "melting energy"
is7i) . For u = —0.3 the interaction between two bonds is repulsive.(It will be quite easy
to plot the same curves, but now rescaled on the temperature scale chosen so that one half
of the bonds will be broken at <i = (T/Ti) = 1). In fig.3b are plotted some of nonrescaled
melting curves for higher values of the slope parameter b (b = 1,5,10,15) and u = 0.5.
For pure synthetic AT- or CG-DNA structures we can have a reasonable good fit to the
experiment with the right choices of u and b (which ,in our level of treatment, have been
introduced phenomenologically).
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It should be noted that the above model gives a good fit to experiment, but it has
one serious deficiency. It does not take long sequences of broken bonds into account in
a realistic way ( as bonds break, rings or loops are formed by the separated strands and
the bonds can break more easily in the neighborhood of loops). It means that this model
could be reasonably good for temperatures below the melting point, where large rings or
loops are not yet formed. As shown in 1974 by Azbel([22]) , the winding entropy which
is released when the two strands are separated contributes to the denaturation, which
appears as an entropy driven phase transition.

5 Conclusions
We can study the melting curves for a pure synthetic DNA-structure in presence of an
interaction for hydrogen bonds, by using a correlated walks' theory (considering the cor-
relations of the first order) for a lattice gas model on a one-dimensional chain. In the zero
order of approximation ( no correlations) the obtained melting curves or their equation
are reduced to the respective ones for the random walk model. However, this model as
other Ising-like models, is composed by objects (base pairs) considered as two-state sys-
tems which are either closed or open.In such approach it is not possible to reproduce the
full dynamics of the denaturation and our main results rely on phenomenological param-
eters for the probability of opening or cooperative character of this opening, which are
not derivable from our principles calculations,i.e.,the cooperative effects that had been
introduced phenomenologically in this simple model of DNA denaturation cannot be de-
duced or entirely justified at the present level of our treatment. Of course, the method
(the correlated walks'theory) applied here is, by far the prevalent one in use, but it can
be useful ( considering the higher orders of correlations) for the theoretical investigations
and "modelling" in modern biology.
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Figure Captions

Fig.l The Watson-Crick model as a ladder, for a DNA-structure. (The sides of the
ladder correspond to the two strands and the rungs of the ladder to the complexes joining
the base pairs.

Fig,2 a)Linear lattice of unit spacing. An object (walker) is allowed to move right
(direction 1) or left (direction 2) per unit time. The probability of jumping in direction j
(j = l,2) when the previous step was in direction i (i=l,2), is denoted by p,j.

b)The probabilities of the walker stepping up or right depend on the previous step.

Fig.3 a)Melting curves for 6 = 1 and u = —0.3,0,0.3.

b)Some of melting curves for higher values of the slope parameter b (6 = 1,5,10,15)
and u = 0.5.
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