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ABSTRACT

We have shown that by using a model of the partition points gas on a one-dimensional
lattice, we can study, besides the saturation curves obtained before for the enzyme kinetics,
also the denaturation process, i.e. the breaking of the hydrogen bonds connecting the two
strands, under treatment by heat of DNA. We think that this model, as a very simple
model and mathematically transparent, can be advantageous for pedagogic goals or other
theoretical investigations in chemistry or modern biology.
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1 Introduction

Lattice gases,i.e.,ensembles of interacting particles distributed on discrete lattices, are used
as one of the most universal tools in modeling static and dynamic properties of different
physical systems. Considering various interactions,lattice configurations and boundary
conditions, the applications of such models were successfully to describe order-disorder
transitions in alloys([l]-[2]),in different mixtures or liquid crystals([3)-[5]),to analyse the
general characteristics of phase transitions ([6]-[7]), etc.(see [8] and references therein).
Also, the Ising and related models like lattice gas have been applied with some success to
a number of biological problems ([9],[10]).Interestingly concepts derived for spin glasses
recently find applications in neurobiology, in neural or immune network and in information
science([ll]-[14]). In ([15]-[21]) we have studied, by using different techniques and different
lattice gas models, the saturation process for the enzyme kinetics. In the present work
we wiil study the DNA denaturation using one- dimensional lattice model. This model,
under slight transformation, is equivalent to the Ising ferromagnetic model and further to
a lattice model of a gas of partition points, which is defined below. The particularity of the
partition points gas is that the number of partition points is not constant. So, increasing
or decreasing ,f.e., the temperature, we shail deal with the creation and annihilation of
partition points. Using this simple model of partition points we will find in a transparent
way,some results related to the melting curves,produced in the denaturation process or
helix-coil transition of some pure synthetic structures of DNA.

The model of partition points gas and some useful
results

The Hamiltonian of a one-dimensional ferromagnet model is:

N-l N

tl(Sj — — J } di£>i+l — ft > Di (1)

where 5,- — ±1 (i — 1,2, ...,7V) are Ising variables (their values ±1 denote the two direc-
tions of the spins), J is the interaction constant between neighbouring spins and h is the
external magnetic field.

If the temperature T > 0 and h = 0, then some £; will be +1 and others — 1. The
boundary between +1 region and the —1 region will be called as in [22], the partition
point1(Fig.l). At T = 0 there is no partition point {either all Si are +1 or all Si are —1)
and at low temperatures the partition points axe few. The energy of each partition point,
measured from the zero point is 2J. So, we can establish a correspondence between the
spin and the partition point configurations through the variables n,• = (I — S;S1+1)/2. Site

'The partition points are called also the domain walls,A similar term is used from Peierls[23] in the
two-dimensional case for the boundary lines or for the line segments, regarded as bonds on the dual
lattice, bisecting two neighbouring spins which are not both 4- or both -{[24]).
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i in the dual lattice is assumed to be occupied by a partition point if n, = 1 (i.e., if there
is a domain "wall" between i and i + 1 in the spin lattice) and is regarded to be empty
otherwise (n,- = 0).

For h = 0 we can write:
N-i w-i

-J£>S, + 1 = - j £ ( l - 2i».-) (2)

thus the equivalent Hamiltonian is:

H{n) = +2J (3)

The Ising model is then transformed to a model of a gas of partition points. The number
of partition points is not constant and its chemical potential is )i — 0. The possible sites
for these partition points are between any i and i +1 , with at most one partition point per
site, so that the gas of the partition points form a fermion gas. Denoting N' the number
of partition points ant! assuming JV, N' >> 1, we can write:

(N'/N) = [exp(2JfkBT) + IP 1 = [exp(±l/t) + I]"1 (4)

where t — (kgT/2J) and fcs is the Boltzmann constant.
In presence of an external field (ft̂ O) to calculate Ar> is more complicated. Following

[22] let us denote t< the length of the section i with the spins having the same value
inside,!,e., /, is the number of spins in the i-th section. N = X)t=i'< c a n ^e regarded as
the volume of the gas of partition points. Assuming that the spins in the first section are
+1 and N' is even, for the total Hamiltonian we can write:

H = 2JN' + h(ly -12 + ... - lN.) (5)

Using the method of fixed temperature and fixed "pressure", in the thermodynamic limit,
for the thermodynamic potential we obtain:

G(PlT) = -kBTinZ' = -
(U

= 2N'J + O.bN'kBT[ln[exp(p+ h)/kBT -

From the thermodynamic relations:
„ dG dG n ,V °

-(H + pN)/kBT]} =

+ ln[exp(p - h)/kBT - 1]] (6)

dG

where fi is the chemical potential and M the total magnetic moment ,one obtains:

N = 0.5A"[[l - exp(-{p + h)jkBT)Yx + [1 - exp(-(p - h)/kBT)]-']

cxp(p/kBT) = cHh/kBT^ish^h/kBT) + €xp{-4JfkBT)}l/2

and for the magnetization per spin

m = (M/N) = {shih/kBTWlsh^h/kgT) + ea:p(-4J/kBT)]l/2

which we will use below.

(1)

(8)

(9)

3 The denaturation process in a pure synthetic
DNA- structure

It is well known DNA contains four essential components called bases: adenine(A),
thymine(T), cytosine(C) and guanine(G);and the sections of this large molecule from
a given organism, consisting of sequences of A's, T's, C's and G's, are claimed to deter-
mine the set of proteins that the organism can make. According to the Watson-Crick
model{[9]), DNA is composed of two strands wrapped around one another to form a dou-
ble helix. There are sequences of the four bases on each strand which are connected to
one another by relatively weak hydrogen bonds. An important feature of the model is
that A can only be coupled to T, and C can only be coupled to G, so AT and CG are
the only possible base pairs. Because of this rule the sequence of the bases on one strand
completely determines the complementary sequence on the other strand. This has very
important genetic implications. Since this so simple model explains almost everything
that needs to be explained, it has been almost universally accepted.However, one finds
actually that the data fit a four-strand model much better than a two-strand model.
Also, the dynamics of DNA transcription is today one of the most fascinating problems
of modern biophysics(see [25] -[28] and references therein).

Our scope is to study the denaturation process,i.e.,the breaking of the hydrogen bonds
connecting the two strands under treatment by heat or other things, such as pH. In the first
case, as the temperature is increased, bonds break until finally one is left with two separate
strands or coits. The denaturation process, or helix-coil transition, produces melting
curves ( the fraction of broken bonds as a function of temperature). The temperature Ti
where one half of the bonds are broken is called the meiting point, and around this point
the bonds break rather easily.In our work, we will suppose that all bonds are identical.
This simple assumption is applicable for a pure synthetic one-component DNA ( consisting
of all AT or all CG pairs ), but it is not completely realistic for naturally occurring DNA
( where AT pairs are connected by two hydrogen bond and CG pairs by three hydrogen
bonds).

For our purposes we can consider the Watson-Crick model as the ladder shown in
fig.2. The sides of the ladder correspond to the two strands and the rungs of the ladder
to the complexes joining the base pairs. ( By complexes one means the two hydrogen
bonds connecting an AT pair and the three hydrogen bonds connecting a CG pair). We
will number the complexes (of the same type ) by an index i = 1,2, ...,JV and, assuming
for the simplicity that a complex is either broken or intact, we will assign the quantity
<7; = 1 or 0,respectively, to the i-th complex.

So, a configuration of the DNA structure is specified by the values of all <j, and we can
interpret it as a lattice gas model (fig.3a), where only particles on nearest-neighbour sites
interact by the interaction potential — Ja, The total interaction Hamiltonian in a given
configuration is defined by:

I V - 1

H(a) - - J, (10)



where p is t.he chsmical potential of the lattice gas. Considering the new lattice variable
Si = 2cr; - l,which takes two values: +1 if the i-th complex is broken and -1 if the i-th
complex is intact, from (10) we find:

N

H'(S) = - (11)

i.e.,the same Hamiltonian as (1) with J = (\/4)Jo and h = (l/2)(Ja + ft)- The model of
lattice gas could be transformed , through the Ising ferromagnetic model, to a model of
a gas of partition points(fig.3b). Using the relation (9) for m obtained by the model of
partition point gas and the correspondence: lattice gas-Ising magnet, in a given configu-
ration of broken and intact complexes, the fraction / of broken complexes , substituting
J and h through K and a, and denoting t — ksT/J, K = exp[l/t) and the fugacity

) , is:

/ = 0.5(1+m) = 0.5(1 +
Ka-l

(12)

In the limit of infinite temperature Eq,(12) gives / = 1/2 , which is certainly incorrect
since we know from the experiment that all bonds are broken at sufficiently high tempera-
tures. Therefore, we are obliged to make as in [9] the empirical choice /i = a[T — Ti) where
T\ is the melting point. Substituting this choice in (12) and denoting now t = (T/T\),
u = (JjksT-i) and b = (a/kB) for the quantities K and a in (12) we have:

K = exp(u/i),a = exp[b(l - (1//))] (13)

The first term in (13) takes nearest -neighbour complex interactions into account, In
the limit u = 0 or J = 0 (i.e., no interactions) Eq.(12) reduces to the random model
equation /„ = a/(l + a), which does not in general give a very good fit to experiment,
but it is then one half at the melting point J\. The parameter b in the second term
of (13) is related to the slope of the curve of denaturation at T = 7\, so the melting
curve can be made more "cooperative" or less "cooperative" by increasing or decreasing
b ( in accord with the experimental melting curves,which have a characteristic sigmoid
shape, reflecting some degree of cooperativity). In fig.4a are represented three of these
nonrescaled melting curves for 6 = 1 and different values: —0.3,0,0.3 of parameter u (
the ratio of the interaction energy J to the "melting energy" kgT^). For u = —0.3 the
interaction between two bonds is repulsive. In fig.4b,c are plotted the same curves for
u = —0.3 and u — 0.3,respectively , but now rescaled on the temperature scale chosen so
that one half of the bonds are broken at <i = (T/Ti) = 1. In fig.4d are plotted some of
nonrescaled melting curves for higher values of the slope parameter b (b = 1,5,10,15) and
u — 0.5. For pure synthetic AT- or CG-DNA structures we can have a reasonable good
fit to the experiment with the right choices of u and b (which ,in our level of treatment,
have been introduced phenomenologically).

It should be noted that the above model gives a good fit to experiment, but it has
one serious deficiency. It does not take long sequences of broken bonds into account in

a realistic way ( as bonds break, rings or loops are formed by the separated strands and
the bonds can break more easily in the neighborhood of loops). It means that this model
could be reasonably good for temperatures below the melting point, where large rings or
loops are not yet formed. As shown in 1974 by Azbel([29j) , the winding entropy which
is released when the two strands are separated contributes to the denaturation, which
appears as an entropy driven phase transition.

4 Conclusions

The model of the gas of partition points is simple and mathematically transparent. Us-
ing the equivalence, through the Ising model, of the lattice gas model with the model of
partition points, we can study the melting curves for a pure synthetic DNA-slructure in
presence of an interaction for hydrogen bonds. However, this model as other Ising-like
models, is composed by objects (base pairs) considered as two-state systems which are
either closed or open.In such approach it is not possible to reproduce the full dynamics
of the denaturation and our main results rely on phenomenological parameters for the
probability of opening or cooperative character of this opening, which are not derivable
from our principles calculations,i.e.,the cooperative effects that had been introduced phe-
nomenologically in this simple model of DNA denaturation cannot be deduced or entirely
justified at the present level of our treatment. Of course, the method and the model
applied here are,by far the prevalent ones in use, but they can be considered as ones of a
pedagogical value, very useful to demonstrate the role of statistical methods and models
in teaching and studying the problems of modern biology.
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Figure Captions

Fig.l Sample state for Ising model and for the gas of the partition points.

Fig.2 The Watson-Crick model as a ladder, for pure synthetic DNA-structures (The
sides of the ladder correspond to the two strands and the rungs of the ladder to the com-
plexes joining the base pairs.

Fig.3 Sample state for the lattice gas and for the gas of partitions points.

Fig.4 a)Some nonrescaled melting curves for b = 1 and u = —0.3,0,0.3.

b,c)The same curves as in fig.4a,for u = —0.3(b) and u = 0.3(c),respectivdy, now
rescaled on the temperature scale chosen so that one half of the bonds are broken at

d)Some of nonrescaled melting curves for higher values of the slope parameter b(b =
1,5,10,15) and u = 0.5.
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