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Abstract 

We investigate the magnetized Bose gas at temperatures above pair threshold. 

New magnetization laws are obtained for a wide range of field strengths, and 

the gas is shown to exhibit the Meissner effect. Some related results for the 

Fermi gas, a relativistic paramagnet, are also discussed. 
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As one of the fundamental quantum systems, the Bose gas has provided insight into a 

variety of exotic physical phenomena, from liquid He 4 superfluidity, to superconductivity [1]. 

Schafroth [2] showed how the nonrelativistic Bose gas exhibits the Meissner effect, that is. 

total expulsion of an external magnetic field, and thereafter the Bose gas has played a role 

in the understanding of superconductivity in metals. More recently, in seminal work Haber 

and Weldon [3,4] have developed the statistical mechanics of the relativistic Bose gas with 

no external fields, and applied this to a study of spontaneous symmetry breaking [5]. 

It is now apparent that astrophysics and cosmology provide venues where high temper

atures and large magnetic fields play a significant role. For example, white dwarfs, neutron 

stars and supernovae [6] are examples of exotic stellar objects where fields and temperatures 

can be of the order of the mass scale of their constituent particles. Furthermore, it has been 

suggested that fields of the order of ~ 10 2 3 G [7], and possibly ~ 10 3 3 G [8] existed at the 

electroweak phase transition, where temperatures were ~ 10 1 £ K. Given this, and that the 

mass of the pion, for example, is in field/temperature units ~ 10 1 8 G/ ~ 10 1 2 K, and that 

of the electron is ~ 10 1 3 G/ ~ 10 1 0 K, a study of the statistical mechanics, and in particular 

the magnetic properties, of the Bose and Fermi gases above pair threshold and over a wide 

range of field strengths is necessary to give an insight into these physical scenarios. The 

interplay between temperature, field strength, and mass scales provides several parameter 

regions in which to do so. Previously, Miller and Ray [9] made an attempt to study the 

magnetized pair Bose gas, but their results proved inconclusive. 

The thermodynamic potential fl = -TTogZ for a pair fermion ( + ) or pair boson ( - ) 

gas is 

-/3ft = ±£>g[l±e-' 5 ( £ ( p )-' '>]+ //, -»-/x , (1) 
p 

where // is the chemical potential, /? = 1/T, and E (p) is the single-particle energy spectrum 

in the field (of strength B). Vox spinless bosons, the spectrum is given by 

KUp) = pl + (2n+l)e.B + m2 . (2) 

2 



where f is the boson charge and n is the Landau-level quantum number. Passing sums to 

integrals using the density of states in a magnetic field [10] for a (d + l)-dimensional flat 

spacetime of volume V gives 

Sh _ eB 
V ~~ --)d-2 

This integral may be computed to yield the sum form 

n = 0 j = l 
V - ^ - D / ^ U + W E £ [(2n + 1) B + l] 1 ) / 2 

xAVi)/2(j7?[(2n + l ) B + l ] , / 2 ) + 7 ^ ^ - F , (4) 

where A'„ (c) is a modified Bessel function, and we have introduced the dimensionless quan

tities 3 = m/?, /I = n/m and 5 = eB/m2. 

Although Sid cannot be computed exactly, it is possible to develop high-T asymptotic 

expansions using the Mellin transform technique. We reserve a full discussion for Ref. [11], 

where we have given a detailed study of the pair quantum gases. Here, we give the Mellin 

integral representation for Q^ 

0, mj+' ~ j _ rc+ioo / 2_y , - < i - , ) / 2 + f c C(*)r(f + * ) r H * + fc)_2t 

v ~ xWW^mJc-ioo S\~B~) ^*r(2Jb + l) ^ 
Js-d+l , 1 1 \ 

xC[~Y~ + k'2 + 2B) ' ( 5 ) 

where Rec > d+ 1, C(^» a) is the Hurwitz zeta function [12,13], defined for Rez > 1 by the 

series representation 
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Z?o (" + a) 
and analytically continued elsewhere by an appropriate integral representation, ((z) = 

' c," (c. 1) is the Riemann zeta function, and F (z) is the gamma function. 

j We note that the analytic structure of the Landau-level sum in (4) is now contained 

within its functional representation, the Hurwitz zeta function appearing in (5). We may 
-r;2 now develop asymptotic expansions for Q^ in the region B ft < 1 (that, is tBj'Y2 < 1) by 
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dosing the contour of the Mellin integral t; the left and using Cauchy's theorem. This region 

of parameter space corresponds to both the weak-field ( B < 1 C i3 ) and intermediate-

field f 1 <C B <C 3 ) regions, although there will be some sensitivity to the size of B due to 

differing asymptotics for the Hurwitz zeta function in each of these regions. That expansions 

for both are obtainable more or less simultaneously is a reflection of the physics, as under 

the condition eB/T2 <C 1 the thermal energy is much greater than the energy gap between 

Landau levels so that the (anti)bosons are distributed throughout them. In the strong-

field B 3 ;» 1 region, the field is large enough to suppress pair production and occupation 

of levels other than n — 0, and so the physics has changed dramatically. It is therefore 

not surprising that the Mellin integral representation is much less useful for obtaining the 

asymptotics for this region; more of this later. 

The B 3 <C 1 expansion for fi^ in odd spatial dimensions (i.e. d = 2/ + 1. where 

/ = 1.2,3,...) is 

^±i -_^! !L l^ -g !L C ( 2 / - 2 f c + 2 )

 r</ + P y» 
v - 221+v+i j l * ^ * ^ ' Z k + Z>Y(2k + lf 

2l-2q 

+ 

+H») '+1 r 

r ( / + i ) 

+ 0(~B ]?)+..] , (7) 

where -y is Euler's constant, and ip(z) is the digamma function. We can obtain the other 

thermodynamic quantities from ftj, such as the charge density pd and the magnetization 

(density) Mj via 

i dsid . .. i <md 

^ T ^ T a n d Md = -VW ( 8 ) 

The first issue to tackle is Hose-Einstein condensation. May [14] showed that, the nonrel-
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ativistic magnetized Bose gas condenses only for d > 5. and Haber and W'eldon [5] demon

strated that the critical behavior of the gas in no fields carries over from the nonrelativistic 

to ihe relativistic regime. We can now complete the picture. It is easy to see from (1) that 

the condensation condition in the field is /I 2 = 1 + B. Taking the /i-derivative of (7) (which 

requires some of the properties of C, (~,u) presented in Ref. [11]), we find that the term which 

entirely controls the analyticity of pj is the one containing 

cf»-/'+*.-" ,l 
"V ' 28 ) • 

which diverges as Ji2 —> 1 + B for / < | , so that the gas does not condense for d = 3, but 

does for all odd d > 5. Furthermore, we have evaluated the corresponding expansions for 

d = 2/ in [11] , where the analyticity of p2i is determined by a derivative of a Hurwitz zeta 

function, and as expected the gas does not condense for d = 4 but does for higher even 

spatial dimensions. Hence, we have seen that the critical behavior of the nonrelativistic 

magnetized Bose gas carries over into the magnetized, relativistic regime. 

We now move to the question of whether a relativistic analog to tne Schafroth super

conducting state exists. The magnetization in weak fields below the zero-field condensation 

temperature Tc for the nonrelativistic gas was «,hown by him [2] to be 
M3=->ioP3[l-(T/Tcf2]+0(B) + ... , (9) 

where fi0 is the Bohr magneton. The effective field in the medium, Be/j — B -\- \irM, 

therefore vanishes below a critical value and so the gas exhibits the Meissner effect, even 

though it does not condense in the field. Relativistically, we now give the magnetization for 

weak fi'iils B < 1 around the zero-field condensation temperature Tc (so that JJ,(Tr) = 1): 

• V / 3 = - ^ c ( - ^ ) ^ / > 3 ^ , / 2 { l + C?(/) + . . .} + C?(51og^) + . . . , (10) 

where c ( ~ M ) - ° - 0 6 1 ' t = (T - Te) /Tc, and we have used p3 ~ m 3 / ( 3 ^ ) , with /?r = 

This is a totally new magnetization law. In the relativistic regime we do not find a mag

netization of the Schafroth form (0). Therefore, field expulsion due to a macroscopic field-
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independent ground-state magnetization has been lost when T ^ m. so that the Schafroth 

result (9) applies only to low temperatures, where a remnant of the macroscopically occu

pied T = 9 ground state mimics a condensate phase up to the (nonrelativistic) zero-field 

condensation temperature. This is a reflection of Bose statistics, as at low temperatures even 

without true condensation the occupation density of the lowest energy level is macroscopic. 

Without condensation in the field, we see here that at high temperatures this remnant 

ground state does not survive. However, the relativistic magnetization law (10) has its own 

remarkable features, for upon evaluating the corresponding jB e// we find that the external 

field will be expelled if it does not exceed the critical value 

£ c ~ 4 . 8 x l C T 3 p c ) - 2 . (11) 

Clearly, increasing the temperature Tc will increase the size of this critical field, and in fact, 

if 3C %, 0.07. then Bc will be (9(1) so that all external fields conforming to the original 

constraint B < 1 will be expelled. The mechanism for this manifestation of the Meissner 

effect is now not a remnant ground state, but pair production. It can be seen from studying 

the various forms for fij, and argued from simple physics, that the contribution of bosons 

and antibosons to the net magnetization is additive. While quantum field theory tells us that 

p must be held fixed, the freedom to produce pairs allows M to be so large and diamagnetic 

as to totally expel the field. This is superconductivity through sheer weight of numbers. 

What then happens in the limit T/m —• oo, when pair production is profuse? This 

corresponds to Ji —• 0, and the magnetization is then 

M3=-^Bdl + O(Btfclog0) + ... . (12) 
47T/7 v ' 

so that the field is expelled if (i ^ 0.01. As the light cone is approached, the macroscopic 

magnetization is ever increasing due to the overwhelming production of pairs, now leading 

again to field expulsion. 

Even if the magnitude of the field is increased, so that now m2 <C (B < T2 (which for 

pious means that B £ 10 1 9 G). the leading-order magnetization law at JI, = 1, F,qn. (10). still 
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holds, so that fields above the n.iss scale can be expellee The magnetization does change 

in the Tjm —• x limit in this transition from weak to intermediate fields, and becomes 

•W3 = ^ c ( ~ ) ^ ( | ) ? c S 1 / 2 + ofB?iogB3a) + ... . (13) 

so t hat with s ( ~ | ) — -0 .21, the field will be expelled if j3 B* < 0.0)3. which is a far more 

stringent condition on the temperature than we saw in the weak-field case. It is sensible, 

though, that more pairs need to be produced to expel a stronger field. 

As discussed previously, when the field is strong enough to dominate both the mass and 

the temperature (m2 <C T2 <C eB), then antiboson production is suppressed, and nearly all 

of the bosons are in the lowest Landau level. The Mellin integral representation of (5) is then 

not useful for determining the magnetization; in fact we must perform a large parameter 

expansion on the modified Bessel functions appearing in (4). The result we obtain is the 

temperature-independent law 

A / 3 ^ - ^ . (14) 
B ' 

This is actually valid for all temperatures T2 <C eB, including T = 0, and this can be 

understood as the field strength imposing zero-temperature behavior on the gas for all 

temperatures below the field scale. Field expulsion can still occur, but only under the most 

extreme conditions. For example, it can be shown that a particle density of p ~ 10 6 2 c m - 3 is 

required to expel the mooted 10 3 3 G field at the electroweak phase transition. As a cavtat, 

it is of course important to consider the vacuum and interactions when fields are of this 

extremely largr- magnitude. 

We have shown, in marked contrast to the nonrelativistic Bose gas, that the relativistic 

magnetized Bose gas exhibits unique magnetization laws, leading in every region of param

eter space to a Meissner effect, and thus is truly a relativistic superconductor. 

In Hef. [11], we have also made a parallel study of the magnetized pair spin-1/2 Fermi 

gas, with energy spectrum 

El„ =p2 + (2n-<7^\) eB + m2 , (15) 



where a has the values —1 and 1 for spin-down and spin-up states respectively. Following the 

procedure that we used to study the magnetized pair Bose gas, we can successfully develop 

the statistical mechanics of its fermionic analog, and we briefly mention some of our results 

here. The magnetization in weak fields is 

16) M,= ^ B S [ ^ ( J ) - l + O(?•) + •• 

and in the intermediate-field region 

Ah = ^B~?o{\\ogBp2\ + 0(l) + ..] , (17) 

where J 0 = m/T0, T 0 is a characteristic temperature defined by JL(TQ) = 1, and p 3 ~ 

m 3 / f:}.i0). The gas is paramagnetic, increasingly so as a function of temperature. This can 

again be linked to the pair mechanism, as the paramagnetic contribution of spin alignment 

to the field of newly-created pairs is able to overcome their diamagnetic Landau moment. 

In the strong-field region, the result around To is 

+ T ( 3 ) ( § ) ( 5 - 2 0 + O ( ^ ) + . . . | + O(< 2 ) + . . . . , (18) 

where t = (T - T0) /T 0 , T{Z) = (1- 'i' 1" 1) ((z) , and now p3 ~ m 3 f i / (2TT2). In the case of 

fermions. the magnetization is dominated by the particles in the lowest Landau level with 

spin aligned with the field. The temperature sensitivity of (18) compared to the Bose analog 

(14) is clue to the exclusion principle, as these n = 0, spin-aligned fermions are forced to 

occupy linear momentum states above the ground state. 

In conclusion, we can state that the pair gases, through the interplay between pair 

' creation, temperature, field strength, statistics and (in the case of fermions) spin, have 

j remarkable magnetic properties. The next challenge is an investigation of the effect of 

interactions on this behavior. 
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