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ABSTRACT

We consider the temporal evolution of strong correlated degrees of freedom in 2 + 1 D

spin systems using the Wilson operator eigenvalues as variables. It is shown that the

quantum-group diffusion equation at deformation parameter q being the fc-th root of

unity has the polynomial solution of degree k.
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1. INTRODUCTION

Strong quantum fluctuations in low dimensional spin systems change the structure

of the ground state and the classification of low-lying excitations. Breaking of local

magnetic order due to doping and creation of charge degrees of freedom makes the

role of many-body correlations more essential. For instance, this situation exists in

the layered CuC>2 compounds. The spin disorder of any number of particles can be

expressed in terms of fluxes $ of a statistical gauge field "measuring" a degree of

the spin noncollinearity along an arbitrary large loop C. The statistical magnetic field

fluxes through any sets of cells can be ordered or random depending on the temperature

and other factors. If at low temperature and density the Wigner crystal is formed,

then at higher temperature we have the liquid phase of magnetic fluxes. In the case

of Gaussian distribution of fluxes with the dispersion proportional to the total area

S(C), the mean value satisfies the confinement law: < exp (t$) >~ exp (—aS(C)),

The choice of the gauge and diffeomorphic invariant eigenvalues exp(i$) of the Wilson

operator is connected not only with the need to take into consideration the many-

particle correlations. The choice of these variables simplifies the structure of the phase

space of planar spin systems under consideration. The finite volume of the phase

space makes the dimension of the Hilbert space finite [1] due to the periodicity of

the canonical conjugated variables exp(t$o) (a = n or a = m), for example in the

simplest case of the phase space being a torus. The wave function \t(exp(t$)) will be

a ik-dimensional vector, because the eigenvalue of the Wilson operator is equal to the

jfc-th root of unity, i. e. $ n = 2win/k and n = 0 , . . . , k — 1. Here k is related to the

coefficient K before the 517(2) Chern-Simons term in a usual long-wave description by

Jfe = K + 2 [2]. In the general case the quantum number, K, has a sense of the linking

number of the particle world lines. In particular, within the SUq(2) quantum group

theory of fractional statistics the semion excitations have the value Jfc = K + 2 = 4,



i.e., the J-wave quantum number K.

The problems of properties of the electronic system in the phase with Gaussian-

random or homogeneous distribution of magnetic fluxes are discussed in a great number

of papers published recently [3,4,5,6]. On the other hand, the quantum group approach

to the description of the diffusion in spin chains has been used in Refs. [7]. In this

paper we study the g-dynamics of the states characterized by the random distribution

of the fluxes with fixed value of jfc and an arbitrary value of n. We are interested in the

time behavior of transition processes n —• n ± 1.

2. ^-RANDOM WALKS

Let us consider the transition from the state V(wn) = *Pn to the neighboring states

iff(wn±i). We use the parametrization of the wave function argument by the eigen-

value wn = exp($n) of Wilson operator W = TrnVexp(/ a dl). Here % denotes an
c

irreducible representation; a is the non-Abelian gauge potential. Using these variables

the processes of the creation ^{wn) —• *ff(wnq) and the annihilation f(uin) —• ^(wn/q)

of the fluxes can be considered as hops on the lattice constructed by the geometrical

progression rules. The denominator of this geometrical progression q = exp(2iri/k) is

the fc-th root of unity. The wave function is now determined on a discretized circle

with the points locating in the positions of the fc-th roots of unity: {1, q,..., g*"1}- In

this case the procedure of the comparison of function values in neighboring points is

represented by the difference operator /)+:

and by Hermite-conjugated ones D~:

The effect of the Laplace operator, A7 is given by [8]

A * = D"Z)+* - +
*qvn-VL>V



and the equation of motion in the Euclidean time

has the form of the ^-diffusion equation [9]. It is easily seen that the operator (3)

coincides with the Hamiltonian for a rotator in the limit k —f oo (q —* 1) and Eq. (4)

is a usual diffusion equation in this limit.

The eigenfunctions and the eigenvalues of Ag are given by

(5)

2 /

By using Eqs. (5), (6) the general solution of Eq. (4) may be written as

m=0 m=0

where $n = *«(0) and the Green function G(n, t) has the following form

1 *-*
G(n, 0 = I E exp{-C< + 2nisn/k) . (8)

3. DISCUSSION

First of all, we would like to draw attention to the fact that spectrum (6) has the

sense of the squared ^-dimension [n]J of irreducible representation of algebra Uq(sln).

Here [n], = iqn^ — q~n^) / (q1'2 — <7~1'3)- From this viewpoint the temporal evolution

looks like quantum group random walks in the space of different hooks of the Young

tableaux connected with representations of the g-deformed algebra. This motion can

also be considered [11] as random walks on a Dynkin diagram and f as a discrete time

parameter. The statistical models related with random walks on Dynkin diagrams have

been studied in Refs. [12,13]. The associated two-dimensional quantum field theories

at critical temperature (equal to T = l/ln(l + y/Q), where Q = 2 + q + q~l is the



Jones algebra index) are conformal field theories with a value c = 1 - 6/Jt(ifc - 1 ) of the

central charge. For i = 2we have the usual value c = —2 for the random walks. The

connection between the topological properties of random walk on double punctured

plane and the behavior of the four-point correlation function in the conformal theory

with the central charge c = — 2 was discussed in Ref. [14].

It is easily shown using Gaussian-like distribution (8) that in the initial state the

mean value (en), i.e., the variance

<K> = - £ em = , / (9)

is proportional to the (/-analog of the Casimir operator for odd representations [15].

At t —• 0 the variance agrees with the diffusion law {[fi]?} = T>(k) t with the diffusion

coefficient T>(k), which equals 1/2 in the fermion case k = 2. For semions T>(4) = 5.

The q-deformed equation of the random walk motion (2) was first obtained in Ref.

[9] (see also Ref. [10] in connection with the anyon problem). We show here that

the Madjid's assumption [9] that there is not reason to think that the solutions of q-

diffusion equation "should exist along familiar Gaussian lines", is valid in the following

case.

The determination of operator (3) is not unique. Its determination [9] as D^ where

DqV(u)) = {^(qw) — V{w/q)}/{w(q — q~1)} leads to existence of only zeroth modes in

the diffusion equation. In that case Eq. (4) has the following form:

n_2) (10)

-(q + r 1 A

The multiplier (q — q~l)~2 in the right-hand side of this equation is included in the

definition of t. The formal solution of Eq. (10)

* n ( 0 = e i ( * n (0) (11)



is a polynomial in t and q

(12)

because the operator A is the nilpotent operator of degree r: Ar = 0. The dependence

of r(Jfc) is shown in the following Table 1.

k
r

odd | even, 4 < k < 10
(* + l ) /2 l 2

12
3

14, 16
4

In the steady-state Eq. (10) is satisfied by solutions (5) which are equal to the

functions ^ ( O ) in Eq. (12). To make this fact more clear, let us rewrite Eq. (10) in

the equivalent form

£ = « • » . (13)
The annihilation and creation operators a, a+ in the finite-dimensional g-holomorphic

representation are defined by [16]

q-q-1'

where h = exp [(2iri/k)P] and g = exp (iQ). The eiFect of the last operators is given

by

(15)= tun*(«;B).

They satisfy the following commutator relations

=gg+ = I, hg = qgh. (16)

Using the latter property it is possible to find [16] the commutator relation [17,18]

aa+ - qa+a = q~p. (17)

The relation shows that the angular momentum operator P and the particle number

operator coincide. The eigenstates *m(ton) of the operator P (P\&m = m^m, m =

0 , 1 , . . . , k — 1) coincide with the functions *„ in Eq. (5).



All eigenvalues, e, being equal to zero means that Eq. (10) describes a motion in

the degeneracy space of the ground state. Tt is possible, that such a determination

corresponds to the zero value of the ^-Casimir operator. In particular, this takes place

for even representations Uq(sl2) [15]. S. Nechaev draws our attention to the fact that

the operator in the r.h.s. of Eq. (10) coincides with the ones for generalized polynomials

P(L)(l,m) for links [19].

In connection with finite Fourier transform (8) let us pay our attention to the sym-

metry of numbers m and n in Eq.(5). It represents a global gauge invariance of the

choice of polarization in the phase space of canonically conjugated flux variables $n,m.

This invariance is expressed by the invariance with respect to the action of the modular

group, SL(2, Z) and leads to the fusion of the flux Zn-fluctuations.

We would like to formulate the following hypothesis associated with the dependence

of the entropy on the braid linking index k. The operator of the time evolution of

states in the frames of the quantum-group approach can be generalized [20] with the

conservation of energy and nonconservation of entropy, i.e. with the possibility of

transition from pure states to mixed ones, as this takes place in open systems. The

presence or absence of the transitions depends on the invariance of the considered

mixed state with respect to the action of the ^-generalized evolution operator [20].

In particular, since the "renormalized" coefficient before the Chern-Simons term for

the high-re superconducting state is zero, it might be interesting to check up if the

superconducting coherent state differs in the above respect from the high-temperature

normal state which has partially retained quantum-group order.

In conclusion, we have performed a study of the g-Brownian motion in the flux space.

For the deformation parameter being a root of unity, it is found out that the general

solution of the qr-diffusion equation is the g-power polynomial and the distribution of

the flux numbers is characterized by the variance that is proportional in the initial

state to the </-analog of the Casimir operator.
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