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During the last decade the method of correlated basis functions has proven
successful in microscopic prediction of the ground-state properties and elementary
excitations of spatially inhomogeneous systems of liquid *He [1,2]. The bulk of the
work has been done at the Hartree-Jastrow variational level, at which only one-
body and two-body correlations are taken into account. At this level, the optimal
correlations are to be determined from Euler-Lagrange equations derived by variation
of the corresponding energy expectation value with respect to the one-body and two-
body correlation functions. A more recent investigation [3] also includes three-body
correlations in the trial ground state. In most of the published work, the elementary
excitations have been treated within a Feynman description [4] of the wave functions
of excited states. Invoking the generality of correlated basis functions (CBF) theory,
systematic improvements on the microscopic treatment of excitations that transcend
the Feynman picture have recently become available [5].

Nonuniform systems that have received attention within the variational-CBF
scheme include liquid *He films [2,6-8] with or without an adsorbing substrate, 4He
clusters [9], and the surface of liquid *He in a half-space geometry [1,10-12], The
Euler-Lagrange equations, which must be solved numerically, yield the one-body
density describing the spatial inhomogeneity of the system under consideration, thr
anisotropic two-body distribution function, and, in the form of an eigenvalue equa-
tion, the wave functions and energies of elementary excitations. The solutions of the
optimization problem also provide input for microscopic evaluation of uiacroscopj-
cally observable quantities, such as the surface tension or chemical potential. Some
analytic results may be obtained for the long-range behavior of the two-body cor-
relations and for the spatial shape and dispersion relation of low-lying excitations
through expansions in the regime of small excitation energies [13-15].

In view of these past achievements, as well as ongoing theoretical advances, it is
timely to attempt an extension of the correlated basis functions theory to spatially
inhomogeneous Bose fluids at nonzero temperatures. The necessary framework for
realizing this aim is furnished by the correlated density matrix theory that, has been
developed for and quantitatively applied to spatially uniform Bose fluids in Refs.
16 and 17. Here, we will adapt this approach to spatially inhomogeneous systems.
In fact, such an extension of inhomogeneous variational theory has already been
put to use in recent extensive studies of the *He vapor-liquid interfare [18-20]. The
theory itself is elaborated for the first time in this contribution. Rather than focusing
on numerical implementation of the generalized Feynman eigenvalue equation and
the physical nature of its solutions, we shall present an explicit derivation of the
Euler-Lagrange equations for the one-body density and two-body correlations and
report further details of the entire variational approach. Currently, the temperature
dependence of a variety of quantities and phenomena, such as surface broadening
with temperature in 4He films, is being explored within the theory discussed heir
[21].

We begin our account with a sketch of the basic concepts of the variational
correlated density matrix theory of spatially inhomogeneous Bose fluids.

At a given temperature T, the true canonical density operator pirur. of a. system
of JV bosons characterized by a Hamiltonian H is given by pl!Ue = exp(pff). The
dimensionless inverse temperature 0 is defined as 0 = (JbsT)"1, where fcB is the



Boltztnann constant. Correlated density matrix theory rests on the Gibbs-Delbriick-
Moliere minimum principle [22], which states that in thermodynamic equilibrium the
Helmholtz free energy

F~E-0-lS (1)

assumes its minimum value for the true density matrix p\,aB. The first term on the
right si,de of Eq. (1) represents the internal energy, while the second is the entropy
contribution to the total free energy. It follows that the free energy corresponding to a
density operator p that departs from the true one provides a rigorous upper bound on
the true Helmholtz free energy. This variational property of the free energy functional
F\p] may be exploited to find the optimal density matrix within a restricted class of
trial density matrices.

The first task is then to pose a suitable trial form for the statistical operator
p, such that the essential dynamical and thermal physics is incorporated, yet the
resulting free energy functional remains tractable. Variation of this functional with
respect to the freedom present in the ansatz for p leads to Euler-Lagrange equations
determining the optimal p of the chosen class. This optimal p may be used to estimate
an upper hound for the true free energy and to calculate approximations to other
therinodynamic quantities of interest as functions of temperature T, such as the
surface tension of liquid *He [20].

In constructing a trial form for p adapted to spatially inhomogeneous Bose sys-
tems we follow the lead of the correlated density matrix treatment of uniform Bose
systems [16,17]. Accordingly, we employ a trial density operator that contains one-
body factors describing the spatial inhomogeneity of the system and two-body factors
describing the strong interparticle correlations. The chosen trial operator takes into
account the presence of thermal excitations in Feynman approximation. The resulting
Euler-Lagrange equations may be cast in the form of a Feynman eigenvalue equation
for the spatial shape and energy of the thermal excitations [18-20], a Hartree equa-
tion for the square root of the one-body density, and a Schrodinger-Uke equation for
the square root of the two-body distribution function. Self-consistently determined
effective one-body and two-body potentials appear as essential ingredients in the cou-
pled set of Euler-Lagrange equations. These optimization equations systematically
generalize the corresponding T = 0 theory [1,2] of nonuniform Bose liquids to finite
temperatures.

In Sec. 2 we introduce the trial form for the statistical operator and calculate
the Helmholtz free energy associated with this ansatz. The optimization equations
for the elementary excitations, for the one-body density, and for the two-body corre-
lations are presented in Sec. 3. Our findings are summarized in Sec. 4, where we also
consider avenues for future research in the field of nonuniform Bose fluids at finite
temperatures.

2. DENSITY MATRIX AND FREE ENERGY

The program sketched in the preceding section is most conveniently carried
through by adopting a coordinate space representation for all operators involved.
As argued in Ref. 16, the coordinate space matrix elements p(R',R) = (R'|p|R) of
a density operator p takes the general form

p(R', R) = *(R') Q(R\ R) *(R) • (2)

Here, the notation R = (ri, rj , • • •, rN) is used to denote the ZN spatial coordinates
of the system of N bosons. Likewise, we have R' = (r'i,rj,-- • ,r'H). For the form
(2) to represent a statistical operator of a Bose system, the function * and the inco-
herence factor Q have to be positive definite. The latter quantity does not contain
any factors that depend on only primed or unprimed coordinates alone. At vanish-
ing temperature, the incoherence factor Q becomes unity and the matrix elements
p(R',R) = *(R')*(R) describe the density operator associated with the state <P,
which at T = 0 is the ground-state wave function. In general, the factors "J? and Q
in Eq. (2) depend on temperature. To simplify the notation, the argument T will be
suppressed in writing these and any other quantities that do not carry an explicit
dependence on temperature.

Without loss of generality, the function * in Eq. (2) may be expressed as a
product of one-body, two-body,..., JV-body factors, i.e., it has the form of a Feenberg
wsve function [23]. Truncating the general form at the two-body level, we arrive at
the Hartree-Jastrow ansatz

(3)

(4)

1 / N N \
= ^ p U E t W + i Y, u ( r » r j ) -

\ t=i t<>=i /

The normalization integral

= j , R) dR = I *2(R) dR

ensures the unit-norm condition Tr(p) = 1. For the reasons given below, we may
assume the diagonal matrix elements Q(R, R) of the incoherence factor Q to be
unity, justifying the simplification made in Eq. (4). The convention Q(R, R) = 1 will
facilitate the succeeding calculations significantly.

Adopting the two-body level also for the incoherence factor, we may assume the
trial form

Q(R\R)=exP (5)
,J=J

This expression follows from first making an ansatz for Q(R',R) of the form (5),
but without the second sum in the exponent. In a subsequent step, this term is
subtracted in the exponent of the original ansatz for Q(R', R), yielding the form (5).
As a consequence of this operation, the sums 2i=iu '( rt> r<)/2 + £ i < ; = i ^ ( r n r j ) ^nd
Hi l i w(r'i* r i ) / 2 + 5l!<>=i ( J ( r ^ r>) m u s t b e added to the exponents in the Hartree-
Jastrow expressions for *(R) and *(R'), respectively. As can be easily seen, the
l&tter operation is tantamount to replacing the quantities t and u in Eq. (3) by the
functions t+u> and u+2ui. The form (3) for 4(R) is then retrieved by a simple change
of notation, namely the redefinition of the quantities t+<*> and u + 2u> as the one-body
and two-body functions f and u entering Eq. (3). Both the Jastrow function u and
the incoherence function u> heal to zero for large distances and are symmetric under
interchange of coordinates. The latter property ensures that the matrix elements
p(R',R) are symmetric under particle interchange, a property required for the trial
form p to describe a system of identical bosons. At zero temperature, the incoherence



function u vanishes and the operator (2) reduces to the statistical operator of the
ground-state wave function.

In order to calculate the internal energy E = Tr(pH) corresponding to the trial
density operator p introduced above, we need to express the Hamiltonian
H = - ( f t J / 2 "0 £ ,1 i V.2 + X)^j=i u(r,,rj) in terms of its matrix elements/f(R,R')
= (R|// |R') in coordinate space. The result reads [16,17]

Y, v(r.,r,) UR-R'). (6)

The first sum in Eq. (6) represents the operator of the non-relativistic kinetic energy
of a system of N bosons of mass m, while the second represents the operator of the
total potential energy, made up of bare two-body interactions given by the potential
v. The identity (6) together with equations (3)*(5) enable us to form the trace of
the operator pH in coordinate space. The resulting internal energy E may be split
into two contributions, yielding

E = Tr(pH) = f P(R\R)H{R,R')dRdR' = (7)

The contribution Ey has the form of an expectation value of the Hamiltonian H with
respect, to a normalized Hartree-Jastrow state <£ and therefore may be evaluated using
the same techniques as in the T = 0 case [1,2,7], where * assumes the role of the
ground-state wave function. We thus obtain

h2

= ~ J[V\/Q{T)] fir + j je(r\

(8)
The first term on the right side of Eq. (8) arises from the spatial inhomogeneity of
the one-body density

j (9)
It vanishes in case of a uniform system, characterized by g(r) = const. Like the
one-body density (9), the two-body spatial distribution function g, appearing in the
correlation energy term of Eq. (S), may also be written solely in terms of *, leading

(10)i,r2) =

The effective potential i-* is given by

the operators £>(1) and D{2) being defined by

(11)

(12)

with t = 1,2.

Further exploiting the T = 0 theory of spatially inhomogeneous Bose fluids, tl>
bare two-body correlation function u may be eliminated from the eneigy functiona
(8) by making use of the hypernetted chain (HNC) equations [24]. In the set of HNC
equations, the two-body spatial distribution function g is related to the Jastrow
correlation function u via the hypernet equation

p(rj,r2) = = exp[u(ri,ri) (13)

where functions N, X, and E represent the sum of nodal, non nodat, and elementary
or bridge diagrams, respectively. The relationship between the nodal function N
and the direct correlation function A' is established by the Ornstein-Zernike or chain
relation

JV(rj,ra) = y Q(r3)[X(rur3) + N{r1,r3)]X(r3,r2)dri , (14)

completing the set of HNC equations. Formally regarding the quantities N{r}, r2) =
\/?( ri)^( rj) JV(ri,r2) and A'(ri,r2) = v/^(ri)p(rj) A"(ri, r2) as entiies of matrices
characterized by continuous indices i"i and r2, the chain equation (14) may be cast
in the convenient form of the matrix equation N = (X + N)X.

Supplemented with a prescription for determining the sum of elementary dia-
grams, £(r i , r 2) , the HNC equations (13) and (14) form a closed set of equations
for a given one-body density p(r). To be specific, we will resort to the widely used
HNC/0 approximation, which has been applied in the majority of works on spatially
inhomogeneous Bose fluids carried out within the general scheme described here (see,
for example, Refs. 1,2, and 7). In this approximation, the elementary diagrams air
neglected, i.e., £(r , , r 2) = 0. Exploiting the hypernet equation (13) in HNC/0 ap
proximation, the energy functional £* may be expressed solely in terms of "dressed'
spatial distribution functions, to arrive at the result [1,7]

which form will expedite the variational procedure to be outlined in the next section.
The energy E* has the same functional form as the Hartree-Jastrow ground-state
energy at the HNC/0 level. However, the distribution functions £, g, and N must
now be taken at temperature T.

In coordinate space, the second energy term in Eq. (7), denoted £w, may be
written as

(16)
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The energy functional (16) may be further simplified by expanding the function
^(r i , r 2 ) = \/?( ri)^( rj) *>{'ii'z) M a series in the biorthogonal system of (real)
eigenfunctions 0/ of the eigenvalue equation

The operator

(17)

(18)

is the operator of the kinetic energy of a single particle of mass m moving in the
inhomogeneous background formed by the density profile g[r). The symbol £ denotes
a complete set of quantum numbers characterizing an eigenstate ii?t and the associated
eigenvalue Af. As we shall see later, an eigenfunction 4>i describes the spatial shape
of an elementary excitation of the Bose system corresponding to quantum number t.
It is easily shown that the eigenvalues Af are real and that the orthogonality relations

(n\H0\t) = 0 for (19)

hold. Not only the operator Hg, but also the function 11 possesses a diagonal repre-
sentation in the system of eigenfunctions of the eigenvalue equation (17). Specifically,
we have

^ ( 2 0 )

(21)

which, inserted in Eq. (16), leads to the simple expression

If we wished only to cast the energy component E ^ a s a series of purely diag-
onal terms, it would have been sufficient merely to assume that Q has a diagonal
representation of the form Q(i-],rj) = £ , ft* tM ri W'tfa), without appealing to the
particular eigenvalue equation (17). However, as we shall see in the next section,
variation of the free energy with respect to the normal modes Vv yields an eigenvalue
equation for these states, from which the orthogonality relations (19) immediately
follow. For this reason, we have chosen already at this point to introduce, through
Eq. (17), a system of normal modes in which the operator Ho and the function ft
are simultaneously diagonal. The primary purpose of establishing a spectral decom-
position of il of the type (20) is that it will be needed to calculate the entropy. We
stress that the conditions (19) need not be imposed as constraints when varying the
free energy with respect to the eigenfunctions tt- They follow automatically from
the resulting eigenvalue equation.

In comparison with the internal energy f?, finding a useful expression for the
entropy $ is a task of a somewhat more demanding nature. Here, we will sketch only
the merest of essentials. Employing the replica technique we first obtain

S = - - * . £ m (22)

For integral values of the parameter f, the trace in the logarithm in the right side of
Eq. (22) may be written as

T = l

where we have made use of

Q(R',R) = «P{ -1 £ A, [,,(R') - p,(R)]2} ,

the density fluctuation operators p, being defined as

The entries Maj of the
by

(23)

(24)

(25)
t = i

matrix M in the exponent in expression (23) are given

Mat = 2<Sat - (S0+i,i - (Sa,i+i (26)

with a,b — 1,• • • ,£. When it occurs, an index £ + 1 is to be replaced by unity. To
proceed, in Eq. (23) we replace the expectation value of the product f ] , • • with
respect to the state f|* = i ' • • by the product of the expectation values with respect
to this state. This approximation is known as the separability assumption [16,23,25].
Physically, interactions between excitations are neglected. Each expectation value
in the latter product has the form of a normalization integral of a generalized wave
function describing a mixture of bosons of £ different sorts, and may be evaluated
with the help of techniques similar to those applied in the case of spatially uniform
Bose mixtures [26]. The final result reads

.,»=!

M
i

(27)

where
D(t) = (t\\+G\l). (28)

In coordinate space, the kernel of the integral operator G in Eq. (28) is given by

(29)



Assuming the eigenfunctions t/'/ to be unit-normalized, the quantity D(() is the gener-
alization of the static liquid structure factor to spatially inhomogeneous systems. The
determinants under the product in the right side of Eq. (27) may now be expressed
as polynomials in |17]

1 (30)I
2 '

leading to

(31)

Next, the expression (31) is analytically continued to non-integral values of {. In-
serting the result (31) into Eq. (22) and taking the derivative with respect to f yields
the formula

S = fc

for the entropy. We thus arrive at an entropy functional that is formally equivalent
to the entropy of a non-interacting gas of excitations obeying Bose statistics. This
finding is in concert with the separability approximation, in which it is assumed that

^citations do not interact with each other. The result (32) suggests that we interpret
I lie quantities u/ defined in Eq. (30) as the occupation numbers of thermal excitations
characterized l>y quantum numbers f, and introduce the associated excitation energies
(/ via the usual formula

' " = /a \ i ( 3 3 )

exp(/3e,) - 1
for the occupation numbers of a free gas of Bose excitations.

3. EULER-LAGRANGE EQUATIONS

In this section we derive the optimization equations for the density profile £(r)
of Eq. (9), for the two-body spatial distribution function g{rur2) of Eq. (10), and
for the set of cigrnfunctions V'<(r) of Eq. (17) and the associated excitation energies
(i. The optimization equations follow by varying the free energy functional F, as
given by Eq. (1) together with Eqs. (7), (15), (21), and (32), with respect to g, g
(or optionally w.r.t ^/Q and ^/g), Vv, and At respectively, while keeping the respec-
tive other quantities fixed. In conjunction with the HNC equations (13) and (14)
in HNC/0 approximation, the Euler-Lagrange equations constitute a closed set of
equations, determining the basic microscopic ingredients in our theory. The results
for Q, p, and the set of eigenfunctions and excitation energies furnish the raw material
for calculating, numerically or analytically, macroscopic thermodynamic quantities
as functions of temperature.

We start by varying the Helmholtz free energy with respect to an eigenfunction
Vv, while keeping all other eigenfunctions, a/1 eigenvalues A/, g, g, and thus also the
nodal function JV fixed. The functional derivative of the occupation probability nt
with respect i/v may be obtained using Eqs. (28) and (30). In terms of the notation
introduced in the context of the chain relation (14), the resulting Euler-Lagrange
equation is equivalent to the eigenvalue equation [18-20]

(\ - X)HQ\t) = Et\t), (34)

where the one-body kinetic energy operator Ho is given by Eq. (18). The eigenvalue
Et satisfies

= Y^rt • (35)

The equality of the second and third members of relation (35) is already the Euler-
Lagrange equation that follows from variation of the free energy with respect to A/,
while keeping all other eigenvalues, all eigenfunctions t/7, g, g, and N fixed. The
third equality in (35) is a trivial consequence of the identification made in (33). The
orthogonality relations (19) are easily deduced from Eq. (34) - for this reason we
did not need to impose them as constraints in the variation. Equation (34) may
be viewed as a nonlocal Schrodinger equation for collective excitations characterized
by quantum numbers £. It generalizes the Feynman eigenvalue equation to finite
temperatures and therefore stands as a key result of our formal development. The
nonlocal integro-differential operator XH0 incorporates the effects of the strong in-
terparticle correlations, endowing the excited states with their collective nature. At
vanishing temperature, the eigenvalue Et becomes the excitation energy tt itself and
the well-established T = 0 Feynman eigenvalue equation [4] is then retrieved from
Eq. (34).

Exploiting the generalized Feynman eigenvalue equation (34), we readily obtain
the series expansion

06)

for the operator A' corresponding to the matrix of elements X(ru r2), where we have
introduced the notation

eo{£) = (t\H0\e). (37)

For a spatially inhomogeneous system, the energy eo{() represents the analog of
the kinetic energy fi2|k|2/2m of a free particle moving with momentum hk in a
spatially uniform background. In coordinate space representation, the unit operator
in the expansion (36) becomes a (^-function. Employing the identity 1 + G = (1 -
-V)"1, which holds by virtue of the Ornstein-Zernike relation (14), we may form the
resolution

~ 1 (38)

of the operator G denned, in coordinate space, by Eq. (29).
The optimization equation for the two-body spatial distribution function g is

found by varying the Helmholtz free energy with respect to ^/g(rur2), while keeping
the quantities ipt, A<, and Q fixed. The functional derivative of the nodal function N
with respect to g, needed in this procedure, is obtained by exploiting Eqs. (13) and
(14) [1]. The Euler-Lagrange equation for ^/g may be written as

,r2) + w ( r , , r 2 ) + *(ri,ra)] \ /s(r i , r2) = 0, (39)

where the potential v represents the bare two-body interaction and the operators
£>(!) and D(2) are given by Eq. (12). Let us adopt the notation $(r] , r2) =
/ F T R ^ , r2). The potential * is then defined by the series

nk (40)



In the now-familiar matrix/operator notation, the quantity W(r>, rj)
2) becomes

W = —(HoN + NH0) - ^ (41)

Among the terms contributing to the total effective pair potential v + w + <j> in the
Schr6dinger-like equation (39), only the potential <f> carries an explicit temperature
dependence. While vanishing at T = 0, for finite T it provides for the coupling of the
thermal excitations to the two-body distribution function g, and thereby to all other
pair functions. With some algebra, the optimization equation (39) may be stated in
the equivalent form

-H0X - XH0 + XH0X = (42)

where Vph(ri,r2) = \/e(ri)e(rj) i)pi,(ri,rs), the particle-hole interaction vph being
given by

wph(ri, r4) = [5(r,, r2) - •^(n,r»)]+fl(ri,rj)«(ri,r2)
2 r , a l

+ Vj\/g(ri,ri) >. (43)1 j 1
Variation of the free energy with respect to \/Q(T) , while keeping al! the ii>(, all

the At, and g fixed, yields a Hartree-like equation for \/g(r). Again equations (13)
and (14) are employed to determine the functional derivative of the nodal function JV
w ith respect to g [1]. The constraint to be imposed in the variation of F with respect
to yfg is particle number conservation, / e(r)<fr = const., which brings the chemical
potential ft into the optimization equation for y/eijr) as a Lagrange multiplier. The
final result reads

where

with

(44)

(45)

Vl9(r1,rJ)].[V,JV(rllra)]J. (46)

In the full self-consistent Hartree potential wH +<t>H appearing in the optimization
equation (44), only the term

~7T( Et ( 4 7 )

depends explicitly on temperature. The one-body functions <fit are defined as ft (r) =
ipi(r)J \/Q(T). The potential (47) describes the effects of the gas of thermal excita-
tions on the density profile q and accordingly vanishes at T = 0. The operator D in
the second term of Eq. (47) is given by Eq. (12) with r< and Vt replaced by r and V.
In deriving equation (47), we have made use of the generalized Feynman eigenvalue
equation (34).

Finally, inserting the series (36) and (40) into the optimization equation (42),
we arrive at the series expansion

(48)

for the particle-hole potential Vpi,, wherefrom the Bogoliubov-like eigenvalue equation

(tfo+2Vph)ffo|*) = <?K) (49)

readily follows.
As has already been indicated, the Euler-Lagrange equations (34), (39), and (44)

reduce to the corresponding T = 0 formulas, derived in Refs. 1 and 2, in the limit
of vanishing temperature. Similarly, the optimization equations for spatially uniform
Bose systems at finite temperatures, reported in Refs. 16 and 17, are retrieved from
Eqs. (34), (39), and (44) by setting g(r) = const.

4. SUMMARY

In this paper, we have extended the variations! Hartree-Jastrow theory of the
ground state of spatially inhomogeneous Bose systems to finite temperatures. The
theory presented here is a generalization also in the Bense that it extends the cor-
related density matrix approach, formulated previously for uniform Bose fluids, to
systems with nonuniform density profiles. The method provides a framework in
which the effects of thermal excitations on the spatial structure of a Bose fluid, as
represented by the density profile and the two-body distribution function, may be
discussed on the basis of an aft initio microscopic description of the system. Thermal
excitations make their appearance through self-consistently determined one-body and
two-body potentials which enter the nonlinear, coupled Euler-Lagrange equations for
the one-body density and for the pair distribution function. Since we neglect back-
flow correlations, the excitations are described by a Feynman eigenvalue equation,
suitably generalized to nonzero temperatures. The only external quantities enterir.g
the correlated density matrix theory elaborated here are the bare two-body interac-
tion potential and, in actual applications, the boundary conditions to be imposed on
the one-body density.

The natural next step within a correlated density matrix approach to spatially
inhomogeneous Bose fluids is the incorporation of backflow effects and three-body
correlations. This step will be guided by recent progress in the inclusion of such
effects in the homogeneous case [27]. More ambitiously, one might envision, as in
Ref. 20, the development of a theory that allows phase transitions to take place
in regions of inhomogeneous density. Of particular interest is a 4He liquid-vapor



system ia which a relatively dense homogeneous phase consisting of superfluid *He
is separated from a relatively dilute homogeneous phase consisting of normal-fluid
* He vapor by an interface regime with planar geometry. The chosen density operator
must have the flexibility to provide for the occurrence of a transition in this spatially
inhomogeneous interface. Again, valuable guidance is expected from studies of the
homogeneous case, for which a theory of the normal-superfiuid phase transition is
currently under intense development [28-30].
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