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ABSTRACT

Optical instabilities and chaos due to virtual formation of biexcitons in optically ex-
cited semiconductors are investigated. A complete linear stability analysis of steady-state
bistable solutions of nonlinear coupled differential equations describing the nonlinear dy-
namics of semiconductors is carried out. The dynamical solutions are studied numerically
using an iterative procedure.
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1 Introduction

Among many theoretical advances in optical bsstability (OB) the discovery of spontaneous
temporal oscillations in the output intensity [1,2] ranks as one of the most significant and
exciting achievements. The studies of optical instabilities and chaos have given important
contributions to the general theory of synergetics [3] and on the other hand, they have
stimulated different kinds of investigations in the field of nonlinear optics for controlling
chaos, towards avoiding it in optical devices like memory elements or exploiting it for the
purpose of all-optical communication and signal modulation.

For those reasons, optical instabilities and chaos have been extensively studied in two-
level atoms and laser systems [1-5] as well as in optically excited semiconductors [6-12],
Self-oscillations in a ring resonator and a Fabry-Perot resonator filled with two-level ab-
sorbers have been studied in [1,2]. It was shown that the entire upper branch of the S-curve
is unstable, and the steady-state field converts into pulsating light. In optically excited
semiconductors the phenomena near the exciton resonance have been investigated [6-12], It
was shown that in exciton systems [8-12] the unstable domains appear inside the hysteresis
loop of the bistable steady-state curve. Very recently we have discovered s. period-doubling
self-oscillation route to chaos in excitonic optical bistability [12].

Since very large optical nonlinearities have been observed in many materials in the vicinity
of the two phototi-biexciton resonance many papers [13-19] have been devoted to the problem
of OB due to the two photon-biexciton mechanisms (TPBOB). Among these mechanisms,
is the mechanism due to the virtual formation of biexciton (VFB) proposed by us in [18,19]
the critical intensity is very low. Despite numerous papers published on TPBOB, it is very
surprising that a complete linear stability analysis of steady states is still lacking. In this
Letter a complete linear stability analysis of the bistable steady-state curve due to VFB
mechanism is carried out. It is found that one of the most important characteristics of
the mechanism is that the unstable domain exists outside the hysteresis loop, contrary to
the case of two-level atoms [1,2] and exciton systems [8-12]. A self-consistent procedure for
numerical solution of the nonlinear dynamics equations is proposed as well. The results show
that. VFB mechanism is one of the most suitable mechanisms for the operation of optically
bistable devices such as optical memory elements.

2 Nonlinear Dynamics Equations

We start from the model of VFB mechanism of OB due to two photon transitions taking
into account the intracrystal photon energy renormalization caused by the interaction of
the photon with the crystal valence electron [18,19], The total Hamiltonian of a coherent
photon-biexciton system under the action of an external classval field with amplitudes Ek

and frequency LJ = ut near the two photon - biexciton res inance can be written in the
following form (in the units with ft = c = 1) [17-19] :
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where ĉ  and t^t are bosonic operators for a photon with frequency un and a biexciton with
energy Uft respectively. A^ = wo/4ecs>t<jIt stems from the A2-type term of the light-matter



interaction Hamiltonian describing the coupling of photon with valence electron; u>0 is the
plasma, frequency; e^ is the background dielectric constant; g* is the effective two photon -
biexciton coupling and V is the volume of the sample. From now on we will drop for brevity
the indices k and 2k in ail further formulae.

Using the effective Hamiltonian (1) we obtain the equations of motion of the photon
and biexciton operators. Performing the necessary averaging procedure we get the following
system of nonlinear coupled differential equations describing the nonlinear dynamics of the
system :
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where the variables X,Y and R,S relate to the dimensionless densities of photons NL. and
biexcitons A'6 as the follows JVC(T) = X2(T) + Y2(T) , Nb(T) = R'2(r) + S2{T) respectively.
In Eqs. (2-5) the dimensionless scaled symbols are defined by :
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where f and P are the damping constants of the photons and biexcitons respectively.
In the steady regime the solutions (X. Y,R, S) of Eqs. (2-5) can be easily shown to be

given by,
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Using (7-10) we obtain the following nonlinear relation :
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where the (dimensionless) intensity of the light is defined as / = P2. It can be proved that
Nc is a tri-valued function of light intensity / , i.e. optical bistability will appear if the
following conditions hold :
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In Fig. 1 the dimensionless photon density Nc versus the dimensionless light intensity / is
plotted taking the same set of material parameters as in [ 18,19].

3 Optical Instabilities and Chaos
We now study the instabilities of the whole branch of the bistability steady-state curve in
Fig. 1 within the framework of linear stability analysis. Let us consider the neighborhoods
of the steady-state solution, which can be presented in the following forms ;

X =

R = S = (13)

(14)

where Zx.Y.R.s are small perturbations and X,Y, R,S are steady state solutions of (2-5) and
given by formulae (7-10). Inserting (13) into Eqs. (2-5) and linearizing these equations we
arrive at the system of linear algebraic equations for £X,Y,R,S with a characteristic equation
of the form : . „
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It is clear that if all real parts Re\i,2,3,t > 0 (A; are roots of Eq. (14)), then the solutions
(13) of the system of Eqs. (2-5) are unstable. Using the Hurwitz criteria for all real parts
fieA, < 0 we can exactly and analytically prove that the whole middle branch with negative
slope is unstable [20]. Using the same set of the material parameters as in Refs. [18,19]
we plot the dimensionless photon density Nc versus the dimensionless light intensity / with
the unstable domain presented by long-dashed lines (Fig. 1). It is well-known that in the
model of a collection of two-level atoms in a cavity, the entire upper branch of the S-curve
is unstable [1,2] and in the model of exciton systems the unstable domains exhibit in both
branches of the bistable curve as well as inside the hysteresis loop [7-12]. We would like to
stress that, in our case the unstable domain exhibits outside the hysteresis loop of bistable
steady-state curve.

Let us now investigate the instabilities of the unstable domain ( the long-dashed part in
the upper branch of bistability curve in Fig. 1). We have carried out numerical studies of
the nonlinear dynamics equations (2-5) with tf> = 15, S = 2.5 and a = 2 . Note that the
instability and chaotic properties of a nonlinear dynamical system are very sensitive to the
initial conditions. Therefore these conditions are of very important for solving the equations.
It is also clear that in a nonlinear system, with a given initial value of the control parameter,
there may be one or more initiai steady states (e.g., in our case, for one value of P there may
exist one or three values of X, V", R and S corresponding to the fact that P is outside or inside
the hysteresis loop). To solve the nonlinear equations of the exciton system the authors in
Refs. [7-9] had to choose initial conditions equal to zero as it was too difficult to determine
the conditions which are just the steady-state solutions. Consequently, they did not obtain
appropriate solutions describing the nonlinear dynamics of semiconductors. The procedure
proposed here enables us to avoid this. As we want to consider the instabilities of the bistable
curve we have to choose the steady-state solutions (7-10) as initial conditions. These are
nonlinear and coupled functions of P (or of light intensity /) therefore it is difficult to



determine the initial conditions corresponding to a given value of P. However, the nonlinear
and coupled relations (7-10) can be solved inteiatively by noting that these formulae can be
rewritten as X = X{P,X2

7 Y2) = X{P,X2 + Y2) = X(P, Nc) and the nonlinear dependence
of Ncon I — P2 can be numerically determined from Eq. (11). Y can be obtained in the same
way as X while R = R{X, Y) and S = S(X, Y) can be found by the dependence of X and
Y on P. Using this procedure we can numerically study the nonlinear dynamics equations
(2-5) and obtain the dynamical solutions of the system. In Fig. 2, the time-evolution of
the photon density Nc is plotted with P = 84,29014 ( / = 7104.828) and initial conditions
corresponding to the unstable domain of the bistable curve (the long-dashed part in Fig.l).
We have plotted in Fig. 3 the phase portrait corresponding to the chaotic self-oscillations
drawn in Fig. 2. By the use of this procedure we can investigate the instability and chaos
properties of semiconductors in the considered case comprehensively [20]. Furthermore we
wish to emphasize that this procedure can be totally applied for the case of excilon systems
and hope that it would be useful for many other systems.

4 Conclusion

We have carried out a complete linear stability analysis for the bistable steady-state curve in
optically excited semiconductors due to the VFB mechanism. The conditions for which the
negative slope branch is unstable have been exactly obtained. A consistent procedure for
the determination of the initial conditions for solving the nonlinear dynamics equations has
also been proposed. We have performed numerical simulation of the nonlinear dynamical
equations corresponding to the unstable domain of the photonic bistable curve. The results
show that in the coherent photon-biexciton system the instability self-oscillations can appear
outside the hysteresis loop of the bistable curve, contrary to two-level atom [1.2] and exciton
systems [8-12]. We would like to stress that for VFB mechanism the critical intensity is very
low [18,19] in comparison with that for the other mechanisms proposed in [13-16]. Therefore
the VFB mechanism of OB seems to be suitable for the operation of optically bistable devices
like optical memory elements. Finally, we hope that the proposed procedure can be applied
to the nonlinear dynamics of other systems such as exciton systems [7-12].
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Fig. 1
Figure Captions

The bistability steady-state curve of the dimentionless photon density Nc as a function of
dimensioless light intensity / = P2 for ^ = 15, <5 = 2.5 and a = 2

Fig. 2
Time-evolution of the dimensionless photon density when the system initially suffers a slight
displacement from the steady-slate with P - 84.29014(7 = 7104,282) in the long-dashed
part of the upper branch of the bistability curve in Fig. 1. Chaotic self-oscillations.

Fig. 3
Phase portrait corresponding to Fig. 2. 80.00
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