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1. Introduction:

The kinetics of phase ordering in macroscopic systems, following a, deep quench from
a high temperature1 to a temperature well below the coexistence curve, has been an active
field of research in . recent years [1-3], Several attempts have been made in the past few
years, using various numerical techniques, to find out the law of domain growth and the
associated universal features in the presence of quenched disorder [4-13]. So far all the
works have had limited success in the sense that the qualitative features of the growth have
been found to be consistent with the expectations based on heuristic arguments, but some
of the quantitative aspects remain inconclusive. The aim of this paper is to study the laws
of domain growth in random-exchange Ising model (REIM) following a novel approach
proposed here [14].

2. Domain Growth in the Ising model with "quenched" impurities: A Brief
Review:

The REIM is defined by the Hamiltonin

H = -jJ^PijSiSj (1)

where ptJ is an independent random variable that accounts for the presence or absence of
the (nearest-neighbour) bond between the sites i and j and 5, and S} are, respectively,
the Ising spins at the i-th. and j- th lattice sites. Although Jl} is random we shall not allow
negative values of Jt} so that the possibility of any spin glass phase [15-17] is ruled out.
One particular choice for the distribution pt} is

P(Pij)=pS(pij.-l) + (l-p)6{Pij) (2)

Since pt} can be 1 or 0, this distribution implies that, on the average, a fraction p of the
bonds are present and a fractional — y) of the bjonds are absent in the lattice. This model
is often referred to as the bond-diluted Ising model [18].

To our knowledge, the first, and the only, prediction on the law of domain growth in
the REIM in the asymptotic regime has been made by Huse and Henley [4]. The disorder
tends to pin the interface by putting up free energy barriers against the interfacial motion.
Therefore, the growth of domains is expected to be a thermally-activated process of barrier
hopping, which is governed by the equation

T ~ roexp[AE/(kBT)] (3)

where AE is the barrier height.
Assuming the barriers AE(R) to scale with a, power of the length scale R. namely.

AE - R* (4)

they derived the asymptotic domain growth law

R(t) ~ [ln{tlro)Y (5)



where x - l/i/>. The value of the growth exponent x was calculated by relating rj) to two
other known exponents. It was thus predicted that in spatial dimension d — 2, for example,
x = 4.

It should be emphasized that equation (5) is the predicted growth law only for the
asymptotic regime, where t is large. However, during the very early stages of evolution,
immediately after the quench from a very high temperature, the domains in a weakly
disordered magnet will grow, as if in a pure system, following a power law. However, as
the domains grow larger and begin to "feel" the fluctuations in the exchange energy, a
crossover from the power law regime to a regime governed by the "logarithmic" law (5)
is expected to take place. This general scenario has been found to be consistent with the
qualitative behaviour of domain growth kinetics in the MC simulations [5-13],

However, the range of the time interval, over which numerical data were available
in the asymptotic regime in all these works, except that of Bray and Humayun [10], on
weakly disordered Ising magnets, was not sufficiently wide to yield any reliable estimate
of the exponent x. Therefore, in spite of the qualitative agreement with the theoretical
expectation, quantitative comparison with the Huse-Henley theory could be carried out
only by Bray and Humayun [10],

Since stronger disorder leads to quicker onset of, the crossover to the logarithmic
regime, one may be tempted to work with strongly disordered magnets where p is close to,
but slightly higher than, the percolation threshold pc. However, additional complications
arise in the latter region because of the fractal behaviour of the underlying structure formed
by the lattice sites occupied by the magnetic ions/atoms [19,9,12}.

Therefore, in an attempt to test the Huse-Henley prediction by an alternative method,
Puri et al.[ll] investigated this problem by following the cell dynamical systems (CDS)
approach [20,21]. Although the numerical data for disorder amplitude indicated a trend
consistent with the form (5) the results, nevertheless, were not truly conclusive. Therefore,
we study the same problem in this paper by another novel method, namely, that of coupled
map lattice (CML).

3. Formulation of the Coupled Map Lattice Approach:

We begin with the REIM defined by equation (1) together with the distribution (2) for
the bond occupation. The dynamics of the Ising spin system is assumed to be governed by
the Master equation as in the so-called Glauber single-spin-flip kinetics. Following Suzuki
and Kubo [22] we get

r[{djdt) < S} >] = - < Sj > + < tanh((3hj) > (6)

where

hj = Y,J}kSk . (7)

Invoking mean-field approximation, and identifying < S} > with the order parameter
ip}, we get

r[{d/dtWj] = -il>j + tank < K ^ P j ^ n , > (8)



where K = j3J and tij are the locations of the nearest-neighbours of the site j . The
equation (8) is the partial differential equation that describes the temporal evolution of a
dilute Ising model with quenched bond disorder.

First of all, we show that the static limit of this evolution equation is consistent with
the known results of the REIM. In domain growth problems we study the dynamics of
evolution at temperatures much lower that the corresponding Tc(p). At these low enough
temperatures, all the spins in each of the finite "percolation clusters" are aligned mutually
parallel in equilibrium. Then, following Stauffer [23], equation (5) can be recast as

< Sj >=< tanh(phj) > (9)

= ±Poc + {Ifp) Yi anatanh(<TfiH)/(kBT) (10)

where H is the external magnetic field, nCT is the number of <r-clusters (i.e., clusters of size
(T) per site, and P ^ is the probability that a site belongs to the infinite cluster. Note that
na and P^ are determined by considering the standard problem of percolation, where one
addresses the question of existence of a connected path from one end of the system to
another. For a square lattice, for example, P ^ ^ 0 if p > pc. Therefore, when H = 0,

<Sj>=0ifp<pc (11)

where pc has been determined from the problem of site/bond percolation. In other words,
equilibrium spontaneous magnetization vanishes for all p < pc [23], i.e., the percolation
threshold for the problem of long-range magnetic order coincides with the percolation
threshold for the pure site/bond "geometrical" percolation problem.

Next let us compare the dynamical equation^(8) with the'other approaches to the
studies of domain growth. For the simplicity of our J comparison, let us assume all the
bonds are present, i.e., we consider the pure limit. Tf ^e eXpHhd the tanh(x) on the
right-hand side and retain only the terms up to the order x3 then, at least formally,
the resulting equation will look like the standard Langevin equation, called the time-
dependent Ginzburg-Landau (TDGL) equation. However, there is a crucial difference.
Usually, at the level of TDGL description, one works with the so-called " coarse-grained"
free energy functional and the right-hand side of the TDGL equation is obtained by taking
the functional derivative of this functional with respect to the order parameter. Thus, in the
TDGL equation the right-hand side does not contain any information on the occupations of
the sites or bonds at the microscopic level. On the other hand, the occupation probability
of the bonds appear explicitly on the right-hand side of equation (8). Therefore, it may
be appropriate to call our approach a hybrid approach, where (a) the lattice occupation
probability enters the description in a manner characteristic of microscopic approaches,
and (b) the dynamical variable is an order parameter which is a continuous real variable
in the same spirit as in phenomenological theories in terms o f coarse-grained" free energy
functionals.

• • • •



4. The Numerical Scheme.

Discretizing equation (8) we get

V>>(* + At) = (1 - At)^(t) + (At)tanh(KY,pn^n,) (12)

where j corresponds to different lattice sites. We follow simultaneous updating of the
lattice. Moreover, using two coordinates i and j to label the sites on the square lattice, we
get the evolution equation

(13)
We take temperature T in the unit of J/kB by setting K = 1/T. The time unit in our
simulation is the fundamental time r. We have taken At = 0.025. One simulation is done
with At — 0.01 and the results are not different from that of At = 0.025, though for values
of A* larger than 0.025 the results are not stable. Temperature T for all the systems
with different disorder is fixed at 2.5 which is well below the corresponding transition
temperature.

The numerical scheme described above was implemented on a 128 x 128 lattice with
periodic boundary conditions. We computed the time dependent structure factor, which
is the Fourier transform of the real space correlation function. The data were taken by
averaging over 5 to 10 initial as well as disorder configurations. The time dependent struc-
ture factors are circularly averaged to obtain the scalar function S(k, t). The characteristic
domain size is taken as the reciprocal of the first moment of the scalarized structure factor;
all lengths being measured in the units of the lattice spacing and all time in the units of r.

5. Results and Discussion:

We first analyze the features of the evolving patterns of out simulation for differ-
ent concentration of spins. In fig.l(a) we show the snap shots of the''patterns and the
corresponding order parameter profiles of the pure system taken during '<JU££eitent times
(t = 10,50,100 and 300). Fig.l(b), l(c) and l(d) are those for the systems with bond
disorder (p = 0.99,0.98 and 0.95). Comparing the snapshots and order parameter profiles
at different times the following features are observed, (i) Initially, it takes some time to
form the interconnected structure. Therefore, there is no flat region in the order parameter
profile at t — 10. However, by the time t = 50, the snapshots exhibit interconnected struc-
ture which is also reflected in the appearance of flat regions in the corresponding order
parameter profiles. On longer time scales the pattern looks coarser and hence the thicker
flat regions in the profiles, (ii) Since continuous thickening of the flat region in the order
parameter profile has been observed up to t = 300,400, 500 and 800 for.£ ?£_LP, 0.99, 0.98
and 0.95, respectively, finite size effect can be ruled out up to this time *Cile. \ (Hi) Com-
paring the order parameter profiles of different disorder concentrations at any given time,
it is observed that the roughening of the interface increases with disorder.

In order to see the effect of disorder on domain growth, we plot the square of the
characteristic domain size R(t) as a function of time t (fig.2) for pure system and for



systems with bond disorder (p = 0.99,0.98 and 0.95). We take R ~ 13 (beyond which
the results are expected to be affected by the finite size of the system. Therefore, we
do not include domain sizes larger than about 13 in the plot. This plot shows (a) the
deviation from LAC-like power law to slower asymptotic growth law and (b) the stronger
is the disorder the quicker is the onset of the crossover. These features are also observed
in the direct MC simulations of the DIM, as well as in the CDS study.

To study the crossover from the algebraic growth to the logarithmic growth, we plot
logR(t) versus logt (fig.3) for pure system and those with bond disorder p — 0.99,0.98 and
0.95. We have rejected the data corresponding to the early times (0 < t < 100) where the
asymptotic growth law (2) is not expected to hold. We have plotted straight line fits to
the data of pure system and also to those of different disorder values. The slope 0.482 of
the straightline fit to the pure system is consistent with the well known LAC law, which
predicts a value 0.5. As seen in these plots, the fit for the disordered samples deviate from
the LAC-type growth to a slower regime. Stronger is the disorder, quicker is the onset
of such crossover. To check the validity of the Huse-Henley prediction (2), we have tried
non-linear chi square fit to the data of all disorder values. In principle, one must try a
three parameter fit of the kind

R{t) = B[ln{t/ro)Y (15)

Since our data in the asymptotic regime was available over only a short time interval, such
a fit could not be achieved with any acceptable accuracy. It is worthwhile to mention that
such difficulties were also faced in the earlier works. In some of the earlier works a plot
of R(t) versus (Int)4 has been tried to test the prediction (2). But, such plots make a
drastic assumption that To is exactly equal to unity. Therefore, we refrain from reporting
any value of the exponent x. Nevertheless, a "logarithmically" slow asymptotic growth is
firmy established by our data.

Following Puri et al.[ll] we plot S(k,t)k2 versus k/k for different values of p for
different times (fig.4). Collapsing of the data to a single master curve confirms that the
dynamic scaling is valid for all values of p considered by us. It is also known that universal
functions obtained in this fashion are independent of the disorder. This is shown in fig.
5(a) where we have plotted S(k,t)k2 versus k/k for p = 1.0,0.99,0.98 and 0.95 for t =
320,400,480 and 800 respectively. In fig. 5(b) we plot ln(S(k,t)k2 versus (k/k) for the
data from fig.5(a) indicating the agreement of these universal functions even in the tail
region.

6. Conclusion:

In this paper we have introduced a novel technique for the numerical study of domain
growth in the random-exchange Ising model. Using this method we have studied the uni-
versal aspects of the growth process. The results provide support for the results obtained
earlier by the CDS technique and, thus, strongly suggests that dynamical scaling holds in
this system.
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Figure Captions:

Fig.l:

(a) Snapshots of the evolving patterns of the system with p = 1.0 along with the order
parameter profiles at times t = 10,50,100 and 300. (b) Snapshots of the evolving patterns
of the system with p = 0.99 along with the order parameter profiles at times t = 10, 50,100
and 400. (c) Snapshots of the evolving patterns of the system with p = 0.98 along with the
order parameter profiles at times t — 10,50,100 and 500. (d) Snapshots of the evolving
patterns of the system with p = 0.95 along with the order parameter profiles at times
t = 10,50,100 and 800.

Fig.2:

The square of the characteriztic domain size plotted against time t for p = 1.0, 0.99, 0.98|l

and 0.95.

Fig.3:

Log-log plot of the characteristic domain size versus time for different values of p. The
slopes of the straight lines fitted to the data corresponding to p = 1.0,0.99,0.98 and 0.95
are 0.48,0.38,0-32 and 0.19, respectively.

Fig.4:

Plot of the scaled structure factors S(k,t)k2 versus k/k at different times (as denoted
by the symbols) for for systems with (a) p = 1.0 (i.e., the pure system), (b) p = 0.99, (c)
p = 0.98, and (d) p = 0.95.

Fig.5:

(a) Plot of the scaled structure factors S(k,t)k2 versus k/k for systems with p -
1.0,0.99,0.98 and 0.95 at times t = 320,400, 480 and 800, respectively, (b) Same as in (a)
except that the logarithm of the scaled structure factor is plotted against k/k.
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