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ABSTRACT

We study the kinetics of phase ordering of a nematic liquid crystal, modeled by a spin-
rotor Hamiltonian, confined within a parallelepiped pore. The dynamics of the rotor obeys
the time-dependent Ginzburg-Landau equation. We study the generation and evolution
of a variety of defect structures, and the growth of domains, with different anchoring
conditions at the pore surface. Unlike in binary fluids, mere confinement with no anchoring
field, does not result in slow dynamics. Homeotropic anchoring, however, leads to slow
logarithmic growth. Interestingly, homogeneous anchoring dynamically generates wall
defects, resulting in an Ising like structure factor at late times.
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Liquid crystals, like 5CB, exhibit a nematically ordered phase at low temperatures, which

is strongly distorted by anchoring conditions at a confining surface [1-3]. Trapped within a

porous medium (e.g., Vycor glass or silica gel), the nematic reflects the interplay between

long-ranged orientation*! order and geometrical disorder due to anchoring. Recent experi-

ments on nematics in porous media, using various techniques [4-7] to probe the nature of

the isotropic-nematic transition, have demonstrated that the transition is broadened. The

resulting phase is characterized by short-range nematic order with a correlation length £ of

the order of the pore size. It is not clear whether this phase is an equilibrium phase, or a

long-lived metastable phase as a result of slow "glass-like" dynamics [4]. Theoretical work,

though limited, has been restricted to mean-field calculations and Monte-Carlo simulations

of model liquid crystals in the presence of quenched random fields [8]. The mapping from

porous media to quenched random fields is tenuous and we reserve a detailed comment on

this in another publication [9]. Instead, we feel that a useful approach in understanding the

nature of the ordered phase is to study the kinetics of phase ordering in porous cnvirvnmenta.

Following a thermal quench from the isotropic phase, the kinetics towards an orienta-

tionally ordered phase, involves, in addition to the dynamics of the usual bulk topological

defects, new defects that might arise from a competition between elastic deformations in

the bulk and surface anchoring. The results of Ref. [5] reveal that the nematic ordering in

different cavities of the silica aerogel network is only weakly correlated. One could therefore

model a porous system as a network of independent pores joined by weak links (junctions)

[7]. It is thus crucial as a first step, to understand the dynamics of phase ordering within a

single pore under specific anchoring conditions, and this is the subject of the present Letter.

Such studies, in the context of phase separation of binary fluids in porous media [10], have

provided valuable insight. In fact, as suggested by recent work [10-13], the slow dynamics

seen in low-porosity media (such as Vycor glass), originates from the geometrical confine-

ment of the binary fluid mixture inside the pores and not from the random convolutions of
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the pore surface.

Nematic liquid crystals can be described by a vector director field ^(r, t) with the con-

straint that local inversions, 4{r,t) -* -^(r , t ) , do not change the configuration. There

has been considerable interest in the phase ordering dynamics of vector spin models in d-

dimensions having O(n) symmetry [14]. At late times such systems enter a scaling regime,

where the correlation function g(r,t) = ($(r,t) • £(0,i)) is scale invariant. This implies

the existence of & single dominant length scale R{t), related to the "domain size", which

grows as R(t) ~ t%l* {z is the dynamical exponent). It has been shown [15] that, the asymp-

totic structure factor S(k,t) (fourier transform of g(r,t)) goes as k~l<t+n) at large k. This

generalized Porod law [16] is related to the type of stable localized defects allowed by the

theory [17]. Unlike the Heisenberg spin though, which is an 0(3) vector, the director field

<t> of nematic liquid crystals belongs to the projective plane P* ~ 0(3)/Za , which is not

homotopically equivalent to O(3). This gives rise to ± | line (O(2)) defects, in addition to

the usual point (0(3)) defects [2,3].

We mode] the nematic by a rigid rotor Hamiltonian [18-20]

where ^ ( 0 is the unit director field on a 3- dimensional cubic lattice. As required, this

Hamiltonian is invariant under local spin inversion fa -* -fa, and further, under separate

discrete spatial rotations and internal 0(3) rotations. The model shares the global symme-

tries of the standard FVanck elastic Hamiltonian [1] when the moduli for splay, bend and

twist are equal {equal constants approximation). One thus expects that the qualitative fea-

tures of the dynamics of the two models are similar [19]. The equations of motion for the

director field are given by the nonconserved, time dependent Ginzburg-Landau equation.

For numerical expediency, we replace the 'hard-constraint' of unit magnitude with a 'soft-

constraint', by including the term £ ; { - ; £ • fa + \{fa • fa)7} in the Hamiltonian. With this

term, the equations of motion for a zero temperature quench read (we set J = 1) [19]

™~ I A : I m' +• J I G/J ' (D,' I uf i I £t A
01 °fa

The initial conditions on the director are such that the components of fa(0) are independent

random variables between -0.1 and 0.1. Physical quantities are averaged over 10 realizations

of <A,(0). We solve the discretized form of Eq. (2), with a time step £t - 0.05, upto times

<mM - 500.

We start with a study of bulk dynamics (on & 803 system) following a quench fro n the

high temperature isotropic phase to the X = 0 nematically ordered phase. In the absence of

any symmetry breaking field, the continuous infinity of ground states will compete with each

other to establish equilibrium. These degenerate ground states are separated by the stable

topological point and line defects. Away from these defects, the order parameter saturates

to its bulk value in the scaling regime. Subsequent evolution occurs with the monotonic

decay of these defects. The domain size (extracted from the correlation function g(r,t)) at

late times, grows as R(t) ~ I1/' with 1/z = 0.45 ± 0.02. The correlation function at these

late times, shows good scaling g(r,t) = g{r{R(t)). The structure factor S(k,t) decays as

k~* for large k. This is consistent with scattering from ± i line defects (corresponding to

n = 2, d =s 3 in the expression for the generalized Porod's law [15]). We take this as concrete

evidence that the late-time dynamics is controlled by these ±\ line defects [21].

Next we introduce the liquid crystal in its isotropic phase into a paralellopiped pore with

dimensions £ e >• Lt~ L,, where x is along the pore- axis (in our simulations, Lz = 2S6 and

L, = 4 or 8). We study the evolution of this isotropic phase following a quench to T = 0.

We consider periodic boundary conditions at x = ±^* and open boundary conditions at

y — ±^f; and z — ±^j*. Surface anchoring fields are incorporated by adding a term

— Hiejfnj • fa)2 term in the Hamiltonian (where the sum is restricted to sites on the surface

i € S). We distinguish between two kinds of anchoring — (1) Homogeneous anchoring:



where the surface field h = (h,0,0) points along the * direction, and, (2) Homeotropic

anchoring : where the surface field points in a direction normal to the local tangent plane at

the surface [22]. The influence of this surface field can be parametrised by a dimensionless

iratio n of the pore width and the extrapolation length I = J/K*. If ft s LJl > 1 (strong

anchoring), the nematic director at the surface points along the easy-axis provided by the

field.

The natural order parameter describing the nematic configuration is the traceless second-

rank tensor, nj>a0(r, t) = {*o(r, i)^(r*, t) - (£(r, t) • $ f , ( ) ) ) (where a and 0 run from 1 to 3).

This is invariant under local inversion of 4>{r,t). We compute the pair correlation function,

averaged over the y and z directions, as:

g{Ax;t) =
L L

,v,z;t) • fa + Ax,y,z;t))1 -l)dxdydz. (3)

In the above equations, i is integrated between ±*f (similar integration ranges for y and

z). Note that in our definition of the correlation function, the spins are hardened to give

g(0 0 = 1- T l » 8 makes the size of the defect core imt microscopic, which gives better

sea .ng at early times [19]. The domain size in the x direction, R(t), is extracted from the

correlation function g(Ax = R;t)= g(Q\t)/2.

Zero Anchoring : As in the bulk, the ground state possesses long-ranged orientational order,

with no distortion from the pore surface. The Langevin dynamics following a quench from

the isotropic phase to T = 0, leads to algebraic growth of the domain size R(t) ~ tllt with

\jz = 0.43 ± 0.03, similar to the bulk value (see Fig. la). The correlation function shows

good scaling g(Axtt) = g(Ax/R(t)} s g(s) {Fig. lb). The presence of ± 1 line defects as

in the bulk, should result in a non-analytic behavior of the correlation function at small s

of the form 1 - a-is1 In s + .... This translates into a k~* tail in the structure factor S{k, t).

Our numerics for the correlation function is consistent with the above form. These features

should be contrasted with the dynamics of binary fluids in a pore, where complete phase

separation is pre-empted by the formation of long-lived "micro-plugs" of one of the phases,

as Boon aa the domain size is comparable to the pore size [10,11], which alters the growth

from R ~ t1'3 to R ~ hit. Thus mere confinement is insufficient to produce slow growth of

the nematic domains.

Homogeneous Anchoring : A symmetry breaking surface field in the x direction establishes

a unique ground state, where the director points along x at every site. A quench from the

isotropic phase, however, results in evolving configurations with complex defect structures.

The growth behavior depends on the strength of the anchoring field. For weak anchoring,

ft <C 1, the energetics is "elasticity dominated", and the domain size grows diffusively as in

the bulk, R ~ t1'3. For strong anchoring, fi > 1, one sees bulk diffusive behaviour as long

as R(t) < /, the extrapolation length. Subsequent growth is "field dominated", the domain

size grows as R{t) ~ lexp(fit). The crossover time between diffusive and exponential growth

is easily seen to be tc ~ P. Thus as before, we do not observe any slowing down of the

growth of nematic domains for this type of anchoring.

Our study of the time development of orientational correlations, shows quite surpris-

ingly that, the correlation function (Fig.2) shows a non-analytic linear decrease jr(Ax) ~

1 - fliAx + . . . for small Ax.. Thus the structure factor S{k,t) exhibits a k~* tail. The

bulk nematic which only possesses point and line defects, has, under the influence of a ho-

mogeneous anchoring surface field created Ising-like wall defects! It is easy to see, how a

surface field of this kind favours the formation of wall defects of finite width (Neel walls) [3].

Consider a caricature of a Neel wall of thickness d (Fig.3a) sandwiched between two ordered

configurations. If such a wall gets nucleated in the process of growth, then the favoured

value of d can be obtained from the competition between the surface field energy (which

prefers a smaller d) and the elastic energy (which likes a larger d). Minimizing the energy

of such a wall configuration [3] with respect to d, immediately leads to d = (L^d)1^. The

density of such walls will decrease monotonically with time as



Homeotropic Anchoring: Our configuration snapshots suggest th&t we can restrict our study

to configurations with cylindrical symmetry, without any loss of generality. In fact, under

the 'equal constants' approximation [23], twisted configurations have higher energy. Thus

the ground state is either (A) a radial configuration, with a +1 disctination along the axis

or (B) a nonsingular configuration with &n "escape along the axial direction" [1-3] (Fig.

3b). Analytical work comparing the free energy of these structures [2,24], and experimental

work using deuterium NMR [25], have shown that for weak anchoring, 8 is more stable. For

strong anchoring, B again wins as long as Lv > { „ „ [1-3]. As we see in our simulations,

configuration A is more stable only in the extreme strong anchoring regime n > 16.

A quench from the isotropic phase, however, generically leads to metastable configura-

tions possessing partially escaped domain structures with an array of point defects. Such

structures have been seen in previous equilibrium simulations [23]. In the strong anchoring

limit, the partially escaped structure consists of an array of oppositely oriented domains

separated by alternating radial and hyperbolic point defects along the axis [23], In the weak

anchoring limit, the metastable structure is similar except that the radial defect is replaced

by a defectless axial director field [23]. These metastable configurations are separated from

the ground state by an energy barrier A £ [26], On cooling from the isotropic phase to

T = 0, the system thus locks into a metastable phase where the point defects are separated

by a distance Rd > 0.25L, [23]. As seen in Fig.4, an initial diffusive growth, R ~ ti/2, is

followed by a slow growth at later times t > tc where R(tc) > Rj. Once the nem&tic has

locked into these metastable configurations, subsequent growth can only proceed by hopping

over the energy barriers, which readily leads to the logarithmic growth of R(t) seen in Fig.4.

Analysis of the correlation function g(Ax,t) shows that the correlation function retains

its bulk*like nonanalytic form 1 — ai(Aar)Jln(A*) + . . . behaviour at small Ax. Thus no

new topological defects are induced by homeotropic anchoring. Let us see why homeotropic

anchoring, unlike its homogeneous counterpart, does not allow for walls of finite width.

Consider again the caricature in Fig.(3b) which shows a Bloch wall between two oppositely

ordered B domains. It is clear that in traversing along the axis, from one end to another,

the director does not suffer a change in orientation. The wall is therefore diffuse, which

leads to the absence of a linear term in g(Ax). For extreme strong anchoring, the ordered

domains correspond to A. ThiB allows for walls of thickness <f ~ (Lill)^'J. Thus for ft > 16,

the leading non-analytic contribution to ff(Ai) is linear, as in the homogeneous anchoring

case.

In conclusion, we have given a detailed analysis of the phase ordering dynamics of ne-

matic liquid crystals in a pore, subject to different anchoring conditions. The nature of

the correlation functions and the growth law depend crucially on whether the anchorin, is

homogeneous or homeotropic. Our results could easily be tested by inelastic tight scatter.ng

experiments. Defect structures could be viewed either by optical microscopy or deuterium

NMR. The slow growth observed with homeotropic anchoring at the pore walls, provides

tantalizing clues for the slow growth seen in real porous media [4]. In a subsequent pub-

lication [27], we shall discuss the effect of junctions and interpore correlations induced by

topology, on the dynamics of phase ordering of nematics.
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FIGURE CAPTIONS

Fig.la) Log-log plot of domain size R(t) versus time for zero anchoring field. The straight

line fit yields an exponent of 0.43 ± 0.03, which is similar to the bulk value of 0.45 ± 0.02

{see text).

'r
'* Fig. lb) Scaling function for the pair correlation function along the long-direction of the

pore (x) for the zero anchoring case. Dynamical scaling is well satisfied.

Fig. 2 Pair correlation function at the latest time (t = 500) versus distance x along the

long-direction of the pore, for various strengths of homogeneous anchoring. Note that for

large value of the anchoring field the correlation function can be fitted by a straight-line

form for small x. This is a signature of Ising like domain walls in the system (see text).

'r

i Fig.3. Nature of "domain walls" between the ordered phases. The figures represent a cut

along the x — y plane at t — 0 (k is the long axis). 'Dash' corresponds to the orientation of

the nematic, while 'dot' represents a nematic orientation normal to the plane of the paper,

(a) Homogeneous anchoring: Neel wall of width d. This x - y configuration is repeated at

all values of z. (b) Homeotropic anchoring: diffuse "Bloch wall". A cut along the x ~ z

plane at y = 0 is identical (axial symmetry).

r Fig.4 Log-log plot of domain size R(t) (along the long-direction of the pore) versus time

for various strengths of the homeotropic anchoring field. Note that after an initial power-law

behavior, the growth law crosses over to a non- algebraic form.
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