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ABSTRACT:

Denoting by D=2 (1/3,1/3) superalgebra; the off critical symmetry of the $5/75/7 perturbation

of the C= 6/7 conformal theory, we build a new superspace solution of the (1/3,1/3)"

subalgebra generated by spin ±1/3 charge operators extending the usual (1/2,1/2)

supersymmetry generated by spin +1/2 charges. This solution is based on the use of two

Grassmann variables instead of one parafermionic variable #±1/3 satisfying the cubic

nilpolency condition (B±ll3f =0. Known results on the C= 6/7 tricrilical Potts model are

recovered as special features. A relation with N=2 Landau-Gin zburg models is also discussed.
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I- Introduction

Recently there has been some interest in studying fractional spin

symmetries generalizing the usual two-dimensional supersymmetric and

superconformal theories generated by charge operators having half integer

spins [1]. These symmetries are specific for two-dimensional theories and seem

to play a central role in the study of minimal models and their deformations.

Before going into details, let us recall first some useful features of models

exhibiting symmetries generated by half integer spin operators. Given a D=2

superconformal model say the C=6/7 tricritical Ising model TIM [2], having an

infinite number of constants of motion, it turns out that under relevant

perturbations the superconformal symmetry reduces enormously and even

disappears [3]. This is what happens for example for the (|>13 perturbation of

the N=0 minimal series of central charge C=l- 6/(p(p+l)) for which the

deformed theory exhibits only a finite dimensional off critical symmetry

generated by spin s=2/p charge operators [4]. For p=4 for instance, the N=l

superconformal invariance of the TIM reduces under the ^3/53/5 perturbation

to the global N=l superalgebra generated by Q±i/2 given by :

Ql/2=\(d2Gm+dzG_ll2)
(1)

G±m and Gan are the components of the two-dimensional off critical N=l

supersymmetric currents obeying the conservation laws: dGy^ + dG ] / 2 = 0

and dG_3l2+dG]i2=0. The terms G+//2 and G_ia are proportional to the

relevant fields Yii2=^3!5,nio a n d V-1/2 =$wo.v$ o( t h e c = 7 ^ 1 0 «>nformal

theory. They vanish once the (|»JJ perturbation carried by the field F = <f)vs_3/J

is switched off and consequently the analyticity of the currents G^^ generating

the superconformal symmetry is gotten back. Taking the square of Eqs.(l), it is

not difficult to see that Q] = Pu, s = ±H2 where P + = P and P_ = P, the two

components of the energy momentum vector, are given by:



(2)

In these equalities T, 0 and T are the three degrees of freedom of the

symmetric energy momentum tensor T^ ,?,v= z,I satisfying the

conservation laws: dT + <?0 = O .and dT + d0 = O. The trace component 0
which describes the violation of the scale invariance is proportional to XF

where X is the perturbation parameter of the deformation. To complete the
above relations, we give also the anticommutator Qn2Q-i/2 + Q-ii2Qii2 defining
the topological charge A realized in term of the real field <p - 0|/l
follows:

as

A = (3)

where d-dzd + dzd. Note by the way that multipiet (<p,Wm ,y.vl,F ) of
the fields introduced above form a D=2 N=l supersymmetric representation
which is described, in the superspace (z,z ,0, / 2 ,6_u2 ) language, by a real
superfield <p very useful in the supersymmetric analysis. The next point we
would like to note is that many properties of the p=4 case discussed hereabove
hold also for p>4 or at least for p=2k , k>2 . The aim of this paper is to
developp a special two-dimensional field theoretical solution that is invariant
under symmetries generated by spin 1/3 charge operators satisfying the
algebra:

Ql/3 = :

(4)

where q = exp(2\nf3). This solution has the merit of giving a linear
realization of the above equations and allows to derive among other things
known results on the tricritical Potts model TPM [5], Recall that the symmetry
generated by Eqs.(4) is present in the C=6/7 minimal model and survives after

the $M = $st7jp perturbation around its conformal point [6]. A field

representation of this superalgebra is given by

P =

P = J (dz0 + dzT)

A = J dtp

(5)

where the objects G£u-$,G±nft,Q,and<$ are realized in terms of the C=6/7

primary fields <ph j as:

G4ii ~ $413,0

G2l3 ~ $517,1121

P ~ $1/21,1121

G^4!3 ~ $0,4/3

G-213 ~ $1121.51?

® ~ $517,517

(6)

Details concerning Eqs.(4-6) may be found in refs.17-8]. Before going ahead, it is
interesting to note the striking similarity between Eqs.(4-6) and their O7/10
model analogue. They define respectively superalgebras generated by spin 1/3
and spin 1/2 charge operators. This is why we shall refer hereafter to the
standard D=2 N=l superalgebra as D = 2 (1/2,1/2) supersymmetry and to the
algebra generated by relations type Eqs.(4) as D = 2 (1/3,1/3) supersymmetry.
Heterotic supersymmerries will be then referred to as D = 2 (1/2,0), (0,1/2) for
the standard case and D = 2 (1/3,0) and (0,1/3) for the case we are interested in
here. An other common denominator of spin 1/2 and spin 1/3 and more
generally spin 1/k, Jfc2 2 , superalgabras is their intimate relation with Uv(sl2),
the universal quantum enveloping algebra where the deformation parameter
q is choosen as q = exp(2iits). For more details see [9]. The presentation of this
paper is as follows: First we study the two-dimensional (1/3,1/3) superalgebra,
the off critical symmetry of the <pt} deformation of the C=6/7 TPM and show

that Eqs.(4) form in fact a special subalgebra, referred to as the (1/3,113)'
subalgebra of the D=2 (1/3,1/3) superalgebra. Then we consider separately the



(1/3,0)' heterotic and (1/3,1/3) subalgebras and develop new superspace

solutions together with the underlying invariant field theoretical models.

Known results on the TPM such as the Landau-Ginzburg potential exhibiting

the S3 = Z} x Z2 discrete symmetry are obtained as particular features.

2-Generalities on D=2 (1/3,1/3) supersymmetry.

We start by recalling that the conformal field sprectrum of the C=6/7

minimal model contains Spin s=±4/3 states among its 15x15 primary ones [10].

These are two fold degenerate states described by conformal fields G* carrying

opposite Zj x Zj charges and related to each other by a Z2 x Z2 symmetry acting

as:

G+ = CG~C , C2 = l

G+= CG~C , C2 =
(7)

where C and C are respectively the Z2 and Z2 conjugation charges and

where we have set G* = G 4 / 3 andG* = 0 ^ 3 for short. This convention

notation will be also used for the charges whenever there is no confusion.

Note that the spin 4/3 conserved currents combined with the energy

momentum currents TandT generate an infinite dimensional symmetry of

the critical theory and whose O.P.E algebra reads as [10,11]:

+ (z2)}
(8)

T(z, )T(z2
-4 . - 2 -

fz 2

where X+ = X' =((8-c)/6)'/2 for C<8 and V --V =((c-8)!6)"2 for C>8 as
required by associativity. Similar relations may be written down for the right

sector generated by G and7\ This huge symmetry however reduces

enormously under the ^5/7^7 deformation leaving only a finite dimensional

off critical symmetry generated by spin s=+l/3 charge operators £?* : the D=2

(1/3,1/3) supersymmetry algebra given by:

*1 =Q3 =

together with the overlaping relations:

(9)

(10)

--qQ-Q-•= A(---»

(ID

defining the topological charges da^ , a,p = +,-. This superalgebra admits a set

of discrete automorphism groups leaving Eqs.(9,10) invariant. For later use, we

give hereafter these groups and describe briefly their actions on the generators.

First we consider the D = 2 (1/3,0) superalgebra generated by left-handed

generators and that we rewrite for convenience as:

(12)

(13)

is

Q+3=P+

where P is the hermitic conjugation of P. Naturally unitarity requires P + =P

but we shall look at P and P for the moment as if they are different. We shall

refer herebelow to Eqs.(12) and (13) as the (1/3,0)" and (l/3,0)+ algebras

respectively. Equivalent relations to Eqs.(12-13) read as:

+ j = p + p +

Q+3 =P-P+.

(14)

(15)

The first automorphism group we give is the Z3 symmetry generated by V and

whose action is defined as:



(16)

rp^=<
= p .

where qi =q3 = 1. These equations show that the charges +,- and zero (mod 3)

carried by Q* ,Q~ and P respectively are then the Z3 charges. This means that

unlike the (1/2,1/2) supercharges, the Qt operators are complex. Note that the

(1/3,0)" and (l/3,0)+subalgebrasEqs.(12-13) are stable under the action of the 2 3

the automorphism group . The next automorphism of Eqs.(12-15) is given by

the Z2 conjugation symmetry acting as:

CQ+ =QC
CP = PC

(17)

It exchanges then the (1/3,0)" and (0,l/3)+ algebras provided hermiticity of P is

used P =P. The same thing may be said about the 2 3 ® Z2 automorphism

symmetry of the (0,1 /3)" and (0,1/3)+ subalgebras:

Q*3 = p .

(18)

(19)

The last automorphism group of the (1/3,1/3) superatgebra is given by the

usual complex plane conjugation (*) acting as:

(20)

(/»)* = F

This symmetry exchanges the (l / 3,0)+ and (0,1 / 3)* subalgebras of the D = 2

(1/3,1 /3) supersymmetric algebra Eqs(9-10). It has the property of changing spin

s objects into (-s) objects as well as the Z3 charges (n,0) into (0,-n) Z3 charges as

shown on Eqs.(20). A recapitulation of the various Z2 conjugation symmetries

of the D = 2 (1/3,1/3) superalgebra are collected in the following tableau:

c
c
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+
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i
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(21)

Note that given a subalgebra of the D = 2 (1 /3,1 /3) superalgebra say the (1 /3,0)"

algebra defined by Eq.(12), one may obtain all the other subalgebras of Eqs.(9,ll)

by using the Z2 automorphism conjugations quoted hereabove. This is one of

the reasons for our interest in what follows into the (1/3,0)" subalgebra Eq.(12)

only.

3- Two dimensional (1/3,0)" supersymmetry.

We give here a new superspace realization of the subsuperalgebra Eq.(12)

other than that considered in [12]. Then we derive the field theoretical models

that are invariant under this symmetry. We start first by recalling that for the

D=2 (1/2,0) superalgebra

Q Q =P . (22)

the differential representation is based on the introduction of the superspace

(z,0_i / 2) , where 0 , / 2 is a spin (-1/2) Grassmann variable satisfying the

nilpotency condition 8ill2 = 0. We have:

= d,=d/dz
(23)

The use of the Grassmann variables type 0_1/2 ' n t n e realization of Eq.(22) was

pointed out from the early days of supersymmetry [13]. They allow the closure

of Eqs.(23) and play a crucial role in the field realizations of these theories [14].

Note that Eqs.(22-23) have a Z1 automorphism group acting as:



JTQl/2 = ± Q i / 2
a n d rP=P. Note also that the supersymmetric charge Q1/2 is a

hermitean operator as required by Eq.(22). For later use we prefer writing the

hermiticity condition as:

• • 1 / 2 (24)

Mimicking this construction, one may write down a differential representation

type Eq.(23) for the (1/3,0)" supersymmetric algebra Eq.(12) by introducing a

generalized superspace {z,0_]/3) where 9_y3 is a parafermionic variable

satisfying the cubic nilpotency condition :

)3=0 (25)

or equivalently by using the change T}Z1I3 = 6.U3 -6_]n so that we have:

( 2 6 )

Following [12], the generalized superspace representation of Eq.(12) extending

Eqs.(23) for the spin s=l/3 reads as:

(27)

The above relations seem to be valid for any spin s=l/k with ki.2. It has been

checked explicitly for k=2,3,4 and 5. Setting Q T/ = CtDT/ where

\w • Tl/k

<x = |l(l+q+...+qJ) and q = exp2iia we have

Lj=o J
B
'•a

(28)

Putting k=2 and k=3 we get the representations given by Eqs.(23) and (27).

Details may be found in [12]. In the present study we give a new solution using

two Grassmann variables of spin -1/3 and -2/3 instead of the unique

parafermionic variable 6*% satisfying Eq.(25). This solution, although restricted,

has the merit of being linear and avoids the non commutative geometrical
analysis used in the derivation of Eqs.(27-28). The point is to rewrite the
defining equation of the (1/3,0)" algebra as:

DJI3. DJl3 + DJ, 3. DJI3

(29)

where we have used Du3 instead Q,/3 in order not to be confused with the

operators of Section 2. Then solve these equations on the space Fc of chiral

superfields <j> satisfying the chirality condition = 0 so that Eqs.(29) reads

(30)

where we have dropped out the symbol tilda of £>2/3 for simplicity and where

we have taken P = 9. Abstraction done of the values of the spin carried by D~

and D*, Eqs.(30) are nothing but the defining equations of the N=2

supersymmetry algebra with a Z3 automorphism group. Thus on the chiral

superfields space Fc, Eqs. (29) are solved on the superspace

(z,0-V3 = 0+,C2/3 = n ) with 0+2 = r;"3=0 and 9*n' + r/~0+ =0 as follows:

D* =

d_

B (31)

Chiral superfields ftf; elements of Fc, are superfunctions depending on

y = z-i]~9*and 6* and are completely characterized by their spin s=h=k/3;

keZ and their Z3 charge n=0,±l (mod 3). A generic chiral superfield 0" is

expandable in 6 as:

10



(32)

where we have set h=0 and n=-l for simplicity. Moreover unitarity and the
closure of the superalgebra Eqs.(29-30) require that we should have:

and more generally for any object Ah of spin s=h such that 0<s<l

( A h > + = A 1 _ h . (34)

It should be noted here that the restriction of the D= 2 (1/3,1/3) superalgebra

Eqs.(9,l 1) down to its (1 /3,0)" subalgebra we are considering here breaks the 7^

automorphism symmetry ensuring the hermiticity of P see Eqs.(12-15) and (17).
Unitarity of (1/3,0)" theories seems then lost. However, this physical
requirement may be recovered by using the adjoint conjugation given by
Eqs.(33-34). The latter is not mysterious since it exists already in the standard
supersymmetric theories as shown by Eq.(24). It is also used in the
Zamolodchikov ZN parafermionic theories of central charge C=2(N-l)/(N+2)
[15], Using then Eqs.(33-34), the antichiral superfield #+ = (<p'ji+ satisfying the
antichirality condition D~0+ = 0 is developable as:

+ rfe+ , i) (35)

where ^2/3 is the hermitic conjugate of yf/3. The hermitic action Step*, V/± ]

invariant under the (1/3,0)" algebra reads then as:

$* ~ lj>+ d<j)~ ) , (36)

where f d2zdrfd&* is the superspace integral measure. Integrating with respect

to 8* and rf,we get:

11

5 - (37)

generalizing the well-known N=2 supersymmetric free action [16]. The (1/3,0)'
supersymmetric currents are easily obtained using the Noether method. We
find:

(38)

They satisfy <?G4/J = 0 and dG$/3 =0 as it can be checked by help of the free

fields equations of motion.

4 - D=2 (1 / 3,1 / 3)~ supersymmetric models.

We consider here thef//3,113f= (113.0F ®(0,l/3f subsuperalgebra of
the D=2 (1/3,1/3) supersymmetric algebra Eqs.(9-ll) that we rewrite in the
following convenient form:

(39)

together with the overlapping formula D D -tjD D =A' • ' defining the

topological charge 4("'"' that we put into an equivalent equation given by:

(40)



In these equations, {,} and [,1 represent respectively the anticommutator and

the commutator. Similarly as we did previously for the treatment of the

(l/3,0)'subalgebra, Eqs.(35,36) may be solved on the space Flte) of chiral-chiral

superfields ^ defined on the generalized superspace (z,(J+ , TJ~,6*,Y\~) satisfying

D*<j> = 0 and Z)+0 = O. Indeed, projecting Eqs.(35,36) on the chiral-chiral

superfields <j> of Flc_c),vie get:

(41)

which abstraction done of the value of the spin of the charge operators are

nothing but the defining relation of N=2 supersymmetric algebra with a

Z3 xZ3 automorphism group. Without loss of generality, we shall identify

herebelow the left and right Z3 and Z3 automorphism symmetries of the

(1/3,1/3)" algebra. The superspace representation of the above equations is

given by:

D + = — + e+d

(42)

p =a , P = 3

where all the fractional spin variables 8*,6~,rf and Tj"are Grassmann type

variables. Using the change y = z-Tj~e+ and y = z-Tj~e~, chiral-chiral

superfields of conformal weights (h,h) and Z3-charge n are developable in

finite series as:

where the component fields <p~,y/+,X* and F are functions of y and y and

where we have set n=-l for later use. Tn what follows , we shall take h = h =h
21

and simplify our notations by putting only the value of the spin s-h-h at

the bottom of the fields so that the above components read as <p~ , \ffy3, A*I/3

and F. The antichiral superfield ^+=(i/>')+ of conformal weight (I-h,l~h)

and satisfying D~§* = D~§* = 0 is then:

=(p+ (44)

where <p+ = «p ) + / ^ ; j =(vh)+:*--2t3 = ^! ; / J)
+and F' = <F)+. They depend

on the arguments y'=z + rfd*, and y' = z + fj'6*. Following the same
procedure as in N=2 U(l) supersymmetric theories, we can write down the
general form of the action:



(45)

invariant under the algebra Eqs.(35-37) and exhibiting moreover a Z,xZ2

discrete symmetry. We have

L~ \d2t}d26K(4>~ ,<f>+) + \d26W~ ($~ ) + \d T]W+{$+) (46)

where \dlB= \dWdB* ~D~D~ and Uzrj = frfrj'dr;" - Z>+£>+ and where the

Kahler potential K will be chosen as K(<p~ , 0 + ) = <t>~$+. The superpotential

W~{$~) (W+(tj>+) ) is an analytic function of the chiral (antichiral)

superfield $~ (^+ ) describing the (1 /3,1 /3)" supersymmetric interactions. Its

expression respecting the Z3-symmetry reads then as:

(47)

where thegn's are coupling constants and where the integer M defines the
conformal model of interest. For the simplest case M=l, we obtain the Landau-
Ginzburg approach of the C=6/7 TPM we are considering here. Indeed
integrating Eq.(41) with respect to the 8's and Tf's, we get:

1

7
FF'

d2w~

3W~
dtp'

(48)

Eliminating the auxilary fields F and F * through their equations of motion

namely F = andF =—T- and putting back into the above component

fields lagrangian, we get the scalar potential:

3W
d<f>

>0 (49)

where we have set <p = q> and f* = <p'. Choosing the superpotential

w asw

TPM namely

—; we obtain the Landau-Ginzburg scalar potential of the

(50)

This relation which exhibits a Z3xZ2 symmetry should be compared with the
known result on the TPM [16-17]. Note finally that Eq.(49) is positive definite.
Supersymmetry is then spontaneously broken by the linear superfield term as
in the c = 7/10 TIM.

5-Conclusion.

In this paper we built a new superspace solution of the superalgebra

(51)

and developed the underlying invariant field theory. After motivating this
symmetry as being a natural extension of the D=2 N=l supersymmetric algebra,
we showed that Eq.(46) generate in fact a special subalgebra, referred in this
study to as the (1/3,1/3)* subalgebra, of more general superalgebra: the D = 2
(1/3,1/3) supersymmetric algebra. This is a finite dimensional superalgebra
generated by fractional spin charge operators and appears as the symmetry of
the 0/j deformation of the C=6/7 TPM. The solution we obtained in this study
is based on the use of two Grassmann variables of spin s =-1 /3 and -2/3 instead
of one parafermion variable of spin -1/3 satisfying a cubic nilpotency
condition. This remarkable solution which is a linearization of Eq.(51) exhibits
a striking link with N = 2 supersymmetry. We gave the general form of the
Landau-Ginzburg superpotential respecting the Zj x Z2 symmetry whose
leading expression coincides exactly with TPM potential.
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