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ABSTRACT

We have studied a spatially homogeneous model of an ecological system consisting of

two species: a strong and a weak one, competing for a single food resource. The inclusion

of a term corresponding to intraspecies competition, in particular for the strong species,

shows that, if a certain threshold value is overcome, the classical result on extinction and

coexistence of Lotka-Volterra type equations can drastically change yielding a kind of

phase-transition to a coexistence phase.
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The origin of the mathematical theory of competition can be traced back, among

other works to Volterra's 1927 paper [lj. Since then, it has became one of the most

important problems among those discussed by Mathematical Ecology. Those first

results showed that the coexistence of two or more species of predators limited to

only one species of prey is impossible. Volterra's results have been generalized,

and today are included within the Competitive Exclusion Principle (or ecological

theorem), that states: N species that compete for n(< N) food resources, cannot

coexist [2,3]. Several aspects of this problem have been analized by different authors,

emphasizing, for instance, the conflict between the need to forage and the need to

avoid competition; effects of diffusion-mediated persistence; global effects associated

with the possibility of refuges [4,5,6,7]; etc.

In this work we study the possibility of coexistence in a simplified situation:

two species competing for a unique food resource. The model to be discussed here

is similar to the one used by Eigen [8] in relation with problems of prebiological

evolution, by Mikhailov [9] in order to describe a noise-induced transition in a

biological system with diffusion, and also to show the possibility of coexistence in

the form of wave-like solutions [10,11],

We analyze here the case where, within each species, we take into account the

existence of the carrying capacity of the environment [12]. That means, to consider

the effect of intracompetition or struggle for life within each species. As a matter

of fact, such a contribution produces a qualitative dramatic difference particularly

coming from its inclusion into the strong species.

The model, as indicated above, consists of two species competing for the same

food resource. We indicate with the N the population density of the strong species,

with n the population density of the weak species, and with M the food density.

The set of differential equations that describes the behaviour of such a system for

the spatially homogeneous case is:

dtn(t) = [bM(t)-a]n(t)

dtN(t) = [BM(t)-A]N{t)

dtM(t) = Q(t)-[G + cn(t) + CN(t)}M(t), (1)

that are Malthusian-like birth-death equations [13] for each species where b M(t) and

B M(t) indicate the growth rate while a and A indicate the death rate (assumed

constant) of the species n(t) and N(t) respectively. For the food M(t) the production

1



is given by Q(t), that is assumed to be independent of the population densities, while

the decay is due not only to the natural degradation (rotting) with a rate G, but to

the consumption by both predator species with rates cn(t) and CN{t).

As in Ref.[ll], and in order to simplify the algebra we rewrite Eqs.(l) assuming

that c — b and C = B. We also scale the variables n, N, M, Q, (multiplying each

one by 6/a), and call : G ~ g/a, 0 = B/b, a = A/a and q = bQ/a2. Finally we

change the temporal coordinate according to t —* T — at. After these changes,

Eq.(l) adopts the simplified form

drn(T) =

dTN(r) = [PM(T)-O]N(T)

dTM(r) = q(r)-[g + n(r) + l3N(r)}M(T) (2)

Asymptotically (r —• oo), we have the following stationary solutions (or fixed

points) for these equations:

Mn = 1, nn = q-g, Nn = 0

(3)

Under the assumption of the condition

a < fi (4)

the threshold for the survival of the species TV is lower than the threshold needed

for the survival of the species n and after a linear stability analysis it can be shown

that the first solution is unstable while the second one is stable. This corresponds to

the initial assumption that N will have the characteristics of the strong species, the

one that survives, while n will be the weak species, the one that becomes extinct.

Hence, an arbitrary initial condition will move towards the attractor corresponding

to the second of the indicated stationary solutions.

If we consider the stationary solutions of this system, and eliminate (in an

adiabatic-like form) the food, we reduce our system to a two variable system. The

nullclines in the (n,N) plane have the usual form [2], as is shown in Figure 1.

We consider now the effect of including the carrying capacity of the environment

that, of course, must be a function of the resources (food in the present case). The

terms describing the intracompetition or struggle for life we are going to consider

have the form
n(T)2



for the strong and weak species respectively. It clearly includes the effect of the

environment as it depends (inversely) on the amount of the resource M{r) [14].

Taking into account such terms, Eq.(2) changes to

dTn(r) = [M(r)-l]n(r)-7n^~£

dTN(r) =

drM(r) = q-[g + n(r) + 0N(r)}M(T) (6)

Clearly, the enviroment's carrying capacity must be considered within both species.

However, the analysis of the system indicates that it is its inclusion within the strong

species that produces the qualitatively dramatic changes on the above indicated sit-

uation. For this reason, in what follows we will restrict ourselves to such a case and

assume -yn = 0 and 7JV = 7-

As far as 7 < 7t (to be defined latter), we found similar stationary solutions as

before. That means, we get (as n, N, M are population densities, only solutions in

the (n > Q, N > 0, M > 0) quadrant are physically relevant):

A/u = 1, nu = q - g, Nu = 0
(7)

Again the first one is linearly unstable, while the second is stable.

When 7 = 7< = 0^^-, this fixed point coincides with the intersection of the

other nullcline with the vertical (n = 0) axis. The stability analysis indicates that

this solution is now only marginally stable.

When 7 > 7J, as is indicated in Figure 1, we found a new stationary or fixed

point at the intersection of both nullclines. The position of this point is given by

Mu=l, n u = z q g ( 0 a ) , N y = / g j

Again, performing a linear stability analysis of this fixed point and of those indicated

in Eqs.(7), we find that the last two are unstable while the new one becomes stable.

Clearly this point corresponds to a coexisting (stable) solution in our model.

Hence, we have that the stable branch (n = 0) for 7 < 7, becomes unstable and

there is a bifurcation to a new stable branch when 7 > ft. This result corresponds

to a phase-transition like phenomena induced by the variation of the carrying ca-

pacity parameter 7 from a phase without coexistence to a phase where coexistence



is allowed. In Figure 2, we depicted the projection on the (n,N) plane of this new

stable fixed point corresponding to the cross between both nullclines, for different

values of the parameter 7. The bifurcation of the new stable branch is clearly seen.

The above indicated result shows how the study of simplified models could help in

the understanding of the role played by some environmental parameters in situations

where the complexity of the ecological reality makes its complete modelization very

hard. In our case, the model so far studied could give some hints on the behavior of

systems of species in competence and the possibility of coexistence. Here we have

analyzed the effect of explicitly including the carrying capacity of the environment

within our toy model for describing the coexistence of species in competence. The

analysis of such situation, particularly when we took it into account within the

strong species, shows that, if the parameter 7, measuring the magnitude of this

contribution, superates some threshold value ft, there is a dramatic change in the

qualitative behavior of the system. This is indicated by a kind of phase transition to

a new solution (attractor) corresponding to a coexistence phase. We have performed

a linear stability analysis of this new solution indicating that it is the only stable

one.

A more detailed analysis of this problem will be given elsewhere [17]. We are also

analyzing the effect of this contribution together with the possibility of diffusion of

both species [10,11,15,16]. Such a situation can be, for instance, studied numerically

[18]. The study of such a case, as well as other possible extensions of the present

model will be discussed elsewhere [17].
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FIGURE CAPTIONS

FIGURE 1 : Nullclines in the (n,N) plane. Lines labeled as (1) and (2) cor-

responds to the case 7 = 0. The attractors found in Eqs.(3), are indicated in the

figure as N^ and nn respectively. The rest of the lines indicates the changes in the

nullcline due to variations of 7. The parameters we have used are: a — .13, /? =

.14, <7 = l.,q — 1.3§ and .1 < 7 < 1. The insert shows an enlargement of the same

situation.

FIGURE 2 : Projection of the crossing point of the nullclines on the scaled

(x = n/(q — g),y = N/(q — g)) plane for different values of the parameter 7), and

for the same set of values of Figure 1. The regions where 7 < 7, and 7 > ft as well

as the point where 7 = ft are indicated.
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