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1 Introduction.

In the last two decades a great numbers of papers have dealt with the quantum description
of the dissipative systems ([2] - [27]) - a subject pionered by Cardirola [1].

The possibility of quantum dissipative models in the string theories was discussed in
the recent papers [25, 26, 27]. In the papers [26, 25] were considered a correspondence
between non-critical strings and quantun dissipative systems.

On the other hand, the motion of a string (particle) in affine-metric curved space
is equivalent to the motion of the string (particle) subjected to dissipative forces on
Riemannian manifold [27,29]. So consistent theory of a string in the affine-metric curved
space is a quantum dissipative theory [27, 28, 22, 29].

But the quantum descriptions of the dissipative systems (particles, strings,...) have
well known ambiguities [3, 43, 44, 4, 5, 11, 12, 13, 14, 15]. Let us describe briefly some
approaches to the quantum description of dissipative systems. I hope you will forgive me
the subjective description of the published works.

1.1. Quantum kinetics.
Vectorial Newtonian mechanics describes the motion of mechanical systems subjected

to forces. The forces are usually divided into potential and dissipative forces. The New-
tonian approach does not restrict the nature of the force [30], Variational Lagrangian
and Hamiltonian mechanics describes the systems subjected to the potential forces only
[30]. The dissipative forces are beyond the sphere of the variational principles of least
action [32]. For this reason the statistical mechanics does not describe the irreversible
and nonequilibrium processes. It is caused by the absence of the Liapunov function in
phase space in the Hamiltonian mechanics (Poincar6-Misra theorem [37, 2]). To describe
the dissipative and irreversible processes we must introduce the additional postulate in
statistical mechanics (for example, the Bogolubov principle of weakening correlation [38]
and the hypothesis of the relaxation time hierarchy [39] ). Therefore these processes is
considered within framework of the physical kinetics [40],

It is known that the initial point of the quantum mechanics formalism is Hamiltonian
mechanics [41]. Therefore the quantum theory describes physical objects in the potential
force fields only. The irreversible and dissipative quantum dynamics outside the frame-
work of quantum mechanics. The quantum description of the dissipative and irreversible
processes is the aim of the quantum kinetics which is the quantum statistics with the
additional physical postulates.

1.2. Generalization of von Neumann equation.
The other way to attack the problem of quantum dynamical description of the dissi-

pative systems is the generalization of quantum statistics [12, 13, 6, 14, 15, 11, 7, 8, 10).
An important property of the dissipative and irreversible processes is the increase of the
entropy during these processes. Nevertheless, the quantum mechanical evolution equation
for statistical ("density-matrix") operator, the quantum Liouville (called von Neumann)
equation keeps the entropy invariant [49].

The generalized von Neumann equations proposed until now, which should describe
dissipative and irreversible processes are derived by the addition the superoperator which
acts on the statistical operator and describes dissipative part of time evolution. The linear
generalized von Neumann equations are connected with master (Pauli) equation of the
quantum kinetics [46] and with the quantum dynamical semigroup [7, 8, 10). Note that
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the total time derivative of the dissipative system operator does not satisfy the Leibnitz
rule, i.e it is not the derivative operator, and called the dissipative operator [47].

Messer and Baumgartner [11], Beretta, Gytopoulos, Park, Hatsopoulos [12, 13] and
Korsch, Steffen, Hensel [14, 15] proposed the nonlinear generalizations of von Neumann
equation corresponding to the nonlinear Sehroedinger equations introduced by Gisin [16],
Kostin [17] to describe dissipative systems.

Note that proposed generalizations of the von Neumann equation are derived heuris-
tically. For a given set of generalized equations different requirements for superoperator
exist. Most of the requirements proposed until now, which should determine superopera-
tor uniquely are not unique themselves and so one has to deal with the problems arising
from these ambiguities. The superoperator form is not determine uniquely. Moreover, the
generalizations of the von Neumann equation are not connected with classical Liouvilte
equation for dissipative systems [50, 52, 53, 51]. Hence the quantum description of the
dissipative system dynamics used the generalization of von Neumann equations proposed
until now is ambiguous.

1.3. Problems of canonical quantization.
Let us mention some papers showed that canonical quantization of the dissipative

systems is impossible.

1.3.1. Lemos [3] proved that canonical quantization is imposible in the presense of
dissipative forces. So dissipative systems are not compatible with canonical quantization
commutational relations even in the Heisenberg picture. Note that Lemos considered the
total time derivatives of the commutation relations for the coordinates and momentums,
used the Jacobi identity and the dissipative equations of motion of Heisenberg operator.

1.3.2. As is known that the equation of motion is the Euler-Lagrange equation based
on local a Lagrangian function when the Iletmholtz conditions are satisfied [42]. Havas [44]
considered a general theory of multipliers which allows (by using the Helmholtz conditions)
a Lagrangian formulation for a broad class of the equation of motion of the dissipative
systems, which cannot fit into Lagrangian mechanics by usual approach.

Havas hence noted that the quantization of systems described by Lagrangian of the
above type is either impossible or ambiguous [43]. This is follows from the fact that in
classical mechanics of the dissipative systems there are many quite different Lagrangians
and Hamiltonians leading to the same equations of motion [45]. So we do not know which
of the possible Lagrangians is corrected and one to choose for quantization procedure.

1.3.3. Edvards [4] showed that, although classical Hamiltonians are necessary for
canonical quantization, their existence is not sufficient for it. The quantization of the
Hamiltonian which is not cannonically related to the energy is ambiguous and therefore the
results are conflicting with physical interpretations. It is not sufficient for the Hamiltonian
to generate the equation of motion, but Hamiltonian must also be necessarily related via
canonical transformation to the total energy of the system. However, this condition can
only be met by conservative systems, thus excluding dissipative systems from possible
canonical quantization [4].

1.3.4. Hojman and Shepley [5] started with classical equation of motion and set very
general quantization conditions (relation that the coordinate operators commute). The

total time derivative of this commutation relation was considered and the commutator of
the coordinate operator and the velocity operator form a symmetric tensor operator was
showed. They proved that classical analog of this tensor operator is a matrix which inverse
matrix satisfies the Helmholtz conditions. Using the Jacobi identity for the coordinate and
the velocity, Hojman and Shepley conclud the following: the general quantization condi-
tion implies that the equation of motions are equivalent to the Euler-Lagrange equations
of the Lagrangian. But it is not sufficient for Lagrangian merely to generate the equation
of motion, but it must necessarily give rise to Hamiltonian which are canonically related
to the physical energy of the system [4].

1.4. Nonassociative Lie-admissible quantization.
The generalization of the canonical quantization of dissipative systems was proposed

by Santilli [18, 19, 20]. Santilli showed that the time evolution law of dissipative equation
not only violates Lie algebra law but actually does not characterize an algebra. Therefore
Santilli suggested, as a necessary condition to preserve the algebraic structure, that the
quantum dynamics of the dissipative systems should be constructed within the framework
of the nonassociative algebras. This is exactly the case of the noncanonical quantization at
the level of the nonassociative Lie-admissible (or Lie-isotopic) enveloping algebra worked
out by Santtili, as well as flexible case suggested by Okubo [55]. The Lie-admissible gen-
eralization of the "density-matrix" operator and von Neumann equation was considered
by Mignani [21].

The quantization of the dissipative systems was proposed by Santilli [18, 19, 20] as an
operator image of the Hamiltonian-admissible and Birkhoffian generalization of the classi-
cal Hamiltonian mechanics. The generelised variations used by Santilli [54] to consider the
dissipative processes in the field of the holonomic variational principles are connected with
the generalized multipliers suggested by Havas [44] and therefore lead to an ambiguity in
generalized variations.

1.6. Nonholonomic variational principle.
Sedov [32]- [36] suggested the variational principle which is the generalization of the

least action principle for dissipative and irreversible processes. The holonomic and non-
holonomic functionate are used to include dissipative processes in the field of the vari-
ational principle. The suggested variational principle was used by Sedov, Chipkin [59],
Berdichevskii [56], Jelnorovich [57, 58] to construct the phenomenological models of the
continuous media with irreversible processes.

One of the approaches used a nonholonomic action (path function with the proper-
ties of an action) in order to describe quantum systems with friction was suggested by
Battezzati in the paper [9].

1.5. We can conclude the following:
1. Canonical quantization of the dissipative systems are impossible if all of operators

in quantum theory are associative.
2. In the consistent dissipative quantum theory equation of motion must be compatible

with canonical commutational relations.
3. Hamiltonian must be canonicaily related to the physical energy of the dissipative

system.
4. Total time derivative of the dissipative system operator not satisfy the Leibnitz

rule.



5. Generalization of the von Neumann equation must be connected with classical
Liouville equation for dissipative systems.

6- Dissipative systems can be described within framework of the nonhoionomic varia-
tional principle.

In this paper we consider the some main points of the quantum description of the
dissipative systems which take into account these conclusions.

1.6. Nonhoionomic variational principle and quantum description of the
dissipative systems,

Nonhoionomic principle was suggested in [24, 22, 23] to generalize the classical me-
chanics in phase space. The classical mechanics of the dissipative systems in the phase
space suggested in this paper can be used to consider generalizations of the canonical
quantization for dissipative systems and von Neumann equation. The suggested operator
algebra does not violate Heisenberg algebra because we extend the canonical commutation
relations by introducing the operators of the nonhoionomic quantities in addition to the
usual associative operators of the holonomic coordinate-momentum functions. That is
the coordinate and momentum satisfy the canonical commutations! relations. To satisfy
the generalized commutational relations the operator of nonhoionomic quantity must be
nonassociative nonlieble (does not satisfied the Jacobi identity) and Lie-nonaddmisible
operator [22, 28]. As the resul of these properties the total time derivative of the mul-
tiplication and commutator of the operators does not satisfies the Leibnitz rule. The
dissipative analogue of the von Neumann is connected with classical Liouville equation
for dissipative systems.

The dissipative quantum scheme suggested in [22, 28] and considered in this paper
allows to formulate the approach to the quantum dissipative field theory and to quanti-
zation of the phenomenologica! models of continuous media. As an example of the dissi-
pative quantum field theory the sigma-model approach to the quantum string theory was
considered in the recent papers [27, 29]. Conformal anomaly of the energy momentum
tensor trace for closed bosom'c string on the affine-metric manifold and two-loop met-
ric beta-function for two-dimensional nonlinear dissipative sigma-model were calculaded
[22, 27, 29],

2 Nonhoionomic Variational Principle.
2.1. The equations of motions of the mechanical systems in n-dinensional configurational
space are

AT(» , t i , t ) - / i = 0 (I)

where T is the kinetic energy, which can be written in the form

T(q,u, 0 = \ Oi(q, t)u> + ao{q, t) (2)

±
dt dv>

(3)

i;j = 1, ...,n; u' = dqt/dt and /* = fi{<],'u, 0 ' s t n e s u m of external forces. In general case,
fi is the sum of the potential ff and the dissipative If forces. The potential force is the

foroe for which a function V = V(q,u, t):

D>V = If (4)

exists. The dissipative force ff is the force which can not be written in the form (4).
Then the Euler-Lagrange equations take the form

DiL-ft = G (5)

where L = L(q,u.t) = T - V is Lagrangian. In the dissipative case ( / d ^ 0 ), the
equation (1) can not be followed from the least action principle [30]:

(6)

(7)

6S{q) =6 jdt L(q,u,t) = 0

2.2. Helmholtz conditions for the differential equations of motion

Fk(t,q,u,...,q™) = 0

where <j(m) = d^qjdt™ , are equivalent [31] to a holonomic condition for the functional
S(q), defined by the variational equation

(8)6S(q) = r dt Fk{l,q,u, ...,?(m)) 6qk

Jt,

This functional is a holonomic functional if and only if

/ SS{q) = f (6S^S{q) - 6'6S(q)) = 0
Jr JT.

The holonomic condition is given by [31]

56'S(q)-6'6S(q) = 0

It is easy to see that this condition lead to Helmholtz condtions

- o

OF,
= 0

(10)

(11)

(12)

If the conditions (10) or (11,12) are satisfied then a local Lagrangian function exists and
the integral of this function is the holonomic functional called ac'ion

S(q)= (13)

In this case the equations (7) can be derived from the least action principle (6). Note that,
if the Lagrangian exists we can define the metric in the (n+ l)-dimensional configurational
space [30]. So the motion on the metric manifold is equivalent to the motion of the non
dissipative system [30, 27]



2.3. The basic variational principle for dissipative processes is the nonholonomic
principle suggested by Sedov [32]-[36]. It is a generalization of the least action principle.
The Sedov variational principle has the form:

6S{q) + 6W(q) = 0 (14)

where S(q) is the holonomic functional called action and W(q) is the nonholonomic func-
tional. The nonholonomic functional is defined by the nonholonomic equation. Let a
variation of the nonholonomic functional be linear in the variations 6qx and 6wf that is

6W = 6 jdt w{q,u) = Jdt (/,(?,u)V W) (15)

where /4 and g\ are the vector functions in the configurational space. Let us consider the
Hamiltonian approach to the variational classical mechanics with dissipative forces.

3 Dissipative Mechanics in Phase Space.

3,1. One direct corollary of the nonholonomic variational principle are the following
dissipative equations of motions

d dqi

(16)

Let us define a canonically conjugate momentum by the equations

9L{q,u) . .
Pi = Qui + 9i(Q,") (17)

and represent this relation in the form u' = w'(<j,p). The Hamiltonian is given by

h(q,p) = piv
i(qlp)- L(q, v(q,p)) (18)

If we consider the variation of the Hamiltonian, we obtain the dissipative Hamiltonian
equations of motion

dt?
~dt

S(h - w)
dt

5(h - w)

Sit
(19)

where
6w(q,p) = 6w{q,v{q,p)) — w'-Sq'' + wl

p5p, (20)

3.2. Let the coordinates zk, (k = l,...,2n), where zl = q\ zn+i = p, (i = l,...,n)
and vi, t of the (2n+2)-dimensional extended phase space be connected by the equations

dw - ak(z,t)dzk = 0 (21)

where at (k = 1, ...,2n) are the vector functions in phase space. Let us call the dependence
w on the coordinate q and momentum p the holonomic-nonholonomic function and denote
VJ = w(z) £ 4>. If the vector functions satisfy the relation

dak{z) _ da'(z)

dz' ~ dz"
(22)

where k;l= l,...,2n , the coordinate w is the holonomic function (tu € F). By definition,
if these vector functions do not satisfy the relation (22) the object w(z) we call the
nonholonomic function (w 6 F). Let us define the generalized Poisson brackets for Va, 6 e
* in the form:

The basic properties of the generalized Poisson brackets:

l)Skew - symmetry : V/, g £ * [/, g\ = - \g, f) e F;

2) Jacobi identity: Vf,g,s£F J[f,g,s\ = 0;

3)Nonliebiiity: V / , 9 , s , E $ : / V j V s e F J[f,g,s]^0;

4) Leibnitz rule: V/,p 6 * £[ / , j ] = [§-J,g] + \f,fa];

5)Distributive rule : V/, g, s e * [a/ + j3g, s] = a[J, s] + % , s]

where

a and 0 are the real numbers. It is easy to verify that this properties of the generalized
Poisson brackets for the holonomic functions coincide with the properties of the usual
Poisson brackets [30). Let us consider now the characteristic properties of the physical
quantities:

= 0

and

and

2) [w

3) [[u

4) [[v

5) [[ti

where

This object w*' (fc, I = 1,..., 2n) characterizes deviation from the condition of integrability
(22) for the equation (21) and by the Stokes theorem

i,pi],Pi] 0 [[w,p^,pi\ or J\puw,Pj] = Wy t 0

62w

I 6w= f ujkl dzk (25)

Note that tu is the nonholonomic object if one of u/1' is not trivial. Therefore some of
the properties 3-5 cannot be satisfied but one of it must be carry out if we consider the
dissipative processes.



If we take into account generalized Poisson brakets the dissipative Hamiltonian equa-
tion of motion (19) takes the form

dpi
dt

= \pi,h-w]

The total time derivative of the physical quantity A = A(q, p, t) e F is given by

dA(g,p,t) dA(q,p,t)
dt dt

[A,h-w]

(26)

(27)

The equation of motion (26) can be derived from the equation (27) as a particular case.
Note that any term which added to the Hamiltonian h and nonholonomic object w does
not change the equations of motions (26), (27). This ambiguity in the definition of the
Hamiltonian is easy to avoid by the requirement that Hamiltonian must be canonically
related to the physical energy of the system [4]

K^] = 0 (28)

It is easy to see that total time derivative of the generalized Poisson brackets does not
satisfies the Leibnitz rule

(29)

3.3. Let us consider the solution of the equation (26) in the form

o,t) (30)

We assume that the points of the volume

Vo= f 6qQ6pv

in the phase space are initial points at the moment t = i0 • Then the equations (26)
transform the volume Vb to the volume

V = I 5q6p = 11 6qo6po,

where

/ = d(q,p)
d(qo,Po) C

The following equation is easily verified

dV(IV f
— = j SqSpu!(t,q,p)

(31)

where

i= l 1=]

The fundamental hypothesis of the statistical mechanics [48, 2] is that the state at the
moment t is defined by the distribution function p{q,p,t), called density, which satisfies
the normalization condition

jdqdp p(q,p,t) = 1 (32)
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The average of the physical quantity A(q,p:t) is defined [2] by

)= j dqdp p(q,p,t) A(q,p,t) (33)

Using for equation (32) formula (31), we obtain the dissipative analogue of the Liouville
equation [50, 51, 2]:

-rAi,P,t) = - ui{t,q,p)p{q,p,t) (34)

where

Lp(q>P,t)

- w) d

(35)

(36)

called Liouville operator [2]. Fn addition to the Poincare-Misra theorem [2] can be ob-
tained the statement: "There exists the Liapunov function of the coordinate and momen-
tum in the dissipative Hamiltonian mechanics". Let us define the function Tj(q,p,t) =
—lnp(q,p,t) and assume w > 0. The equation (34) shows that

d/dt eta(q,p,t) = w(t,q,p)

and the fanction r) satisfies the relations di)jdi > 0. It is convenient to introduce the
entropy of the distribution defined as follows

p(q,p,t) lnp{q,p,t) (37)

The relation ds/dt > 0 is easily verified. In the general case, any function J(q, p, () which is
the composite function f(q, p, t) = g(p(q,p, t)) and satisfies the relation w (dg(p))/(dp) <
0 (Vt) is the Liapunov function, that is (df)/(dt) > 0. A crucial point is that the condition
w > 0 or LJ (dg(p))/(dp) < 0 is not necessary [52].

4 Quantum Dissipative Mechanics.
4.1. Let us use the usual rule of definition of the quantum physical quantities which have
the classical analogues (41]: If we consider the operators A,B,C of the physical quantities
a,b,c which satisfy the classical Poisson brackets [a, b] = c, then the operators must satisfy
the relation: [A,B] = (AB) - (BA) = ihC. If we take into account the characteristic
properties the physical quantities operators are denned by the following relations:

2)

4) = n« £ 0



5)

where
J[A,B,C] = -l/(H2) { [A[DC\\ + [B[CA\] + [C[AB\\ )

and <3f = Q; P f = P; W* = W . Let us require that the canonical quantum commu-
tational rules be a part of this rules. To satisfy the commutation relations and canonical
eommutational rules for the operator of the holonomic function the operators of the non-
holonomic quantities must be nonassociative. It is sufficient to require that the operator
W satisfies the following conditions:

1) left and right associativity:

2) left-right nonassociativity:

(Zk,W,Z')£Q if k^l

where k;l = l,..,2n; Z' = Q1 and Zn+1 = P;; i = l,...,n;

(A,B,C) s (J4(BC)) - ((AB)C)

called associator.
4.2. The state in the quantum dissipative mechanics can be represented by the

"matrix-density" (statistical) operator p(t) which satisfy the condition />f(t) = p(t). The
time variations of the operator of physical quantity A{t) = A(Q, P, t) and of the operator
of state p(t) are written in the form

%r = %r + TW-W,A] (38)

^ = - - [ p , SI L (39)
dt 2

where anticommutator ( , j + is the consequence of the hermiticity for the density operator
p and for the operator tt, which is defined by

The solution of the first equation may be written in the form

A(t) = S(t, ta)A(to)&{t, t0) where S(t, tQ) = Texpj f dr (H - W){T) (40)
ft Jtc

T-exponent is defined as usual, b' it we must take into account the following flow chart

exp A = 1 + A + \{AA) +

The solution of the equation (39) is given by

+ ±(((AA)A)A) + ... .

1 /•'p(t) = U(t,to)p(ta)U\t,to) where U(t,to) = Texp-£ dr Q(T) (41)
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In this way the time evolution of the physical quantity operator is unitary and the evo-
lution of the state operator is nonunitary. It is easy to verify that the pure state at the
moment t = t0 ( /J2(to) = p('o) ) ls not a pure state at the next time moment t ^ to-
We can define the entropy operator rj of the state pit) : xj(() = — lnp(t). The entropy
operator satisfies the equation

ftv(t) = n
It is easy to see that the commutator with nonassociative operator W and the total

time derivative of both the quantum Poisson brackets and of the multiplication of the two
operators don't satisfy the Leibnitz rule

(A,W,B)

J[A,W,B]

{A,W,B)

(42)

(43)

(44)

where A and B are the associative operators (operators of the holonomic functions).
4.3. Let us define the canonical (unitary) transformation [41] of an operator An(t) =

A{i) in the form As(t,t0) = S1{t,ta)AH(t)S{t,t0) The operator As(t,io) satisfies the
condition As(ta,to) = Auito)- In this case the equations (38), (39) take the form

d p> dAfj(t)

jtpS(t,ta) = j:\ps, if - W)s] ~ \[nS, PsU (46)

This is the dissipative analogue of the Schroedinger equations, the operators An{t) and
As{t) called Heisenberg and Schroedinger representations accordingly. The solution of
the equation (46) is given by

Ps(Mo) =

where
, 0 = Texp— £ dr {H-W- ~n)a(r, t0)

(47)

(48)

4.4. Let us consider some important features of the basis vectors [41]. Account is to
be taken of the time dependence of the state operator

Pn(t) = ^2Pa[ipa,t >H< V'OI'IH
a

and of the wave vectors in the Heisenberg representation [tp, t >n. That is [<?,£( > « ^
[<?i*2 >H contrary to usual quantum mechanics. Let us define the basis vectors {[q,t >}
[41] at the fixed time point t = tf :

l) QH(t)[q,t>H=[q,t>HQf 2) < q, t\H[q\ t>H= 6(q - q1)

3) jdq \q,t >H< q,t)H = 1 4) QH(t) = jdq [q,t >„ qf < q,t]H

11



5) foM>w= Jdq[q,tI>H1fH(q,t,tj)

where ^H(q,t,tj) = < ?•'/}«faM >«• "• i s e a s v t o prove the following statements:
1. The basis vector unitary transformed is a basis vector ; 2. There exists a unitary
transformation for any two basis vectors defined at the non equal time points. Thus,
Schroedinger representation of the basis vector [q,t, to >s= St{t - ta)[q, t >H might be
considered as the unitary transformation of the basis vector

[q,t0 >H= S\t - to)[q,t>H= [q,t,to >s

Hence the trace of the operator can be defined only in fixed time point. Note that the
operator of the state p(t) satisfies the usual condition

where we take into account the fixed-time definition of the basic vectors. The average of
the physical quantity A(t) = A(p,q,i) is defined by

< A(t) >t = SPl{ A(t)p(t) ) (Vt = tJtled) (49)

and the time derivative of the average quantity can be defined only by following

| < A(t) >T = ft (Vi = tfacd) (50)

i.e as the average of the time derivative of the operator.
4.5, Let us consider now Green's functions and its Feynman representation. If we

take into account the equation (46) we can write the dissipative Schroedinger equation
for wave vector in the form

[ s= (H-W- | f >s (51)

The simple example of this equation for the harmonic oscillator with friction is considered
in 4.7. Account is to be taken of the time dependence of state in Heisenberg representa-
tion. Therefore we make the distinctions between following Green's functions

*«(«, t) = j dq' Gs(q, q', t - f) **((/,(')

where
= < q,t]s[ij>,t >s = < <J,tWhM >H

q,t) = <q,t]H[il>,t>s = <q,t\s[i>,t>H

Gs(q, q', t-t') = <q, t]s V},(t, t') [?', t >s 6(t - t') =

= < q, t\HU\i{tlt')\q
l,t'>tl 6{t-t')

G^q.q1, t-t') = < q,t}s U*H(t - t') [<?', (' >s 0(t - t>)

(52)

(53)

(54)

(55)

(56)

(57)
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and [q,t >u = [q,t = tfized >H • The Green's function satisfies the time-dependent
equation

, t) = {H-W- * q, q',t) and Gs(q, <?', 0) = 6{q - q') (58)

If we use the method considered in [62] and the conditions

< Q ] Inlet ' s ( ln+1 — tn)[q :tn >

n\Hexp -W- y

then the Feynrnan representation of the Green's functions is given by

Gs{q,q',t-t'}= I Dq Dpexp-r I dr (p— - h(q,p,r) + w(q,p,r) + ^-u
J h Jc or 2

>H (59)

(60)

(61)

(62)

In the same way we can formulate the path integration and gene; ating functional in the
quantum field theory which was considered in the papers [60, 27, 29). As one of the meth-
ods to solve the quantum dissipative equations we suggest the normal geodesic coordinate
and covariant background field methods [66, 63, 65] which are the generalization of the
Teylor-series expansion around the classical solution and was considered for Riemannian
[63, 65], affine [66, 64] and affine-metric [61, 27, 29, 28] manifolds.

4.6. Let us consider the harmonic oscillator with friction and prove that the configu-
rational space of this oscillator is curved by the quantum fluctuations. It is known that
the harmonic oscillator configuration al space metric is defined by the kinetic energy [30]

d?s = 2T{dtf = Sadtfdq1 (63)

where T = £"(l/2){djj'/dt)2 is the kinetic energy of the harmonic oscillator. The existence
of the potential forces with the potential

lead to the deformation of the configurational space metric in the form

d2s = (E - U{q))6tidq'dq>

for conservative systems only [30], where E is the total energy. The dissipative forces don't
allow us to derive the mechanical trajectory by Jacobi variational principle [30]. That is
the configuration space of the harmonic oscillator with friction is flat. The equations of
motion for this oscillator in n-dimensional configuration space are

(64)du'/dt + Jfq* = fi{q, u)

where i;j = l,...,n;u' = dq'/di and fi(q,u) is the dissipative force. Let us consider the
following friction force

fi(q,n) = Cij(q)u3 + DiH(g)ii*ix' (65)
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As is well known, the equation (64) with friction (65) can not be derived from the least
action principle. The nonholonomic functional for this harmonic oscillator with friction
is defined by the nonholonomic equation linear in the variation Sqk

SW= sjdt ii/(fl,u) = Jdt h{q,u)6qk (66)

We derive the background field expansion of the Hamiltonian h(q,p), nonholonomic
functional tu, and omega u{q,p) around the classical solution qj of this oscillator as a
power series in f*(t) : g'(i) = <j£(t) •+- £*(t). The functional integral (62) over momentum
p* is Gaussian integral and we derive the path integral form of Green's function

Gs(q, <?', t-t') = N f D? exp | £ dr (T(q0) + Z,{qa, £, r) + Z2(<j0,f,T)) (67)

where T{qa) = faj

(68)

and an;m(g) s dan(q)/dqm . Zj{<Jo,O is the sum of the series terms in £ which don't
contribute to the one-loop metric redefinition. In the calculation of the vacuum diagrams
gj{t) is regarded as an external field and £*(t) is the quantum field. The vacuum contri-
butions to the Green's function which have the form (l/2)Tij(qo)v'or}3

B lead to the metric
redefinition

d?s = 2T(qo){dtf = (fiy +

The one-loop vacuum contribution for the harmonic oscillator with friction (65) has the
form

T» = £ ( it -~^Jt Dui(Dkli - Dtk]) - ^ Z W {69)

It is easy to see that the background configurational space of the quantum harmonic
oscillator with friction (65) is not flat. If the friction is quadratic in the velocity with
coefficients which depend on the coordinates or these coefficients are non completely
symmetric tensor the configurational space is curved by the quantum fluctuations. The
full expression of the two-loop metric redefinition terms is complicated. Let us note the
simple condition which allow the configurational space to be flat, no matter one-loop or
two-loop vacuum diagrams are considered, is given by

DM-j = 0 and DM = DiM) {70)

4,7, In the conclusion, let us consider the dissipative analogue of Schroedinger equa-
tion for one dimensional harmonic oscillator with friction. Hamiltonian and nonholonomic
functional are following

mu2q2

8\u = 6q

We use the background field method and expand the Hamiltonian and nonholonomic
functional in Taylor series of Q = q - q0, where go is the solution of the classical equation
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of motion in the coordinate space. Let us choose qo = 0 and QP-ordering. In this case
the generalized Schroedinger equation takes the form

h ff2
TTUJ'

(71)

The stationary state *(£, t) = u(£)exp — J Bt is defined by the equation

where

Let us consider the function u(f) in the form

where s is the solution of the equation s2 + as - 1 = 0 and n < oo .
As a result we obtain the following eigenvalues

En = - 7
a(« + ^) - ry

when 0 < f2/u2 < \ and the continuous spectrum, when 7*/w! > j . Note that the life
time for the state is T = h/2~f < oo. We can rewrite the result in the form

A £ n M = (hsjw2 - 72 when J1 > 2*t2) /\(0 when <J < 27
3)

where A£ n = En - Ea-\. In Fig.l we have plotted the curve AEn(u) for one-dimensional
harmonic oscillator with friction. Dashed line describes the curve A£n(u>) = hu. Note
that the jump in the point ^o = \/27 is the purely quantum dissipative effect.
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