
— - v . £ IC/94/196

INTERNATIONAL CENTRE FOR
THEORETICAL PHYSICS

NUMERICAL SOLUTION
OF THE OPTIMIZED RANDOM PHASE

APPROXIMATION

INTERNATIONAL
ATOMIC ENERGY

AGENCY

UNITED NATIONS
EDUCATIONAL,

SCIENTIFIC
AND CULTURAL
ORGANIZATION

G. Pastore

F. Matthews

O. Akinlade

and

Z. Badirkhan

MIRAMARE-TRIESTE





IC/94/196

International Atomic Energy Agency
and

United Nations Educational Scientific and Cultural Organization

INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

NUMERICAL SOLUTION
OF THE OPTIMIZED RANDOM PHASE APPROXIMATION

G. Pastore
Dipartimento di Fisica Teorica, Universita di Trieste, Trieste, Italy,

F. Matthews
Physics Department, Ondo State University, Ado Ekiti, Nigeria,

O. Akinlade1 and Z. Badirkhan2

International Centre for Theoretical Physics, Trieste, Italy.

ABSTRACT

An accurate, efficient and robust numerical method for the solution of the Optimized
Random Phase Approximation (ORPA) of classical liquids is presented. The uniqueness
of the solution of the ORPA is rigorously proved. The method, hinging on the char-
acterization of the generating functions, significantly improves on previous algorithms.
Higher accuracy is obtained by using the values of the unknown functions on the grid
points as independent variables instead of the usual coefficients of an expansion in or-
thogonal polynomials. It is shown that minimizing a suitably modified functional with a
conjugate-gradient algorithm results in a very efficient and robust algorithm.
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1 Introduction

The optimized random phase approximation (ORP.V) of Weeks, Chandler
and Andersen[l, 2] has been successfully applied to study the structure and
thermodynamics of simple model liquids like the Leonard-Jones[3] and par-
ticularly liquid metals [4, 5, 6]. From the experience accumulated up to
now, ORPA calculations appear to be remarkably accurate, comparable to
the most accurate modern integral equations of the theory of liquids, like
the modified hyper-netted chain (MHNC) [7j or HMSA [8]. Moreover, as we
shall show in the present paper, the ORPA does have a definite technical
advantage over most of the other integral equations since it is possible to
prove the uniqueness of its solutions.

However, in the current literature, the ORPA is not used as frequently
a.6 other integral equations. In some cases [9], it was pointed out that the
modern numerical algorithms [10, 11] used to solve the integral equations of
the theory of liquids are significantly more efficient than the minimization
methods [l] usually implemented to solve the ORPA. In addition, the stan-
dard algorithm is not very robust since great care is required to avoid the
regions of the parameter space where the ORPA functional is not definite (in
correspondence with non-positive definite structure factors).

In the present paper, we discuss some improvements of the algorithm.
Starting from the interpretation of the ORPA equations as the extremum
conditions of its generating functional [1, 12], the exact characterization of
the convexity properties of the ORPA functional reveals its simplifying one-
valley nature. This finding naturally suggests a penalty function [13] strategy
to constrain the search to the physical range of values.

In the traditional solution of the ORPA equations the unknown function is
described in terms of a few coefficients of its Legendre polynomial expansion.
The main reason is that reasonable accuracy of the solutions can be achieved
with a dimensionality of the parameter tpa.ce as small as five. However, using
the numerical representation of the unknown function over a numerical grid
as optimization parameters, we can achieve a more controlled and uniform
accuracy of the solution. It turns out that the increase in the number of
variations] parameters is not a serious problem since efficient many-variables
minimization algorithms exist and are very fast on present day computers.

The plan of the paper is as follows: in section 2 the ORPA generating
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functional is discussed and its convexity properties analyzed. A suitable
penalty function technique is introduced to manage the violations of the
constraint of being inside the physical range of the variables. In section 3 the
implementation of the full grid representation is discussed in connection with
a simple steepest-descent (SD) method and with a more efficient conjugate-
gradient {CG) algorithm to search for the minimum. The accuracy of the
resulting algorithm and possibilities of further improvement are discussed in
section 4. A few final remarks are collected in section 5.

2 Exploiting the convexity of the ORPA
generating functional

For the purposes of the present description, the starting point of the ORPA
is, like all the perturbative approaches, a suitable decomposition of the in-
teratomic potential 4>{T) into a reference potential <fo(r) and a perturbation

Although the original ORPA [1] was based on a specific choice of such
a decomposition, in the following discussion we prefer to leave unspecified
the exact characterization of <£o(r). Equation (1) naturally leads to a similar
decomposition of the total and the direct correlation functions h(r) and c(r):

r) =
(2)
(3)

where ho(r) and Co(r) are the correlation functions of a reference fluid
whose particles interact via the potential #o(r). Afc(r) and Ac(r) are denned
by equations (2) and (3) and are the unknown functions of the theory. A
relation among them is provided by the Ornstein-Zernike equation

(4)

which, taking into account that ho(r) and co(r) also satisfy the same
equation, results in the following relation between the Fourier transforms of
Afc(r) and Ac(r):

Ah(q) =
- PAc(q)S0(q) (5)

In formula (5), Sa(q) is the structure factor of the reference system, Ah
and Ac indicate the three-dimensional Fourier transforms of Ah(r) and Ac(r)
respectively and p is the number density of the system.

So far no approximation has been introduced yet. By complementing
equation (5) with any approximate relation between A/i(r), Ac(r) and <J>I(T)
we get a close set of non-linear integral equations that hag to be solved.

The ORPA closure can be written as:

Ac(r) = -fi<f>i(r) for r > or

Ah(r) = 0 for r < <r
(6)

(7)

It is easy to show that equation (7) corresponds to the extremum condi-
tion for the following generating functional [1, 12] of the unknown Ac(r) r <

FORPA{AC(T)} = ^ - i - J A3<i{pS0(q)Ac(q} + log[\ - pS0(q)Ac{q)}} (8)

Indeed, by taking the functional derivative with respect to Ac(q) we have:

SAc(q) (2ir>

and Fourier-transforming to the r-space we get

= Afc(r) (10)

equation (7) is thus equivalent to imposing an extremum condition on FQRPA
with respect to variations of Ac(r) inside <r. If the reference potential is such
that go(r) inside <r is zero, we see that the extremum condition is equivalent



to the physical requirement that the size of the exclusion hole of the reference
system be preserved by the perturbation.

Notice that the functional FORPA is very similar to the MSA generating
functional [14]. Like the MSA functional [15], it iB easy to show that equation
(8) also defines a strictly convex functional of Ac(r). ThiB can be seen imme-
diately by observing that FORPA is an integral of a strictly convex function
of Ac(<y) [16] and that the set of the physically meaningful Ac(q), such that
the total structure factor SonpA{q) is positive (and then the functional (8)
is definite), is a convex set [16].

As a consequence of the strict convexity of FORPA and like the ca6e of MSA
[15], if the ORPA equations admit a solution Ac(r) that solution is unique
and it is easy to verify that the resulting global extremum is a minimum of
FORPA-

The one-valley nature of the ORPA functional, already empirically ob-
served in the past [2, 17], is now rigorously proved. As a consequence, we
do not have to face all problems of multiple solutions like those recently
encountered with HNC-like integral equations [18, 19], At the same time,
any local optimization strategy will find the same solution, provided that
it exists for a given thermodynamic state. We only need to implement a
constrained search to avoid the unphysical region where the condition of a
positive definite ORPA structure factor

X(q) — 1 — pSo{q)A.c(q) > 0 (11)

is not satisfied.
Such an inequality constraint can be easily implemented via a penalty

function method [13]: the functional (8) is extended beyond its original range
by giving a "high" cost (the penalty) to the region where the constraint is
violated. How to extend the functional is not uniquely defined. After expe-
riencing some variations, we have found the following functional to behave
reasonably well:

(12)

where

itX(q)>0 (13)

= AX(q) if x[ o < o (14)

with A being a large positive constant. In this way the penalty is a posi-
tive contribution to the integral proportional to the size of the region where
condition (11) is violated and to the absolute value of the offending argu-
ment of the logarithm. Any different implementation of the penalty function
method should work and the solution (if it exists) is obviously independent
of the cho~en implementation. However, in practice the optimal choice of
the penalty depends on the particular algorithm chosen to drive the system
out of region violating condition (11). The strategy we have followed in the
present study is to use an optimization algorithm not requiring the gradi-
ent information ( the Simplex algorithm [20]) whenever the starting point
of the minimization is in the unphysical region. As soon as the physical re-
gion is reached, a different algorithm, using the analytical gradient (equation
(10)) of the functional is switched on, as described in more details in the
next section. Notice that, due to the convexity of the physical region, any
minimization strategy resulting in a monotonic decrease of FORPA (no hill
climbing) will keep the system inside the physical region. More details about
the practical implementation of the algorithm will be given in section 4.

3 Full grid representation of the variational
parameters

Following the original suggestion of WCA[2], moE> subsequent work on the
numerical solution of the ORPA equations has used a Legendre polynomial
expansion to describe the unknown function Ac(r) for r < a ). It is custom-
ary to introduce the auxiliary unknown x{r) viA

Ac(r) = -/3&(r) + X(r) for r < <r . (15)

If we write

= X> n J P n _, ( l - r /<r ) , far r < er, (16)

where Pn(x) are the Legendre polynomials, the ORPA functional — now a
function of the parameters an,n = 1,..., JVj — should be made extremum with
respect to these parameters. Although this expansion reduces the number
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of the independent variables, it suffers from two main drawbacks. Increasing
Nt, the analytical Fourier transform of the Legendre polynomials of higher
orders leads to difficulties in the numerical evaluation with controlled pre-
cision since, especially at low wavenumbers, it results in an alternate sum
of large numbers. Moreover, the analytical expressions progressively become
more cumbersome.

The progress in available computer power, as well as the improvements in
the efficiency of the minimization algorithms suggest an alternative approach
using the Ng grid values of the unknown function — x{r<)i (Ti — (* ~ l)^r> * =

1, • • •, JVj) — as independent variables. It turns out that the increased num-
ber of parameters is more than compensated for by the simplification of the
formulae and the possibility of enhanced accuracy.

The increase of the number of degrees of freedom (about one order of
magnitude) requires efficient optimization tools. A very simple one, although
not optimal, is the steepest descent (SD) method. In this method the search
for the minimum starts at some initial point and moves stepwise by varying
x(r,) along the direction of the local gradient of the ORPA functional. In
the simplest implementation the displacement is assumed a fixed quantity A
determined by trial and error in such a way that the sequence x^n\T) defined
by

c n
(17)

makes the values of FQRPA monotonically decreasing.
A more refined and efficient method is the so called Conjugate Gradient

(CG) algorithm. We refer to the the abundant literature on optimization
methods for a full description of the method[20]. Here we give the formulae
denning the iterative search for the minimum:

y<°> = 0

gl ' = — 6X(r)

7

h(»)=gW+7Hh(»-»
•j (n+1) _ -ĵ (n) _j_ ^ H j j W

(18)

(19)

(20)

(21)

(22)

where < A\B > indicates the scalar product between the vectors A
and B, the components of the vector X^"' are the independent variables
x'"'(r,) and the scalar A'"' is determined by the line minimum of the /unc-
tion FORPA[X-W + Ah'"'] as function of X.

In both the algorithms a reasonable stopping criterion can be set by
looking at the value of the mean square norm of the gradient of FOUPA'-

(23)

As soon as it becomes less than & given threshold E the sequence is terminated.

Numerical results and discussion

We have implemented the above computational schemes for the ORPA de-
scription of simple liquid metals interacting through pair-potentials derived
from pseudopotentials incorporating high order perturbation corrections[21]
and using the one-component plasma (OCP) as reference system. This choice
of potential and reference system is in no way unique. However, we notice
that it implies a severe test for the robustness of the numerical procedure.

Before discussing the results, we summarize the general operation of the
program. Whenever the starting approximation is not in the physical region,
the Simplex minimization tries to drive the unknown function out of this
unphysical region. We choose to perform the search for the physical region
with a non-gradient method to allow for even non-smooth penalty functions.
However, since Simplex, not using the information on the gradient, is rela-
tively slow, it is more convenient to perform this first stage of the search over
a reduced dimensionality of the parameter space. In practice, we start mini-
mizing FORPA functional with respect to the two parameters of the following
functional form:

X(r) = Ae-Ir (24)

As soon as we succeed, a more efficient SD or CG minimization for the full-
grid representation of x{r) is started until the stopping criterion is satisfied.

As illustration of the method, we show results from a calculation for liquid
lithium close to its melting point. We used a numerical grid of 2049 points
with a spacing Sr = 0.025a to represent the pair correlation functions and to
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perform the Fourier transforms with the Fast Fourier Transform algorithm.
The chosen value of a (1.4a) implies 56 independent variables (the values of
the unknown function x{r) on the grid points within a).

The OCP reference system was characterized by a coupling parameter
T = e2j(akBT) (with a = (3/4xp)1/3 the ion-sphere radius ) equal to 200.
Such a value for the coupling of the teference system is in no way optimal for
describing the physical system. However, this is irrelevant for the purpose of
the present discussion on the numerical algorithms.

The reference system structure factor was obtained from an accurate
MHNC calculation. We started with the R.PA level of approximation corre-
sponding to the initial condition x(r) = 0. In the present case such a starting
point violates condition (11).

The Simplex algorithm was able to find the way out of the unphysical
region within 31 function evaluations. At this point we started the SD and
the CG minimizations to compare their efficiency.

To illustrate the rate of convergence, we show in table 1 a comparison of
the SD and CG algorithms. We report the values of the ORPA functional,
the norm of the gradient (A2, see eqn. (23)), the height of the first peak of the
ORPA structure factor (S(gi)) and the discontinuity of AJt(r) at <r (A* =
Ah(ir+) — A/t(<r_)) at different levels of convergence. While for different
systems and thermodynamic states the numbers will show some variations,
the present comparison is really representative of the average behaviour.
The value of A used in the SD minimization was 0.65. The starting point
(N,tcp = 0) correspond to the end of the Simplex minimization stage.

In connection with table 1 we have to notice that, while the vaiiational
quantity (FORPA) rapidly converges to the final value, non-variational but
physically important quantities like the value of the structure factor converge
slowly to their final value. For this reason, if high precision is required in
ORPA calculations the present scheme is definitely superior to the traditional
Legendre polynomial expansion with few parameters.

In figure 1 we show the behaviour of Afc(r) with increase in the required
precision of the minimization as measured by the norm

Some points deserve emphasis.
Great care is required in the numerical implementation of the formulae

in order to ensure that the evaluation of the gradient (eq. (10)) is consistent
with the corresponding functional (eq. (12)). In general, the function A/i(r)
(i.e. the gradient of FQRPA) has a discontinuity at a. Instead of evaluating it

as the Fourier transform of equation (5_), it is more accurate to numerically
transform the well behaved function Afc(g) — Ac(^) and then add Ac(r) for
T < a.

Each evaluation of the value of the ORPA functional and its gradient is
performed within a few tenth's of a second of CPU time on a medium-level
desktop workstation. Thus, the whole calculation requires a few seconds of
CPU time. Note that in the present case the calculation started from scratch.
Of course, if a better guess is available, it is possible to further reduce the
number of steps.

Due to the poor conditioning[20] of the problem when dealing with dense
fluids, the CG algorithm is definitely superior to the SD version. Even taking
into account the different number of function evaluations corresponding to
one step in the two methods, the CPU time required by the CG method to
converge to the minimum was about a factor 3 smaller than the SD time.

In principle, even better results could be obtained with a good pre-
conditioning [20] of the problem. However, we have not made further in-
vestigations along this direction.

5 Conclusions

In conclusion, we have shown that a uniqueness theorem holds for the solu-
tion of the ORPA equations. The algorithm discussed in the present paper
improves on previous algorithms with respect to precision and robustness.
Although not explored yet, further improvements are conceivable. For ex-
ample, abandoning the minimization of FORPA in favour of a direct solution
of the equations (5-7) with some of the efficient methods for the numerical
solution of integral equations could probably result in additional efficiency.
However, to this end a more suitable penalty function should be found.

On the side of the applications, we believe that the present paper will
give impulse to extend the application of the ORPA equations as one of
the most accurate approximations of the theory of liquids. In particular,
applications to liquid metals in cases where high precision is required as
well as to multicomponent systems are currently in progress. Applications
of the present ideas to the hierarchical reference fluid theory of the critical
phenomena in simple liquid [22] are also possible.

Finally, we note that the penalty function method can be successfully used
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to avoid the unphysical region (where the structure factor becomes negative)
also in connection with other integral equations of the theory of liquids. It is
only required to recast other closures in the form of & vari&tional principle.
Such a step is easily performed by following the method of OlivareB and
McQuarrie [12] and one of us [23] has checked that indeed it works for other
popular closures of the theory of liquids like HNC, PY and HMSA. However,
due to difficulties in characterizing the convexity of the generating functional
of such closures one cannot use the argument of the present paper to prove
the uniqueness of the solutions. As matter of fact, recently it has been
shown[18, 19] that the HNC equations do have multiple solutions at least in
part of the thermodynamic plane. In such cases, a complete characterization
of the physically acceptable soiution would be requited in order to safely use
the penalty function method.
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Comparison between the speed of convergence of the Steepest Descent and the Conjugate
Gradient algorithms as measured by the values of the ORPA functional {FORPA), the norm
of its gradient (A2), the height of the first peak of the ORPA structure factor {S{qx)) and
the discontinuity of Aft(r) at if (A/,) as function of the number of steps (N,,rp) of each
algorithm.
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The function Ah(r) inside <r at different levels of convergence as measured
by the norm of the gradient (A2, see eqn. (23)). Notice the change of scale
between the upper and the lower part. Curves are labelled by the values of
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