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ABSTRACT

I review what has been learned about fundamental issues in quantum mechanics from the
Aharonov-Bohm effect. Following that, I consider the Aharonov-Casher effect and the
Scalar Aharonov-Bolun effect, in both of which a spin-1/2 particle interacts with a local
electromagnetic field through its magnetic moment, and conclude that those effects can be
described as observable effects of local torques.

1. Introduction

This will be a personal reflection, not a review. What I will say about the Aharonov-Bohm
(AB) effect has been said before by me and by others. The emphasis here will be on what
we learned about fundamental questions in quantum mechanics from the AB effect. I will
assume that I am speaking mainly to people who have not followed die discussion of the
AB effect in much detail. References are given elsewhere.1

The discussion of the Aharonov-Casher (AC) effect and the Scalar Aharonov-Bohm (SAB)
effect will be mostly new. I get the same answers as everyone else. The news is only that
I describe these phenomena in terms of local torques that appear in the operator equations
of motion. For that reason, I do not consider the AC and SAB effects to be topological
phenomena in the same sense as the AB effect. This part of the work is based on a
collaboration with Harry J. Iipkin, but the subjective comments here are my own.

2. The Aharonov-Bohm effect

According to the Schroedinger equation, the motion of a charged particle can sometimes be
influenced by electromagnetic fields in regions that the particle never enters. That
phenomenon is called the Aharonov-Bohm effect after those authors' 1959 paper,2 which
first called serious attention to i t At the time, most physicists were either surprised or
incredulous. No such phenomenon exists in classical theory. Classical electrodynamics is
based on the idea that the local Maxwell fields carry all the physical information, especially
that electromagnetic interactions of particles are mediated by the exchange of momentum
with the local Maxwell field. The AB effect does not negate those ideas for quantum
mechanics, but it does expose some subtleties in their application.

AB effect has been discussed in two versions, magnetic and electric, illustrated in Fig. 1.
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Figure la. Magnetic AB effect. The axis of the solenoid is perpendicular to the page.
The wave function is a split plane wave.
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Figure lb. Electric AB effect Both potentials V(t) vanish except when the split wave
packet is inside the cylinders, where the particle is shielded from the electric field.



In each case, a spinless particle with charge -e traverses an interferometer and the
interference pattern depends upon the field from which the particle is excluded. In die
magnetic case, the two beams acquire a relative phase

where 3> is the magnetic flux through the solenoid, A is the vector potential, and the
integral is carried around the solenoid through one arm of the interferometer and back
through the other. That relative phase <{> creates an observable shift in the interference
pattern. The relative phase is gauge invariant, as it must be, depending only on the
magnetic flux 3>. The periodicity in 3> with period equal to London's unit,

(2.2)

(about 10'7 gauss-cm2) comes about because the vector potential representing an excluded
magnetic flux equal to 4>o can be removed by a gauge transformation.

In the electric case, the partial waves in the two arms of the interferometer acquire a relative
phase given by

(J> = ^jAV(t)dt (2.3)

where AV is the potential difference V^t) - V2(t) and the integral is carried over the time
interval when AV does not vanish. Again, the interference pattern undergoes an observable
shift dependent upon a potential even though the particle does not experience any local
electric field.

Equations 2.1 and 2.3 are intuitively clear, but one may question the application of the
semi-classical approximations of interferometry theory to this subtle new effect. That
question was removed by considering the scattering of a beam of particles from an
infinitely long solenoid centered on the z axis, as in Fig. 2.

The Schroedinger equation was solved to find that the scattering cross section per unit
length of solenoid does indeed depend upon the flux 4>. For instance, in the limiting case
where the solenoid's radius a is much less than the particles' wavelength X,

(2.4)

Tonomura's exquisite electron-holography experiments1 confirm the prediction of the
Schroedinger equation for the magnetic AB effect with sensitivity corresponding to about
one percent of London's unit of flux.
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Figure 2. Aharonov-Bohm scattering state.

All these phenomena come about formally because the Hamiltonian

(2.5)

contains the potentials, which do not vanish where the particle moves, in contrast to the
Maxwell fields, which do vanish there. There is no such phenomenon in classical physics
because there the Hamiltonian equations of motion,

#" (2.6)

which are identical to those given by Newton's second law, determine the motion of the
particle. In quantum mechanics, Eqs. 2.6 remain valid as the operator equations of motion,
but the equations of motion do not always determine the dynamics.

In a simply connected region where the magnetic field vanishes, the vector potential can be
removed by the gauge transformation

(2.7)

but in a multiply-connected region such as those in Figs, la and 2, the function U(x) in



Eq. 2.7 does not exist unless 4> is an integer times 4>o-

Similar considerations apply to the electric AB effect, which is also limited to multiply-
connected regions, but I will not pursue that here.

3. The bound-state effect

In the geometry of Fig. 2, one can add a non-vanishing electric field with potential V(r,z) to
bind particles in some toroid. In cylindrical coordinates, Eq. 2.5 becomes

e V ( ' ' z ) - (3.1)

Q is the centrifugal barrier height and L is the canonical angular momentum, r x p .

The eigenvalues of Lj are m ft, where m are the integers, so the eigenvalues of Q are

Q = ft* m + £ M . (3.3)

The observable eigenvalues of the Hamiltonian depend upon the flux through Q.

The kinetic angular momentum K, equals r x Mv. Kz has eigenvalues

(3.4)

The scattering states have the same feature. The incoming beam is made up of partial
waves whose kinetic angular momentum is no longer integer valued, but shifted by an
amount equal to (<E>/̂ »o)- The kinetic angular momentum is measurable in principle. Thus
in some sense, the same scattering experiment cannot be done with different values of the
magnetic flux because the same incoming beam cannot be prepared.

4. What is the value of all this?

Thirty years ago many physicists, including at least one of the authors of AB effect, hoped
that this new insight into the physical role of the potentials would somehow lead to a new
approach to quantum electrodynamics that might cure some of its ills. That has not
happened, but the idea is probably not dead. For instance, it has recently been suggested
that a vacuum filled with a spaghetti of flux lines may offer such a possibility.3



The concept of locality in electromagnetisra is evidently richer than it was previously
thought to be. In classical physics, the vision of Faraday and Maxwell is unchanged. The
physics is in the Maxwell fields. Interactions with charged particles consist of local
exchanges of momentum. The electromagnetic field transports that momentum, and energy
and angular momentum, etc., to other places where it may exchange with other particles.
The potentials are primarily a mathematical convenience, but they are not without physical
significance. For instance, when a charge -e resides at position x in an external magnetic
field B, the momentum in the crossed E and B fields equals (e/c)A(x) in the Coulomb
gauge (V-A = 0). (The charge at x is the source of the E field.) That field momentum
balances the kinetic momentum previously imparted to the charge by the field in bringing
the charge to point x and the external field to its present value. Similarly for the angular
momentum.

In quantum mechanics, it is partly the same. The shift in kinetic angular momentum away
from the integer-valued canonical angular momentum compensates the angular momentum
that the particle previously donated to the field through interactions that were local in space
and time. The canonical angular momentum is equal to the total angular momentum, kinetic
plus electromagnetic. The canonical (total) angular momentum is quantized in integer units,
making the kinetic angular momentum non-integral and leading to the AB effect. However,
that is not the end of the story. The Schroedinger (or Dirac) equation, is non-local in the
present Maxwell field and that non-locality has observable consequences, including the
alteration of observable bound-state energies by excluded magnetic fields. In addition,
something deeper happened in the past when the field was turned on. Not only was the
observable kinetic angular momentum of every charged particle in the universe (more
accurately, only those inside the return flux for a finite solenoid) shifted, but the allowed
kinetic angular momentum of every charged particle yet to be born in a pair-creation event
was also shifted. It is not just the particles which have been observably affected by the
excluded Maxwell field, but the Hilbert space of allowed states. It's much like the Pauli
principle, where moving one particle changes the Hilbert space available to other particles.

None of this non-locality has any consequences for Einstein causality. The electro-
magnetic potentials, like the Maxwell fields, are propagated with the speed of light

There is no conflict with the Ehrenfest theorem. In the scattering experiment, the
momentum imparted to the beam depends upon the magnetic flux <&. But that momentum
does not come from the electromagnetic field. It comes from bouncing off the cylinder that
keeps the particles out of the field. It depends upon the flux because the incident beam
depends upon the flux. The force on the cylinder accounts correctly for the momentum.

C. N. Yang has particularly pointed out that the AB effect is the only direct experimental
proof of the gauge principle. In approximately his words, the potentials overdescribe the
physics, as manifested by the gauge transformations; the Maxwell fields underdescribe the
physics, as manifested by AB effect; only the quantities exp{(ie/fic)jAdx} exactly
describe the physics.



The AB effect is intimately connected with the singular strings attached to Dirac's magnetic
monopoles. All discussions of monopoles assume Dirac's quantization rule eg = nrc file,
where g is the monopole strength and n is an integer. Dirac needed singular strings with
flux equal to 4ng to keep the magnetic field free of divergence. To make those strings
unobservable so that his monopole would physically be a monopole, he had to quantize the
flux in the string in units of <&o- The experimental confirmation of AB effect is in some
sense a confirmation of the need for monopole quantization because the scattering of an
electron by the string far from its end would be an example of AB effect.

There has been some interesting discussion of "atoms" consisting of an electron bound to a
flux line, perhaps by a scalar potential. In Section 3 above, I said that the canonical angular
momentum Lz must have integer eigenvalues, but that is not really true in a multiply-
connected space. The true statement is that the eigenvalues must be spaced by integers.
The spectrum consists of the numbers (m+a), where m are the integers and a is a fixed
number in 0 < a < 1. These inequivalent representations of the commutation relations
have been known since the earliest days of quantum mechanics, but not often applied. We
assume that a = 0 with no magnetic flux. Then the same will be true for all values of the
magnetic flux if we want to conserve angular momentum between the electron and the
Maxwell field. However if we should really find a hole in the space, or if we assume that
such a hole is a reasonable approximation to some other physical situation, then the value
of a becomes an experimental question. In particular, the hypothetical "atoms", also
known as anyons, would have unusual spins and possibly unusual statistics. I will not
pursue that subject here. I only want to remark that discussions of anyons usually assume
a magnetic flux through the hole in the space, but from the present point of view, the
magnetic field and all its dynamics are optional. It is enough to have a hole in the space.

The AB effect has found practical applications to nanoscale normal conducting circuits and
to Hall effect models. There is also a close connection with flux quantization in
superconductors and with Josephson junctions, but I am not sure that those connections
were historically important to the study of the superconductivity phenomena.

5. What is a topological effect?

The AB effect is usually called a topological effect. It occurs only in a multiply-connected
space and cannot be blamed on any local interaction; the operator equations of motion do
not contain any fields.

The centrality of the topology for the phenomenon is especially apparent in the magnetic
scattering case of Fig. 2. Every Feynman path integral from source to detector contains a
factor

{ ! j } J ^ j (5.1)

where n is the topological winding number of that path around the magnetic flux. Those
phase factors result in the AB effect when the contributions from all paths are added. The



paths have no measurable local property that depends upon the magnetic flux.

Some researchers define a topological effect as one in which the phase shift along each arm
of an interferometer is independent of the energy.4 I find that curious. The constant phase
shift is equivalent to the absence of any force on the particle. Therefore the energy
independence would appear to signal a force-free effect rather than a topological one.

6. Spin 1/2: The Aharonov-Casher effect and the Scalar AB effect

A neutron can interact with the electromagnetic field through its magnetic moment {A. In an
external electrostatic field E, the Hamiltonian is given to order (v/c) by

• P - (6.1)

In the Aharonov-Casher effect,5 one imagines neutrons, polarized in the z direction,
moving in the xy plane past a long charged wire situated on the z axis. In an adequate
approximation, there is no force on the neutrons, but there is a phase shift analogous to the
AB phase shift, between Feynman amplitudes for paths passing the z axis on one side or
the other. Then there is a shift in the diffraction pattern, just as in the AB effect

I will not discuss the AC effect in detail here, but I will instead discuss the Scalar
Aharonov-Bohm (SAB) effect,6 which embodies the same principle in a simpler case. The
SAB experiments use the geometry of the Mach-Zehnder interferometry, shown
schematically in Fig. 3.

Figure 3. Neutron interferometer. The magnetic field B points in the z direction,
perpendicular to the page.

In the ideal case, neutrons polarized in the z direction enter from the left The beam is split
coherently at the first mirror. One partial wave encounters a magnetic field B in the z
direction and undergoes a phase shift <(> which can be calculated from the Hamiltonian

UB . (6.2)



(6.3)

where x is the time spent by the neutrons in the field. The outgoing intensities are

I A = Icos2 <J> I B = Isin2 <|> (6 4)

Formally, the |iB term in Eq. 6.2 resembles the eV term in the electric AB effect and the
experimenters and others argue that this is a new topological effect involving magnetic
moment instead of the charge. The interaction here is with B, not with a potential, but B
enters the Hamiltonian 6.2 as a potential and there is no force on the neutron.

That argument certainly gets the right answer for the intensities IA and I B , but the
interpretation is wrong. The spin is a dynamical variable, even in a state of definite CTZ, and
it can't be treated as a number. The usual operator equation of motion

(6.5)

shows that the spin direction is rotated by the torque due to the local magnetic field B. That
rotation is measurable in principle without destroying the state of definite Gz. To see that,
consider the spin correlation functions

C(t) = J[ax(0)ox(t) + oy(0)oy(t)+h.c]

S(t) = i[ax(0)ay(t) - cy(O)ax(t)+h.c.] (6.6)

These are hermitean operators that commute with az . Their equations of motion follow
from Eq. 6.5 and they can be solved to find

C(t) = 2cos5(t) S(t) = 2sin8(t) , (6.7)

( ) ( 6 8 )

When the two partial waves merge, the wave in the upper arm has a(i) = a(0), while the
wave in the lower arm has a(t) = a(x). The angle 8(x) is twice the <j> of Eq. 6.3.

Now the intensities in Eq. 6.4 appear to be measuring a spin correlation that was brought
about by the ordinary rotation of a spin in the local magnetic field. That is an ordinary
torque effect. It has no fully classical analog because we're dealing with spin 1/2, but the
usual semi-classical picture is illuminating. A neutron with az = 1 is pictured as having its
spin processing on a cone centered on the z axis, but with random phase so that «yx(t)> =
«Ty(t)> = 0. The two partial beams in the interferometer precess so that their projections
on the xy plane move with relative angle 8 = 2<|>. The individual angles are not measurable



but have expectation zero. The relative angle is measurable and has a fixed finite value.

So the SAB effect is really very different from the AB effect. SAB is a consequence of the
ordinary precession of a magnetic moment in a local magnetic field. Nevertheless, it may
be significant because it does directly measure a spin correlation that has not, as far as I
know, been measured before. Similar statements apply to the AC effect
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