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ABSTRACT: A system of reduced toroidal magneto-hydrodynamic (MHD) equations is

derived from a general scalar representation of the complete MHD system, using an ordering

in terms of the inverse aspect ratio e of a toroidal plasma. It is shown that the energy principle

for the reduced equations is identical with the usual energy principle of the complete MHD

system, to the appropriate order in e. Thus, the reduced equations have the same ideal MHD

stability limits as the full MHD equations.
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1. INTRODUCTION:

For analytical and numerical studies of the magneto-hydrodynamic (MHD) stability of

toroidal fusion plasmas it is often advantageous to use simplified systems of equations (called

reduced MHD equations). In the case of toroidal plasmas of small inverse aspect ratio,

e=a/Ro«l, expansions in powers of e have been used to obtain reduced equations of various

complexity. A particularly simple system [1] consists of two evolutions equations for the

poloidal magnetic flux function \|/ and the vorticity density w of the velocity perpendicular to

the unpertubated magnetic field. More complex systems studied by various authors include

the pressure p and the velocity parallel to the magnetic field [2] and the effects of

compressibility [3].

More recently, a general representation of MHD in terms of stream functions and

potentials, either in cylindrical coordinates (R, O, Z) [4] or in general nonorthogonal

coordinates [5] has been proposed. In this representation, the vector equations of MHD are

replaced by a completely equivalent system of scalar evolution equations and potential

equations.

Starting from this general system, approximations corresponding to particular problems

will usually lead to a decoupling of a subset of equations, which then constitutes the

appropriate reduced system. As an example, this procedure has been used in [5] to obtain a

reduced system for a cylindrical plasma using a helical coordinate system.

Ih the present paper, we derive a system of reduced MHD equations for a toroidal plasma,

using intrinsic coordinates (r, 0 , <j>) related to a given axisymetric equilibrium. Our purpose is

to obtain a system of nonlinear equations which describe correctly the ideal MHD stability

thresholds and thus are suitable, e.g., for studies of the internal kink-tearing instability of

tokamak plamas.



We start from the following MHD equations:

E +VAB=TI J

V.B = O

VAB = Ji0J

"*-*

Here, FVÎS is a viscosity term, qH is a heat flow, and Smom. SH» SM are respectivly sources

of momentum, heat, and mass.

Ih Section 2 we discuss the procedure used in [6] for the minimisation of 5W, the variation

of the potential energy in the usual energy principle of MHD. This procedure serves as a

guideline, which is used in Section 3 to define the ordering of various quantities in powers of

e and to derive our reduced system of equations. In Section 4 we derive an energy principle

for the ideal reduced equations, and we show that the SW of our reduced equations is equal to

the 5W obtained in [6] after minimisation with respect to two of the three components of the

displacement vector C. Section 5 gives the conclusions of the paper.



2. THE MINIMISATION PROCEDURE OF BUSSAC ET AL.

Starting from the energy principle for the complete MHD equations' Bussac et al. [6]

minimize the potential energy variation SW by using an expansion in powers of e, the inverse

aspect ratio. It is assumed that the radial dependence of the safety factor q(r) is monotonie,

with q(0)<l and with the q=l surface situated inside the discharge. The plasma pressure p is

assumed to be of the order of the poloidal magnetic field pressure BJj01, and the ratio

The displacement vector C is written in the form C = Cm + X B , where X = J^ / B^ and Cn,

has no toroidal component. The minimisation is carried out by minimising the part of 5W,

which does not depend on K, with respect to Cm ; the X dependent part of 8W is minimised by

an appropiate choice of X. The first step leads to the requirement that| 5B9)
2 must be of order

e2, yielding the condition:

V. (4-B9 C1n] = O{e2) (2.1)

The subsequent minimisation of the X-dependent part of SW leads to the requirement :

V.C=O(e3) (2.2)



3. DERIVATION OF THE REDUCED TOROIDAL MHD EQUATIONS.

In order to derive a system of reduced MHD equations, we start from a general

representation of MHD in terms of scalar potentials proposed earlier [4,5]. For this

representation we have to define a reference magnetic field, which .we choose to be the field

of an axisymmetric toroidal equilibrium defined by Beq , peq •

We define

(3.1)

P

We shall use the same coordinate system as Bussac et al. [6], i.e. :

and we note

(3.3)

where J is the Jacobian.

We write the velocity as a sum of parallel and perpendicular components with respect to

Beq [4]. Using eq.(2.2) we then obtain
BM B,,,. A VOVv=v//iB^i+-VFJL + 0(e2) (3-4)

lDeql |Beq|

Conditions (2.1) and (2.2) may be written as

3"RB9=(Xe2) , V. V = 0(e3) (3.5)

In addition we require the parallel velocity to be small

V//=0(e) (3.51)

We now derive the reduced MHD equations as follows:

Taking into account relation (3.6) we define the perpendicular vorticity density w by

.lvpcl,v = v. (3.6)

we then obtain an evolution equation for w by applying the operator



to the equation of motion and using eqs. (2.2) and (3.5) similarly, we obtain an evolution

equation for \y by projecting Ohm's law onto V(p. Adding also the evolution equation for the

pressure we finally obtain our reduced equations in the following form :

where (3 = 2 uo p(0)/B2(0)

(3.8)

(3-9)

Note that the toroidal current density is given by

J9=R2V-R-2VpV=A^ (3.10)

The system of equations (3.6)-(3.10) has remarkable properties concerning ideal MHD

stability, as we shall see in the following section. Here we want to stress that for an

axisymmetric equilibrium with zero velocity, the above reduced system yields exactly the

Grad-Shafranov equation for \i/eq.



4. ENERGY PRINCIPLE FOR REDUCED EQUATIONS

We now derive an energy principle for the ideal reduced system obtained from (3.7)-(3.9)

by neglecting all dissipation and source terms.

Multiplying (3.7) by ^- Ov neglecting Fvis -t- Smom and integrating over the plasma

volume we obtain :

rR2

where at is the volume element, di = -g— dr d9 d<p

Integrating by parts we write eq.(4.1) in the form:

§ = ° <4'2)

where E is the sum of kinetic and potential energy.

with

' dT + Surface terms

(4.3)
f f fi l l l r i A i

W = i [̂ 2 (V
P¥)2 - 2 p p] dT + Surface terms

Eq.(4.2) expresses the conservation of the total energy.

We now consider small perturbations about an equilibrium without flow, Veq = O.

Linearizing the ideal reduced system, that is the system (3.7)-(3.9) without dissipation and

source terms we get :

(4.4)



30> (4-6)

Since Veq = O hence $v = «I>v , we multiply eq.(4.4) by R/32 4>v and integrate over the

plasma volume to obtain the energy principle for the perturbation. In order to compare with

the formulation of the energy principle in terms of a displacement vector C1 we define :

* (4.7)

using this definition we obtain

5W = F(S1H"). (4.8)

Comparing with [6] we note that the quantity u of that paper is equivalent to our quantity

5. In order to make a direct comparison with the expression of [6], we transform eq.(4.8) by

putting

• Se = (4-9)

In this way we find that eq.(4.8) takes a form which is identical with the expression of SW

given in the middle of p. 1639 of ref.[6]. This result may be expressed in condensed form by

saying that , to the appropriate order in e , we have :

SWreduced eqs. = SWflussac et al.

Therefore, our system of reduced MHD equations , (3.7)-(3.9), has the same ideal stability

limits as the complete MHD equations.



5. CONCLUSION

In previous work [4,5] we have introduced a general representation of the complete system

of MHD equations in terms of scalar potentials and stream functions. In the present paper, a

set of reduced toroidal MHD equations has been .derived, and their stability properties have

been investigated.

In order to derive a useful system of reduced equations we have used the minimisation

procedure of Bussac et al. as a guideline for our approximations. We have chosen the same

system of intrisic coordinates (r, 9, <j>) and we have adopted conditions (2.1) and (2.2), which

have been obtained by Bussac et al. in the course minimizing 5W using an expansion in

powers of the inverse of the aspect ratio e. It must be noted that we cannot impose V. V = O

rigorously since this condition would oblige us to omit the evolution equation for the pressure

from our system. In addition to conditions (2.1) and (2.2) we have assumed that the pertu bated

parallel velocity is small, as stated in eq.(3.6), so that V^can be neglected in the evolution

equations for w, y and p. Ih this way, we have obtained a closed system of the nonlinear

evolution equations, eqs.(3.7)-(3.9) combined with two potential equations, eqs.(3.6), (3.10).

Omitting from ourreduced equations all dissipation and source terms, a system of ideal

reduced MHD equations is obtained, for which we have derived an energy principle. We have

shown that the energy principle of our reduced MHD equations is equal to the energy

principle of the complete equations, to the appropriate order in e. This result, which is

symbolically expressed by eq.(4.10), means that for small e our reduced equations have the

same ideal MHD stability limits as the complete MHD equations. This remarkable property of

our reduced MHD equations makes the latter particularly suitable for studies of the nonlinear

evolution of (ideal or dissipative) MHD instabilities.
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