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ABSTRACT 
The behaviour of finite-pressure-induced magnetic islands is numerically analyzed for three-
dimensional magnetohydrodynamic equilibria of the Heiias configuration by using a three-
dimensional equilibrium code. It is found that an island chain is generated on the 5/6 rational 
surface, when such a surface appears in the plasma region of the finite-/? equilibrium. The 
island chain, however, is not so dangerous as to destroy the plasma confinement even if it 
appears in a vanishingly small shear region. Thus, a high /? equilibrium with clear magnetic 
surfaces can be realized. Moreover, it is definitely confirmed that the finite pressure effect 
sometimes exhibits an unexpectedly good aspect, namely, that the vacuum islands are removed 
as /? increases, which can be called 'self-healing* of islands. This property can be explained by 
the numerically discovered fact that the phases of islands induced by the finite-pressure effect 
are always locked in the same phase regardless of 0. 

keywords; helical system, Heiias, 3-D MHD equilibrium, magnetic surface breaking, finite 
pressure effect, equilibrium beta limit, self-healing, magnetic island, Wendelstein 7-X 
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I. INTRODUCTION 

In order to answer the indeterminate question 1 - 5 of whether or not a three-dimensional 
(3D) magneloliydrodynamic finite-/? equilibrium can keep clearly nested magnetic surfaces, 
the 3D equilibrium code HINT was developed,6 which does not a priori demand the existence 
of regularly nested magnetic surfaces. In previous papers,7"9 wc numerically analyzed the 
island formation for the 1 = 2 heliotron/toTsatron configuration by using this code. One 
important discovery obtained was that magnetic surfaces are broken by the finite pressure 
effect in an actual helical configuration, and the breaking often imposes severer limitation on 
the equilibrium /? than the Shafranov shift. It was also found that various physical parameters, 
such as the aspect ratio of the configuration and the magnitude of the external poloidal fields, 
can give significant influences on the occurrence of the breaking as 0 increases. In this paper, 
we study properties of magnetic islands induced by the finite pressure effect for the equilibrium 
of a non-axisymmetric toroidal configuration, Helias.10 

Although both Helias and heliotron/torsatron are categorized as stcllarator configurations, 
they are quite different in many aspects. While the / = 2 heliotron/torsatron is characterized 
as a medium to high shear configuration, Helias is classified as a low shear configuration. 
Consequently, the number of relevant dangerous rational surfaces is smaller for Helias, but 
a small resonant field, if any, can produce a large island. Another noticeable characteristic 
for Helias is that the amount of the Pfirsch-Schi titer current, which is the main origin of 
the finite-pressure-driven islands, is significantly reduced as an integral characteristic of this 
configuration. Tims, the way of island formation as a function of 0 for Helias is significantly 
different from the way for heliotron/torsatron. 

The WendeJstein 7-X (W7-X) device has been designed as a next generation stellarator 
device.11 Among a class of the Helias configurations, W7-X adopts a configuration with five 
field periods and with vanishing bootstrap current;1*2 resistive as well as ideal MHD modes 
are avoided by magnetic-well stabilization throughout the plasma volume. In this paper, we 
analyze a magnetic configuration close to the one proposed for W7-X. The magnetic surfaces 
of the W7-X configuration can be designed such that the low-order rational surfaces, with 
rotational transform i = 5/5 and 5/6, can be avoided. It is however of interest to study the 
finite-pressure behaviour of the 5/G island chain to assess whether this should be dangerous or 
not. For this study, we choose a vacuum field situation in which at finite pressure this island 
chain occurs and resides at about half the plasma radius in a position of vanishing shear. 

In the process of the equilibrium calculations for Helias described in this paper, we found 



a remarkable property of magnetic islands induced by the finite pressure effect; the islands, 
in some cases, show a property of 'self-healing', i.e. they tend to shrink as /? increases. 

In this paper, in Sec. II, we discuss the formation of magnetic islands in a finite-/? Helias 
equilibrium. In Sec. Ill, the evidence is shown that in some cases the 'self-healing' of islands 
can occur. Discussion and summary are given in Sec. IV. In the Appendix, we describe a 
slight modification of the geometry of the HINT code which has been made to treat the Helias 
configuration properly. 

II. ISLAND FORMATION IN FINITE 0 HELIAS 

Shown in Fig.l are Poincare plots of a vacuum field of Helias, which we analyze in this 
paper, for two poloidal cross sections, <j> — 0 and *-, where <j> is the toroidal angle. Those 
are called 'bean-shaped* and 'triangular' cross sections, respectively. In the HINT code, 
an equilibrium is calculated on grid points, which have rectangular calculation-boundary in 
a poloida] cross section (a grid box). The position of the grid box is also plotted in the 
figure. The vacuum field is calculated by using a current distribution on a surface which ties 
completely outside the grid box. A current-carrying surface fulfilling this condition is used, 
which was confirmed to produce approximately the same vacuum field as obtained from an 
optimized coil set that is proposed for W7-X; for example, the last closed surface lie just 
outside the five islands (t = | ) for both vacuum fields. 

The corresponding radial profiles of the rotational transform t of the vacuum field, as well 
as of a finite-/? field, are plotted in Fig.2. The rotational transform at the magnetic axis, i0, 
for the vacuum field is set slightly greater than | , a candidate for the most dangerous rational 
surface as for the island formation in the plasma core. The i profile has almost vanishing 
shear in the inner part of the minor radius, but has a small shear in the outer part, in which 
i increases monotonically toward the plasma boundary, up to slightly greater than 1.0 on the 
boundary for the vacuum field. 

In equilibrium calculations in this paper, the pressure profile is given as p = po(l — ip)2 

(until islands appear), where ip ts the normalized toroidal flux. Equilibrium calculations 
are made on grids with the size of 73 x 73 x 41 points for half a field period of the torus. 
Numerical validity of the equilibrium calculation is checked by comparing results obtained 
by using different sizes of grids (49 x 49 x 29) for the same configuration; there appears no 
significant difference in sizes as well as phases of island chains that are formed for each grid-
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size calculations.9 This result confirms that the observed formation of island chains, which we 
will discuss in the following, is not due to a numerical artifact. 

One characteristic in the behaviour of i profile is that to decreases as j3 increases, as is shown 
in Fig.2 (b); it may be interesting to note that in standard cases of / = 2 heliotron/torsatron 
configurations, io usually increases with /3.7 Because of this behaviour, the | rational surface 
can come into the plasma region; first it appears near the magnetic axis, and moves outward 
as /? increases. When 0 is low, no noticeable island appears even if the | surface exists near 
the magnetic axis. However, the | island chain is induced when the | surface resides at about 
half the plasma radius, where the plasma 0 at the magnetic axis is /?o = 7.2%. The formation 
of the island can be observed in the i profile as the flat area at t — | in Fig.2 (b). 

The radial profiles of the magnetic well W{f) for the vacuum field and for the finite-/? field 
are also plotted in Fig.2. Here, W is defined as W{f) ~ {(U(0) - U(f))/U{0)} x 100(%), 
where the specific volume U ~ (l/N)fN(dl/B) is evaluated on a surface with average minor 
radius r. The vacuum field has a magnetic well throughout the whole minor radius, since 
dWfdf is positive everywhere. The well is deepened as $ increases. 

The shape of the chain of | island which appears in the finite-/? equilibria {0Q = 7.2%) is 
visibly shown in Fig.3 by Poincare plots of the magnetic field for two poloidal cross sections, 
<fi = 0 and f. The island chain appears in quite a low shear region. An important result, 
however, is that even this situation is not so serious as to destroy the plasma as is shown in 
this figure; most of the plasma region is covered by clearly nested surfaces. Corresponding 
to the formation of islands in the magnetic field structure as is shown in Fig.3, the island 
structure is also formed in the pressure profile, as is shown in Fig.4, where the pressure is 
flattened inside the | island. We would like to note that in the HINT code the pressure is 
automatically calculated even inside islands as a result of the incorporated calculation step 
which makes the pressure uniform along each field line. Coincidence of magnetic and pressure 
islands, which is demonstrated explicitly here in computational stcllarator equilibria for the 
first time, proves validity of the code. 

In the boundary region, the | island chain, which existed just inside the outermost surface 
in the vacuum field, lies in the ergodic region. Now, the last closed surface lies inside the | 
islands and the islands are partially ergodized. However, the positions of the | islands and of 
the boundary surfaces do not vary significantly. This is a consequence of the very small radial 
shift of free-boundary Helias equilibria, owing to the significantly reduced Pfirsch-Schliiter 
current in the configuration. This behaviour is an important condition for a successful divertor 
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operation in finite-^ equilibria of the W7-X device.13 

When 0 is further increased, the | island chain comes to the boundary region. Although 
0 is increased, the size of the island chain does not change so much. This may be due 
to the increased shear in the boundary region. Finally, the quality of magnetic surfaces is 
deteriorated when 0o is increased beyond, say, 15%, because island chains with higher mode 
numbers grow on several higher-order rational surfaces simultaneously. 

III. 'SELF-HEALING' OF MAGNETIC ISLANDS 

So far we have analyzed finite-pressuie effects on equilibria from the point of view of 
'formation' of islands. Now, it may be interesting to investigate whether the opposite process, 
namely, 'self-healing' of islands, can occur or not. 

Here we note the following indication given by computational experience. As for the islands 
induced due to the finite-pressure effect, the phase of the islands is independent of the value of 
0y and does not depend on the details of the way one increases 0 in equilibrium calculations; 
for the case discussed in the section II, the f island chain always has the x-point at the outer 
side in the 'triangular' poloidal cross section (<f> = f), as was shown in Fig.3. 

By taking advantage of this 'locked-phase' property, we can have situations in which the 
finite-pressure effect rather suppresses islands which have existed in a vacuum field, if the 
phase of the vacuum field island is opposite to that of the pressure-induced ones. In this 
section, we directly confirm the existence of such a process in equilibrium calculations. 

A vacuum field is shown in Fig.5 (a), where a chain of magnetic islands is formed on 
the i = 5/6 rational surface existing in the region of closed surfaces by a specific control of 
external currents. Shown in Fig,5 (b) is the corresponding finite-/? equilibrium with 0O ~ 9.0%. 
It is clearly observed that the 5/6 island chain, which existed in the vacuum field, almost 
completely disappears, and a nice magnetic surface recovers by the effect of 'Self-healing', 
though the L = 5/6 surface still exists in the plasma region. When 0o is further increased, 
as is shown in Fig.5 (c) for 0o — 12.0%, the position of the t = 5/6 surface further moves 
toward the boundary of the plasma, and the 5/6 island chain appears again. Note, however, 
that the phase of the reappeared 5/6 island chain is opposite to that of the vacuum one. This 
behaviour confirms that the phase of the finite-pressure-induced island chain is determined 
irrespective of the vacuum island, and has quite 'robust1 nature. 

The corresponding change in the i profile is plotted in Fig.6 for the three cases of 0. Here, 
the i = 5/6 surface already exists in the vacuum field, and moves toward the plasma boundary 
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as /? increases, which is the relatively higher shear region. Part of the reduction of the island 
size with the increase of /?, shown in Fig.5, could be attributed to the increase in the shear, 
since the island size w is given as w7 oc ( ^ " ' B f J , where B^n is the magnitude of resonant 
field perpendicular to the surface. However, the mere shear effect cannot explain the whole 
process shown here. Namely, it cannot explain the inversion in the phase of islands as is 
shown in Fig.5 (c), because the shear only influences the magnitude of the island width in a 
multiplicative way. The magnitude of the resonant field itself, however, which is the direct 
cause of the islands, is controlled by the finite-pressure effect. 

Thus, the island can be kept thin over an appreciable range of /? value by making use of 
this feature. 

An interesting additional question in connection with the elimination of the island, see 
Fig. 5 (b), concerns the consistency of the equilibrium on the rational magnetic surface 5/6 
which exists for vanishing island thickness. Here, the so-called Hamada condition ' that 
fdt/B be constant on a rational surface has to hold for a true equilibrium. Evidence is 
presented that this is indeed so with very good numerical accuracy. With the help of the 
interface to the VMEC and JMC codes 1 3 , the Jacobian y/g in magnetic coordinates (s,0,#) 
can easily be obtained and be used to analyze Hamada's condition because of dl/B oc ̂ /g d(j>. 
Figure 7 shows that y/g& x (Fourier index notation referring to one period of the equilibrium 
is used here) is approximately vanishing to very high accuracy so that the Hamada condition 
is satisfied with this accuracy. 

Analogous analysis of the neighbouring equilibria of Fig. 5 shows that in both of these 
\y/gG J is significantly larger and of opposite sign in these two cases. The correlation with the 
island phases appears plausible and suggests that the islated neighboring equilibria are related 
to a change of sign of a resonant perturbation field so that both its components - parallel to 
B and perpendicular to it - change sign. 

IV, DISCUSSION AND SUMMARY 

One characteristic of the Helias configuration, which is adopted for the W7-X device, is 
that it is a low-shear configuration. Therefore, one of the critical issues in obtaining a high-/? 
plasma is imposed by formation of magnetic islands induced in finite-/? equilibria. In this 
paper, a favorable property of the Helias configuration is confirmed that even if a dangerous 
rational surface exists in the plasma region of Helias, it is not so serious as to destroy the 
whole plasma, and an equilibrium with reasonably clear surfaces can be obtained up to as 
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high as /?o = 15%. This result may be attributed to the reduction of the Pfirsch-Schliiter 
current which is an inherent characteristic of this type of configuration. 

Furthermore, a notable properly of islands induced due to the finite-pressure effect is found; 
that is, 'self-healing' of islands as /? increases. This feature originates from the property that 
the finite-pressure-induced islands always have the same phase independent of ft. This 'locked-
phase' property was discovered here for the first time. 

The existence of such a property in the phase of induced islands indicates that finite-
pressure-induced islands are governed by resonant magnetic fields generated by 'global' effects 
of the plasma current density. Namely, the total effect of the plasma current integrated over 
the whole plasma volume determines the amplitude of the resonant component of the magnetic 
fields produced on each rational surface. The field generated by such global effects appears to 
have a specific simple global spatial structure, which results in the 'locked-phase' property of 
the finite-pressure-induced islands. 

Another explanation14 for the occurence of the 'self-healing' of islands may be possi
ble by extending the analyses of the 'local' effects of plasma currents derived by Cary-
Kotschenreuther* and Hegna-Bhattacharjee5. The physical mechanism of the 'local' effects is 
completely different from the 'global' effects stated above; those 'local' analyses are irrelevant 
from the phase property of islands. However, the prediction of those analyses, when extended, 
does not contradict, at least, with the first stage of the 'self-healing' wheTe the island shrinks 
as /? increases; the configuration has the magnetic well and the DR (the criteria for the local 
resistive interchange mode) is stable. (We should note that the second stage, where the island 
reappears as /? increases, is solely explained by the existence of the 'global' effects.) A detailed 
comparison between the 'local' and 'global' effects will be given in the near future. 

The existence of the property of 'self-healing' suggests a possibility to obtain an optimal 
structure of the internal surfaces at finite /?, by properly selecting the 5/6, 5/5, and 5/4 island 
structures in the vacuum field. 

We observe the phenomenon of self-healing of islands not only in Helias but also in / = 2 
heliotron/torsatron equilibria, although the sizes of induced islands are much smaller than the 
llelias case. The details will be also reported in the near future. 
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APPENDIX: NUMERICAL GEOMETRY 

For the Heltas configuration, the shape of the magnetic surfaces changes significantly from 
cross-section to cross-section in the real space; it is bean-shaped (vertically elongated) at 
<t> = 0 and is triangular (horizontally elongated) at <fs — ~, M being the number of periods. 
Moreover, the magnetic axis is not located on a plane, but has a helical structure. In order 
that the magnetic surfaces of Helias be covered by the grid box properly, we have slightly 
modified the geometry of the HINT code6 as follows. The direction of the grid box rotates 
as 8 — ~-(f>, where 8 is the poloidai angle, while it rotated as 6 = M<f> for the calculations of 
1 = 2 heliotron/torsatron configurations. On the other hand, the central position of the grid 
box rotates as & = M<f> with the minor radius 3et which roughly follows the helical position 
of the magnetic axis of Hetias. Consequently, the relation between the coordinate of the grid 
points (u^u 2 ,!! 3) and the Cartesian coordinate (x,ytz) is given as follows; 

x = {Ro + ulcoshu3 + u2

m sin hu3) cos u3 (1) 

y — ~(RQ + ulcosku3 -f ulsinhu3)smu3 (2) 

z = — uisin/itf3 + ulcoshu3 (3) 

with 

and 

u1 + <5ccosftti3 (4) 

u2 — 6esmhu3 (5) 

«3 = - 6 (6) 
where h = *f, and RQ is basic major radius (constant). Correspondingly, the covariant 
components of the metric g„t which is defined as 

_ dr Br 

are given as 

9n = 1, 912 = 0, 922 = 1 (7) 
gi3 = hul - h6c sin hi? (8) 

J23 = - ku1,-hSc cos hu3 (9) 

933 = {Ro + ulcoshii> + ul*intm:i)* + h2(ul):> + k*(ulf + hWc 

+2h%{ulcoshti'-ulsinhu3). (10) 
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The Jacobian J is described as 

J = \]det{gij) ~ i? 0 + u] cos hi? + u\ sin huz. (11) 

Other features of the code are the same as before. Namely, the equilibrium calculation is 
made on the Eulerian coordinate (ul,iP^u3) by making use of an initial value method, where 
a difference scheme with 4th order accuracy in both time and space is utilized. Free boundary 
conditions are used, for which the shape and the location of the boundary magnetic surface 
can change. In some cases the boundary is ergodized, as (3 increases. A net-current free 
equilibrium is obtained. The calculation is made for half a field period of the torus, keeping, 
what is called, the stellarator symmetry as the boundary condition in the toroidal direction. 
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FIGURE CAPTIONS 

Fig.l Poincare plots of magnetic field lines for a Helias vacuum field at two poloidal cross 
sections, <f> = 0 (right,'bean-shaped') and ^ = §• (left/triangular'). The f vacuum island 
chain is observed near the boundary. The outer rectangles indicate the location of the 
grid box. 

Fig.2 Radial profiles of the rotational transform c and the magnetic well W for (a) vacuum 
field, and (b) finite-/? equilibrium field (/90 = 7.2%), of Helias. The | rational surface is 
avoided in the vacuum field, but comes into the plasma region in the finite-/? field. 

Fig.3 Poincare plots of magnetic field lines for a finite-/? equilibrium (0o = 7.2%) of Helias 
at two poloidal cross sections, <f> = 0 (right) and <i>~\ (left). The | island chain occurs 
and resides at about half the plasma radius in a position of vanishing shear, but is not 
so serious as to destroy the whole plasma. The | island chain lies in the boundary 
ergodic region, but the positions do not vary significantly compared with the vacuum 
field (Fig.l). 

Fig.4 Contour of plasma pressure p for the same finite-^ equilibrium as Fig.3. Corresponding 
to the formation of the | magnetic island, island structure is formed also in the pressure 
profile. 

Fig.5 Poincare plots of magnetic field lines to show the process of 'self-healing' of magnetic 
islands for Helias. (a) A vacuum field, where a chain of | island is formed externally, 
(b) The island gradually shrinks as /3 increases, and finally disappears (/?0 — 9%). (c) 
When 0 is further increased, the island chain appears again, but with the inverted phase 
from the vacuum one (/?0 = 12%). 

Fig.6 Radial profile of the rotational transform for three cases of /?, corresponding to Fig.5, 
where the 'self-healing' of magnetic islands occurs. 

Fig,7 Various Fourier coefficients v^ r a»> normalized to y/gQ0 as functions of a normalized 
radius (square root of normalized toroidal flux); m,n refer to the poloidal and toroidal 
magnetic coordinate dependencies in an equilibrium notation in which n = 1 is related 
to the fundamental period within one of the five equilibrium periods. The position of 
the 5/6 (in this equilibrium notation 1/6) resonance is also indicated. 
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'Self-healing' of magnetic islands 
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