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ABSTRACT
A statistical analysis of the distribution of level spacings for states with

the same spin and parity is described in which the average spacing is
calculated for the total ensemble. Though the resulting distribution of
level spacings for states of deformed nuclei with Z = 62 - 75 and A = 155 -
185 is the closest to that of a Poisson distribution yet obtained for nuclear
levels, significant deviations are observed for small level spacings. Many,
but not all, of the very closely-spaced levels have K-values differing by
several units. The analysis of level spacings in 157Ho indicate that
considerable caution should be exercised when drawing conclusions from
such an analysis for a single deformed nucleus, since the sizable number
of spacings that can be obtained from a few rotational bands are not all
independent.

1. Background

It has become increasingly fashionable to consider the information content of the
spectrum of eigenstates of a quantal system in terms of statistical concepts1. The rich
spectrum of nuclear states provides an excellent opportunity for such analyses. Indeed,
an analysis2 of the extensive, and "complete," spectroscopic information near the neutron
and proton thresholds (typically at an excitation energy of about 8 MeV) from neutron-
and proton-resonance measurements^, shown in the upper portion of Figure 1, provided
evidence that the distribution of the spacing of these levels with the same angular
momentum, I, and parity, K, can be reproduced by a parameter-free distribution derivable
from the predictions of the Gaussian orthogonal ensemble (GOE) of random-matrix
theory. Such level-spacing distributions has been taken as evidence1'2 that the nuclear
systems at low spin and high excitation energy is "chaotic."

More recent analyses extend to lower excitation energies4"7 and attempt to extract
information as a function of nuclear specie4-5, for example, even-even versus odd-A,
heavy versus light mass, or deformed versus spherical. Such analyses provide
distributions intermediate to that expected for purely "ordered" (Poisson distribution) or
purely "chaotic" (GOE or Wigner distribution) systems, see e.g. the middle portion of
Figure 1, and a trend from GOE to Poisson proceeding from spherical regions to
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Figure 1. Comparison of level-spacing distributions (histograms) for (top) nuclear states with the same spin
and parity at the neutron and proton threshold^; (middle) levels of 116-tin'; and (bottom) "cold" deformed
rare-earth nuclei**. Curves corresponding to Poisson and Wigner distributions (often associated1 with
"ordered" and "chaotic" behavior, respectively) are shown for comparison with each distribution of
experimental levels. The inset indicates the ranges of excitation energy, Ex , and angular momentum, I,
associated with each data set. Although the ensemble of nuclear levels considered for each distribution is
very different, a progression from "ordered" to "chaotic" behavior seems to occur with increasing excitation
energy.



deformed regions4'5. To obtain sufficient data for such analyses it was necessary to sum
over a large range of excitation energies and angular momenta in a single nucleus (see
e.g. refs.6'7) and to really obtain meaningful statistics also to sum over a variety of
nuclei4'5. Since the level density increase with excitation energy is exponential, the
sensitivity to the lowest-lying states is rapidly lost.

Recently we reported** a statistical analysis of the distribution of level spacings for
states of the same spin and parity in deformed nuclei with Z = 62 - 75 and A = 155 - 185.
In contrast to earlier analyses2'4*7, the average spacing, d, is calculated from the complete
data set, instead of for each individual spin-parity group in a specific nucleus. Though
the details of the level-spacing distribution shape are sensitive to the prescription for
calculating the average spacing, the crux of the present paper, the physics associated with
the reduced number of very small level spacings in this analysis, is not. This modified
prescription is partly justified by the fact that all levels considered are from deformed
rare-earth nuclei, many of whose properties are known to be similar. (For example, the
moments of inertia calculated from the energy of the 22+ -» 20+ yrast-sequence transition
of even-even nuclei in the A = 155 - 185 mass region are equal within a five percent
standard deviation9, and the spread in moments of inertia of neighboring odd- and even-A
rare-earth nuclei is significantly smaller than expected from simple models10-11.) Such a
criterion circumvents the usual problem of obtaining sufficient data to establish an
accurate average level spacing, d, for each spin-parity group in a specific nucleus. For
example, in the previous attempts to obtain information for some of the best data sets at
low excitation energy often there were as few as 3-4 levels per spin-parity group in each
nucleus4. The added statistics obtained by relaxing this requirement on the average
spacing allows for the first time, an analysis of level spacings for near yrast
configurations - see ref. 8 and the inset in Figure 1. The data sources12-13 and a more
complete discussion of this analysis also are given in ref. 8, as is an analysis as a function
of angular momentum, parity, and nuclear type (i.e. even-even, odd-even, etc.).

2. Level-Spacing Distributions

The distribution of 2522 level spacings obtained from deformed even-even and
odd-A nuclei with Z = 62 - 75 and A = 155 - 185 are compared in the lower portion of
Figure 1 with calculated Poisson and Wigner distributions! Except for the very smallest
separations, the agreement of the experimental spacings with the Poisson distribution is
exceptional. These and the other data shown in Figure 1 provide evidence for a
systematic progression from a Poisson to a Wigner distribution with increasing intrinsic
excitation energy. Such systematics illustrate the intimate relation between the mixing of
nuclear states and "quantum chaos." When the nuclear states are well separated, such as
are the majority of the low-lying states in deformed rare earth nuclei (d = 297 keV),
neighboring states have distinctively different wave functions, and they are termed
"ordered." J n the other extreme, illustrated by the closely-spaced levels at the particle
threshold (upper portion of Figure 1), the average spacing (=10 eV) is much less than the
nuclear matrix element connecting neighboring states of the same spin and parity, hence
neighboring states have strongly-mixed wave functions. In this limit neighboring states
contain only information about the average ensemble of levels, and they are termed
"chaotic."
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Figure 2. The level-spacing distribution for small spacings of "cold" deformed rare-earth nuclei is shown in
the upper portion. The same data are shown relative to a Poisson distribution in the lower portion. Note
the precipitous drop relative to a Poisson distribution for very small spacings. For reference the complete
level spacing distribution for these data is given in the lower portion of Figure 1. Statistical uncertainties
are indicated by the vertical error bars.
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Though the level-spacing distributions for "cold" deformed rare-earth nuclei are
the closest to the Poisson distribution yet obtained for experimental nuclear levels,
statistically-significant systematic deviations from Poisson are observed for small
spacings, see Figure 2. Such deviations are attributed to the level repulsion associated
with the mixing of closely-spaced states with identical angular momentum and parity.
These data indicate that this mixing apparently becomes increasingly important in
deformed rare-earth nuclei for separations less than about 70 keV. Indeed, for
separations less than 10 keV only 35 percent of that expected for the Poisson distribution
remain. The excess of spacings for 70 < s < 110 keV, see Figure 2, also can be attributed
to level repulsion.

Distributions such as shown in Figure 2, not only provide evidence for interaction
matrix elements, Vint, that are distributed from as low as a few keV to about 35 keV, they
also illustrate the intimate relation between the mixing of nuclear states and quantum
chaos. Even at the lowest excitation energies, where the average spacing of nuclear states
is large (= 297 keV for the ensemble of rare-earth states shown in the lower portion of
Figure 1 and in Figure 2), there is evidence of mixing for those levels whose spacings are
<Vint-

3. The Nature of Closely spaced Levels

In order to identify the physical basis of the very small interaction matrix
elements associated with closely-spaced levels of the same spin and parity, the
distribution of the 30 level spacings in deformed rare-earth nuclei having a spacing < 10
keV (i.e. those corresponding to the lowest spacing interval shown on the histogram in
Figure 2) are summarized in Table 1. Such closely-spaced, unperturbed levels are
traditionally associated with additional conserved quantum numbers1. Indeed, other
nuclear structure effects, such as isobaric analog states and shape isomers14 which also
produce reduced interactions, can be formulated in terms of conserved quantities15.

Close spacings are observed for parties for even-even and for odd-A nuclei, and at
low and high spin, see Table 1. Whereas the distribution as a function of spacing is
strongly skewed toward the larger spacings, a value of < 1 keV is observed between I71 =
11/2- states in ^

The observed asymmetry between positive- and negative-parity states in odd-A
nuclei is the result of different densities of positive- and negative-parity single-panicle
(Nilsson) states near the Fermi level. For example, in the N = 82 - 126 neutron shell,
which is being filled for the nuclei considered, there are 30 negative-parity neutron states
(corresponding to the Nilsson components of the I19/2, fV/2, fs/2> P3/2> and pi/2 shell-model
states) and 14 positive-parity states (corresponding to the components of the ii3/2 intruder
states) that span nearly the same excitation energy range. Hence more closely-spaced
negative-parity levels are expected for odd-N nuclei, as observed (see Table 1). For
protons, which fill the next lower shell (with 20 g7/2, ds/2, d3/2, ?nd si/2 positive-parity
states and 12 hup, negative-parity states) the opposite is true. Indeed the average level
spacings of positive- and negative-parity levels for this mass region show asymmetries of
a similar nature8.



Table 1. Distribution of Levels* with Spacings < 10 keV

7L = ± ZL==z: Total

Nuclear Type**
Even-Even
Even Z, Odd N
Odd Z, Even N

Spacing
s S 1 keV
1 < s < 3 keV
3<s<5keV
5 < s < 7 keV
7 < s < 10 keV

Angular Momentum

5<I<10
10< IS 15
15 < I < 20

K Selection
AK = 0

AK=1
AK = 2
AK = 3
AK = 4
AK>4
unknown K

5
1
6

1
1
3
1
7

7
3
2
0

1

1
5
4

0
0
1

4
11
3

1
0
1
4
11

J

8
1
4

1

0
1
3

6
4
3

9
12
9

2
1
4
5

18

\1
11
3
4

2

1

6
7

6
4
4

Total 12 18 30

*Analysis of levels with same ln in deformed nuclei with 62 < Z < 75 and
155<A<185.

**Odd-odd nuclei were excluded from the analysis due to less complete data.

Probably the most striking feature of the closely-spaced levels is the correlation
with the K quantum number (see Table 1). Sixty-five percent of the closely-spaced levels
with known K-values correspond to states that differ in K by three or more units, and 88
percent are associated with states differing in K by two or more units. Hence the
majority, but perhaps even more interestingly, not all of the close spacing can be
attributed to K conservation. Typical configurations for which close-level spacings are
observed are listed in Table 2.
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Table 2. Examples* of Levels with Spacing < 10 keV

Configuration AK+ # Cases Nuclei

vll/2-[505]&low-K

v7/2-[503]&vl/2-[510]
ji9/2-[514]&itl/2-[541]

7c7/2+[404]&7tl/2+[411]

7t5/2+[402]&7Tl/2+[411]

Ji3/2+[411]&7tl/2+[411]

Very High-K Isomers
(3 & Y bands

*From refs. 12,13.
^K is not a conserved quantum number in rotating systems. The strongest K admixture

will occur for the Q = 1/2 configurations.

Though in the SU(3) symmetry limit the Interacting Boson Model predicts16 the
degeneracy of the y- and P-vibrational states with the same spin, only one such spacing,
between 2+ states in 17OYbioo> was observed to be less than 10 keV. This spacing is 7.2
keV.

4. Level Spacing Distributions for 157Ho

A level spacing distribution for 107 spacings in 157H9o, whose level scheme17 of
nearly 200 levels is one of the most complete at both low and high spin, is shown in
Figure 3. Though the distribution for all levels is basically Poisson, significant
differences are observed between the spacings of positive- and negative-parity states, see
the insets in the upper portion of this figure. Indeed the fact that the properly-normalized
distribution for negative-parity states is Wigner shaped while that of the positive-parity
states in closest to a Poisson distribution is seemingly counter-intuitive. However, closer
inspection indicates that these conflicting distributions for positive- and negative-parity
states in the same nucleus may be fortuitous. Though the sizable number of spacings for
these distributions may appear to be significant, it must be remembered that they are
associated with only a few rotational bands. Such spacings are not all independent. For
example, in the case of 157Ho as many as 13 of the 67 positive-parity spacings are
obtained from different pairs of states with the same spin and parity from the same two
rotational sequences, and all the 40 negative-parity spacings are obtained from only 9
rotational sequences16. Inspection indicates that the positive-parity single-proton states
of 157Ho (and neighboring nuclei, see e.g. ref. 18) lie very close in excitation energy.
Thus a large number of very close spacings are produced in the rotational bands based on
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Figure 3. Level-spacing distributions for experimental levels of ^ j f o ^ g , , from ref j 7 in the upper
portion die distribution for all levels is shown with the positive- and negative-parity partial distributions
indicated by light broken and light solid lines, respectively. In the lower portion properly normalized level-
spacing distributions are shown separately for positive- and negative-parity levels. Statistical uncertainties
are indicated by the vertical error bars, and the number of spacings and the average spacing, d, are given for
each distribution. The unexpected observation that the positive- and negative-parity levels show Poisson
and Wigner distributions respectively for the same nucleus is discussed in the text.

these intrinsic states resulting in a Poisson-like distribution for the positive-parity level
spacings. In contrast, for the less-dense negative-parity states, the intrinsic excitations are
observed to be nearly equally-spaced leading to a Wigner-like level-spacing distribution.



5. Discussion and Summary

A statistical analysis of level spacings is presented in which the average spacing is
calculated for the total data set that is restricted to nuclei with similar properties. The
resulting distribution of level spacings for nuclear states of deformed nuclei with Z = 62 -
75 and A = 155 - 185 is the closest to a Poisson distribution yet obtained for nuclear
levels. In contrast to most previous analyses2-4"7, these data are concentrated on near-
yrast states with small intrinsic excitation energies, see Figure 1. Thus, the average level
spacing is large, d = 297 keV. Indeed, this value exceeds that of the interaction matrix
elements between these states (indicated to be £ 35 keV, see sect. 2). Therefore,
neighboring states with the same quantum numbers are expected to retain individual
character, i.e. have different wave functions. This is the meaning of "order" in the present
context.

In contrast, previous analyses of the low excitation energy region4"7 with level-
spacing distributions intermediate between a Poisson and a Wigner distribution are based
on data sets that extend to higher intrinsic excitation energies than that of the present
analysis, see the example of l l 6Sn shown in Figure 1. Thus many of the states in these
data sets are more closely spaced than those of the present analysis. This is especially
true since the level density increases exponentially with increasing intrinsic excitation
energy. At the neutron threshold, where the level-spacing distribution is that of a Wigner
distribution (see Figure 1 and ref. 2), the average level spacing for 1/2+ states
established1^ from s-wave capture on even-even targets are typically 10 eV.

Indeed, even for the low-lying states of the deformed rare-earth nuclei, the best
example of a Poisson level-spacing distribution, significant deviations are observed for
spacings less than about 70 keV (see, Figure 2). These deviations are attributed to the
level repulsion associated with the mixing of closely-spaced states with the same
quantum numbers. Indeed, many, but not all, of the observed levels with spacing of
< 10 keV have K-values that differ by several units, indicating that K can be considered
as a good quantum number for rare-earth deformed nuclei.

Therefore, a coherent picture emerges. When the nuclear states are well
separated, such as all but the most closely-spaced states considered in the present analysis
of rare-earth data, each state contains distinctly different nuclear structure information
from that of its neighbors with the same F , the level-spacing distribution is Poisson, and
the situation is described as "ordered." The other extreme is illustrated by closely-spaced
nuclear levels at the particle thresholds where d < < Vint. In this limit neighboring states
have strongly-mixed wave functions, the level-spacing distribution is Wigner, and the
situation is described as "chaotic." Thus the wave functions of the individual states
contain only general information on the average ensemble of nuclear states in a specific
excitation region. When the level spacing is = Vint an intermediate situation emerges.
Two contrasting examples of this are encountered in the present work: (i) when
d = 2 Vint (the case of 116Sn, shown in Figure 1, with d « 110 keV) the level-spacing
distribution is intermediate between that of a Poisson and a Wigner distribution; and
(ii) when d > > Vint (the case of the present analysis of "cold" deformed rare-earth nuclei
shown in Figure 1 and 2) significant deviations are encountered for spacings <. 2 Vmi.



The analysis of level spacings in 157Ho, one of the most complete level schemes
at both low- and high-spins, provides a warning for the interpretation of such level-
spacing distributions for a single rotational nucleus. Even though a sizable number of
spacing are available, they may represent only a few independent configurations. Indeed,
the Poisson- and Wigner-like distributions indicated for the positive- and negative-parity
states respectively, can be understood in terms of the known structure of 1-7Ho1 and do
not imply profound new conclusions. In contrast, the 2522 levels in the total ensemble
for the rare-earth region represents a sufficiently large number of independent
configurations to be statistically significant. However, caution should be exercised in
drawing esoteric conclusions6-20'21 about isospin-symmetry breaking from level-spacing
distributions of ^Al, a quasirotational nucleus. Though data must exist for more intrinsic
configurations in 2(>A1 than in l^Ho, where the rotational sequences extend to much
higher spins, still all the ^Al spacings may not be independent.
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