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1 Introduction 
Optical fibers and integrated optical waveguides are the basic building blocks of photonic 
devices and systems for optical communication and information processing. In both opti
cal fibers and integrated optical devices, the basic phenomenon is that of waveguidance, 
and in order to effectively analyse and design these waveguides devices, it is neceassary 
to understand the phenemonon of guidance through them. In the most basic form, this 
requires the solutions of Maxwell's equations for the boundary conditions represented by 
the waveguiding structure. Fortunately, for optical waveguides, in most cases of practi
cal importance, the conditions are such that the vector nature of optical waves can be 
ignored, at least to a very good approximation, and then, it suffices to solve the much 
simpler Helm hoi tz equation. This "simpler" Helmholtz equation, however, is still difficult 
to solve paticulaly if the waveguides are not uniform along the direction of propagation 
which is the case for most of the devices. One then has to use approximate and/or nu
merical techniques to obtain solutions of the Helmholtz equation. The present report is 
concerned with some of such techniques that we have developed recently. 

In the most general form, a guided-wave optical device can be represented by an 
index distribution of the form nJ(x, y; z), where z is the general direction of ' . opagation 
of waves and (x,y) represent the transverse coordinates. The modeling ai.d analysis 
techniques aim at obtaining the solution of the wave equation (the Helmholtz equation) 
for the amplitude of the electric field * ( x , y, z) as it propagates through the device. The 
most commonly used technique for obtaining the propagating field distribution through 
a given waveguiding structure for a given input field has been the Beam Propagation 
Method (BPM). However, using such a method for a full three dimensional (3-D) analysis 
is mathematically involved and computationally time consuming. Therefore, often, a 2-
D transverse refractive index distribution is sought to be replaced by an equivalent 1-D 
index profile; the equivalence being defined differently for different methods. In this way, 
one can construct a 2-D equivalent guiding structure for a given 3-D optical device and 
simulate its characteristics. This 2-D guiding structure is then analysed using the 2-D 
BPM which is much less involved and comparatively quicker than 3-D BPM. A good 
majority of guided wave devices can be modelled in this way with a reasonably good 
accuracy. However, this procedure requires a method to obtain 1-D equivalents for a 
given 2-D index profiles. This has been a more difficult problem than propagating fields. 
A number of methods have been proposed, though the most commonly used method 
is the effective-index method (EIM). In fact, the combination of EIM with 2-D PBM 
has the most widely used technique for simulation of integrated optical (10) structures. 
Recently, through a European cooperative study under COST 216 program, it has been 
concluded that this technique does not give sufficient accuracy and one has to look for a 
better alternative. It has also been shown explicitly that EIM always over-estimates the 
propagation constant and the error could be quite substantial. 

We have been working on both the aspects of the problem and have developed a better 
method for obtaining the 1-D equivalent waveguides and a method, better than the BPM, 
to simulate propagation through waveguides. The development of the method for 1-D 
equivalents is based on the understanding of wave propagation through waveguides with 
2-D index profiles. This work has earlier been reported in a LAMP Series Report [1]. 

The simulation of the field propagation through waveguides require numerical solution 
of the Helmholtz equation. We have recently developed a method for this purpose based 
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on the principle of orthogonal collocation and during the past few years have made several 
modifications/advancements in this method. The method is also applicable to nonlinear 
pulse propagation through optical fibers which has lately assumed great importance due 
the possibility of repeaterless communication over several thousands of kilometer through 
soli tons. 

In the present report, we discuss some of the salient features of this method and its 
application to both linear and nonlinear wave propagation through optical waveguides. 

2 Wave Propagation through Optical Waveguides 
A waveguide structure is defined by its refractive index distribution n2(x, y, z) which con
tains all information regarding interfaces also. The electromagnetic fields that propagate 
through such a dielectric structure must satisfy the Maxwell equations. However, in a 
majority of practical waveguiding structures (we will confine our discussion to such cases), 
the relative variation of the refractive index is sufficiently small to allow the scalar wave 
approximation. It, then, suffices to consider instead a much simpler Helmholtz equation: 

a V # v &*l> ,2 2, 

^ + ^ + a ? r + fco"2(*,y,2M*-y,*) = o (1) 

where i/>(x, y, z) represents one of the cartesian components of the electric field (generally 
referred to as the scalar field). The time dependence of the field has been assumed to be 
exp(iti;t) and ko = lojc. 

The problem that is addressed in this report is then to obtain the solutions ^(x, y, z) 
of Eq.l given the field i/>(x,y,z0) at a plane z = Zo- Thus, we are dealing with an initial 
value problem with respect to the variable z (which is generally taken as the overall 
direction of propagation). However, the presence of the partial derivatives with respect 
to the transverse coordinates (x and y) makes this problem much more complex and one 
has to devise special methods even to obtain numerical solutions. For simplicity we shall 
confine our discussions, initially to 2 dimensional structures and return to 3-D structures 
later in Sec. 5. Thus, we consider for the present a planar refractive index distribution, 
n2(x z) for which the Helmholtz equation takes the form 

2?+§?+fc»n2(i- * w x - z ) = ° (2) 

and z is assumed to be the general direction of propagation. 
If the waveguide is uniform in the direction of propagation, the problem of wave 

propagation can be solved in terms of the modes of the waveguide [2],[3]. These modes, 
which have well defined transverse field patterns and have specific phase constants, form 
an orthogonal set of basis functions. An incident field at z=Q can be expressed as a linear 
combination of these modes, which then propagate along the waveguide with their phases 
changing in a definite way but differently, in general, for different modes. Therefore, at 
any other value of z, these would combine to give a field which represents the incident field 
after propagation through the length z of the waveguide. Thus, once the modes are known 
for a given uniform waveguide, one can, in general, propagate a given field through any 
length of the waveguide. It must, however, be mentioned that these modes-the guided and 
the radiation- are infinite in number and, in fact, the radiation modes form a continuum 
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of modes and, hence, the summation/integration over these modes has to be truncated 
leading to an inaccuracy in any propagation. The approach of total field propagation, 
that we discuss next, can therefore also be useful even for uniform waveguides. 

A straight and uniform waveguide is, however, an idealization and practical waveguides 
do have variations along their lengths, such as bends in optical fibers or refractive index 
and/or geometric variations in fibers/integrated optic (10) waveguides. In addition and 
more importantly, there are devices which inherently have structures which are nonuni
form. These include, e.g., tapers, y-junctions, couplers, etc. The transverse cross-sections 
can in general be either rectangular or multilayer as in 10 devices or circular/elliptical 
as in fiber devices. Wave propagation through such guides-wave structures cannot, in 
general, be modelled in terms of the modes, although in some structures it can be treated 
via coupled mode theory (which is usually limited to very few modes)[3]. This has led 
to the development of the approach in which the total fields or beams are propagated 
by numerically solving the Helmholtz equation directly and lately, a number of methods 
have been developed for this purpose. 

There are several advantage of treating total fields, rather than indivisual modes; for 
instance, the analysis is not restricted to uniform or near uniform waveguides and one 
can handle, in principle, arbitrary index and/or geometry variations along the direction 
of propagation. Further, the radiation modes are included in the total field propagating 
along the waveguiding structure and it is not necessary to obtain them explicitly which 
is often not practical. These methods can be used to obtain the evolution of fields in a 
structure that are not uniform along the direction of propagation; an example is in Pig.l 
where the evolution of the field in a y-junction is depicted. The most commonly used 
of these methods is the Beam Propagation Method (BPM) which was first developed to 
propagate laser beams through atmosphere [4]. It was later used for beam propagation 
through optical fibers [5]-[9] and through rib waveguides [10]. In the BPM, using the 
Presnel approximation [5], the total propagation is separated into two parts: propagation 
in a uniform medium and the focussing effect resulting from the transverse inhomogeneity 
in the refractive index. The computation of propagation through the uniform medium is 
done by decomposing the field into its plane waves. This requires the computation of two 
Fourier transforms at each propagation step. The effect of focussing is introduced simply 
in the form of a multiplication by a phase factor at each propagation step. The BPM 
usually requires considerable computational time and can be limited in accuracy because 
of its inherent approximations. An extensive discussion of this method and its limitations 
can be found in [11] and [12]. 

Our method [13, 14] is based on the collocation principle and has some unique features 
in comparison to other methods. It can be used to obtain an arbitrary accuracy and, for 
a desired accuracy, it is faster than the BPM. In Sec.3, we discuss the basic collocation 
principle and its application to solve of Eq.2. Our method uses the orthogonal collocation 
method and hence, we refer to it as the OCM. In Sec. 4, an unconditionally stable form 
of the collocation method is developed using the split-step procedure and we refer to 
this method as the split-step collocation method (SSCM). Section 5 is devoted to the 
discussion on the application of the basic method, the OCM, to three-dimensional (3-D) 
propagation. Section 6 discusses applications of the collocation method to propagation 
through uniform waveguides. In this section, therefore, we discuss the use of our method 
for obtaining the propagation constant and the fields of the modes a given waveguide. On 
the other hand, Sec.6 gives some examples on the evolution of fields through waveguides 
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which vary along the direction of propagation. These include components like tapers and 
y-junctions. 

Nonlinear pulse propagation through optical fibers has lately assumed great impor
tance due to the possibility of repeaterless communication over several thousands of kilo
meter through solitons. These solitons are possible in fibers due to the balance of the 
dispersive nature of propagation by the nonlinearity in the fibers. However, there are 
several aspects of soliton propagation which have to be understood through numerical 
simulation of their propagation. In Sec.8, we discuss the application of the collocation 
method for nonlinear pulse propagation through optical fibers. 

The work on the collocation method has been reported in [13]—[21]. 

3 Basic Collocation Method 
Collocation methods have been used since the turn of this century for solving integral 
equations. These were first applied to the solution of differential equations by Frazer, 
Jones and Skan [22] in 1937 and independently by Lanczos [23],[24] in 1938. The col
location methods belong to the family of methods used for solving differential equations 
which can be grouped together under the common name - the method of weighted residu
als [25],[26]. In the collocation method, the solution of a differential equation is sought in 
the form of a linear expansion as a polynomial or over a set of polynomials or functions. 
The coefficients of expansion are obtained by imposing the condition that the expansion 
satisfies the differential equation exactly at certain discrete points on the independent 
variable axis (or plane). These points are referred to as the collocation points. In earlier 
methods, these points were chosen to be equidistant. However, Lanczos [24] showed that 
such a choice may lead to divergence in results (a phenomenon termed as 'Runge diver
gence') and suggested the use of orthogonal polynomials as the basis functions for the 
expansion. Later, Villadsen and Stewart [27] developed this concept further and called it 
"orthogonal collocation". Fletcher [28] has shown that the orthogonal collocation gives 
results with accuracies comparable to the Galerkin method and its implementation is 
much simpler. Further, the equidistant collocation yields poorer results in comparison to 
the othogonal collocation [28]. Orthogonal collocation has been applied using the Radau, 
Tchebycheff and Legendre polynomials to solve a variety of chemical engineering problems 
(see, e.g., [26]). In all these problems the range of the independent variables is finite. We 
have, for the first time, developed [13] the collocation method for the Helmholtz equation 
which is over an infinite range. We have used the Hermite-Gauss [13], the Laguerre-Gauss 
[14] and the sinusoidal functions [19] as the basis functions. We have used the orthogonal 
collocation method (OCM) which is outlined in Sec.3.1. 

3.1 Orthogonal Collocation Method(OCM) 
We begin with the Helmholtz equation for 1-D propagation, Eq.2, and seek its solution 
for t/>(x, z) as a linear combination over a set of suitable orthogonal functions, ^>„(x): 

*(x,*) = 5>(»)*.(*) (3) 
n=l 

where c„(z) are the expansion coefficients. The choice of 0„(x) depends on the boundary 
conditions and the symmetry of the guiding structure (see Sec.5.2). For a planar structure, 
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for example, the Hermite-Gauss functions are suitable while for a cylindrical structure the 
Laguerre-Gauss functions would be more appropriate. For the present, we have 

* . (* ) = X . _ 1 / 7 n _ I ( a i ) e x p ( - - a V ) (4) 

where A/"„_i is the normalization constant and a is a parameter which can be chosen 
arbitrarily, but its choice can influence the accuracy for a given value of N [14]. Obviously, 
the accuracy of expansion in Eq.3 improves as N increases. Since Eq.2 cannot, in general, 
be solved exactly, an approximate solution is sought by imposing certain conditions which 
determine the coefficients, Cn(z). In the collocation method, this is done by requiring 
that the differential equation, Eq.2, is satisfied exactly by the expansion in Eq.3 at N 
collocation points Xj,j = 1,2,..., N. This implies that we can uniquely determine only 
N coefficients in the expansion and thus the orthogonal functions used in the expansion 
are 4>i,<h,• • • ,4>N- In the orthogonal collocation method, the collocation points x} are 
chosen such that these are the zeroes of <t>N+i- Thus, 

HN{aXj)=0, i = 1,2, ,N 

The Hermite polynomials HN has N distinct zeroes which are well documented in the 
tables for the Hermite-Gauss quadrature formulae [29],[30]. Writing the Helmholtz equa
tion, Eq.2 at each of these collocation points, we obtain a set of N total differential 
equations 

d2xl> _ d2^ 

dx* + - ^ + *iD»a(*j,*hW*) = o. j = l,2,...,N (5) 

where 0j(z) = i/>(x = Xj,z). This set of equations can be written in the form of a matrix 
differential equation: 

<P9 

dz* 
+ D + R* = 0 (6) 

vhere 

¥ ( z ) = col.[i>{xi,z) t/>(x2,z) ... TI>(XN,Z)\ 

R(z) = kl xdiag.[n 2 (z , ,z) n2(x2,z) ... n2(xN,z)} 

D(z) = col. d*V 
dx* dx* 

ay 
dx2 (7) 

Further, we can write the expansion in Eq.3 at the collocation points as 

*(*; .*) = 5 > ( * ) ^ ( * j ) , J=h2,...,N 

which can also be written in the matrix form as 

*(*) = AC(z) 

where 

C(*) = 

/ C,(«) \ 
C2(z 

\CN(z)J 

f <t>\(xi) Mxi) 

4>\(xt) <fo(xi) 

\4>I(XN) <hixn) 

4>N{*2) 

4>N[XN)/ 

(8) 

(9) 
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Similarly, by differentiating Eq.3 twice with respect to x and writing the resulting equa
tion at each of the collocation points, we obtain 

vhere 

B = 

D(«) = BC(») 

\-a? &\ 

8* 

(10) 

(11) 

Substituting from Eq.8 C = A - 1 * into Eq.10, we get D(z) = B A - ' * ( z ) and Eq.6 
then takes the form 

+ S * ( z ) = 0 (12) 
dz2 

vhere 
S = B A ~ ' + R(z) = S 0 + R(z) (13) 

We shall refer to Eq.12 as the collocation equation. In deriving this equation from the 
Helmholtz equation, Eq.2, no approximation has been made except that N is finite, and 
Eq.12 is exactly equivalent to Eq.2 as /V -> oo. Equation 12 is a matrix total differential 
equation and can be solved as an initial value problem using any standard method such 
as the Runge-Kutta method or the predictor-corrector method [29],[31]. 

The field represented by 9(z) varies rapidly on account of its phase factor. In a 
homogeneous medium, this phase factor can be exactly taken out as 9{z) = X0exp(—ikz) 
where k is the wave number in that medium and X0 is a constant matrix. In a waveguiding 
structure, one can similarly write 

• ( « ) = X(z)e~ (14) 

where X(z) is a slowly varying envelope of the wave and k = kon^f with nref being the 
index of a reference medium (a convenient choice is the cladding or the substrate index). 
Substituting from Eq.14 into Eq.12, we obtain an equation satisfied by the envelope X(z): 

^ - 2 . f c ^ + ( S - f c J I ) * ( z ) = 0 
dz* dz 

(15) 

where I is a unit matrix. For a mode in a uniform waveguide, it is sufficient to consider 
the parabolic equation which is obtained by neglecting the second derivative term: 

dX_ 

dz 
= (S - k2l)X{z)/2ik, (16) 

since the propagation constants and the modal fields obtained from Eq.15 and Eq.16 are 
simply related [7]. Even for a non-uniform waveguide, Eq.16 is an excellant approximation 
which is equivalent to the Fresnel approximation [5]. This approximation has been exten
sively used in the study of waveguides and is in fact an essential approximation for the 
BPM. In our method, on the other hand, it is optional as one could solve either of Eqs.15 
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& 16. However, we have found that, in practical waveguiding problems, this approxima
tion is extremely good except near the excitation planes where rapidly varying transient 
fields exist or in cases where reflections are important such as periodic structures. In our 
examples, we have solved Eq.16. 

It may be pointed out that S(z) has the z-dependence only through the diagonal 
matrix R(z) , and B A _ I is constant. Thus, BA _ 1 has to be computed just once to solve 
a waveguide design problem in which the refractive index distribution is changed to get 
a desired effect on the propagation. The matrix A always has an inverse as long as the 
collocation points are distinct and the basis functions are linearly independent- Further, 
in case of orthogonal collocation, A"1 can be obtained by simply multiplying its transpose 
AT by a known diagonal matrix (see Appendix A). 

3.2 Numerical Example 

In this section, we consider an example to show the accuracy and efficiency of the col
location method. We also compare our results with those obtained using the BPM. In 
order to show the inherent accuracy of the method, we consider the propagation of the 
fundamental mode through a uniform waveguide. The modal field does not undergo any 
change except for a phase factor; hence, any change in the amplitude of the modal field 
would directly reflect the error in the method of propagation. We also choose an index 
profile for which the modal field and the propagation constant are analytically known. 
Thus, the numerical computations have been performed for a secant-hyperbolic pre file 
[32]: 

n2(x) = n] + (nj - n2) sech2(x/a) (17) 

with a=3f*m, ni = 1.45 and n2=1.4476. We assume the free space wavelength of the 
propagating wave to be A0=1.31^m so that the V-value is 1.2, where V = koaJn] — n\. 
We consider the incidence of the fundamental mode of the waveguide at z=0; thus [32], 

0 ( i , z= 0) = cosh'W(x/a) (18) 

where W = ayf}2 — k%n\ = ^y/l + 4 V 2 . As a measure of accuracy we have computed the 
correlation factor (CF) of the propagating field at z=z /s l00 |*m with the incident field: 

r,j?_ Jrl>'{x,z = 0)xl>(x,z = zj)dz 

J{f |0(x, * = 0)|2 dz}{f |*(x, z = z,)\2 dz} 

The absolute value of the correlation factor should be unity, since only the phase changes 
as a mode propagates through the waveguide. Thus, any deviations in \CF\ from unity 
is a direct measure of the accuracy of the method used for computing the propagated 
field. This quantity is plotted in Fig.2. For comparison, we have also included the results 
obtained using the BPM with a grid of 128 points in the cross-section between -50f*m 
to 50/im. The value of the extrapolation interval is 2.5/im for all calculations. Further, 
to show the computational efficiency of the method, we have also shown the relative 
computation time. The Runge-Kutta method has been used to solve Eq.16. The figure 
clearly shows that the collocation method is computationally more efficient than the 
BPM. For example, an accuracy of ~ 1 0 - 9 is obtained using BPM with 128 points. The 
same accuracy is obtained using the collocation method with /V=42 and the computation 
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time is reduced by about 40%. Further, for W-values between 42 and 55, the collocation 
method gives better accuracy with smaller computation time in comparison to the BPM 
with 128 points. 

3.3 Salient Features of the Collocation Method 
1. Both the BPM and the collocation method are based on the scalar wave approxi

mation. However, in the formulation of the BPM it is necessary to make a further 
approximation, namely, the Fresnel approximation, which is justified in most cases 
of practical interest. However, there are cases where this approximation cannot be 
used (e.g. periodic waveguides). In the collocation method, the Fresnel approxima
tion is not essential; but, its use, wherever applicable, reduces the computational 
effort. No physical or mathematical approximation is made in deriving Eq.12. The 
only approximation made is the finiteness of N. The accuracy improves indefinitely 
as N increases. 

2. It is quite straightforward to obtain propagation constants and modal fields with the 
collocation method (see Sec.6). Finding eigenvalues and eigenvectors is much more 
tedious in the case of the BPM [8]. It is possible to develop a matrix eigenvalue 
equation using BPM for uniform waveguides using the split-step FFT method [33], 
but the matrix so obtained is complex with complex eigenvalues whereas in the 
collocation method, the matrix obtained is real and its eigenvalues are real (see 
Sec.6). 

3. An important approximation in the BPM is the finite extent of the computational 
grid beyond which the FFT procedure assumes the field and the waveguide to be 
periodic. One has to assume the presence of strong absorbers at the edge of the 
grid. There is no need for such an assumption in the collocation method. 

4. In the collocation method, it is possible to take computational advantage of the 
special symmetry of the waveguiding structure. For example, in a circularly sym
metric fiber or fiber devices, the three dimensional problem can be treated as a two 
dimensional problem (see Sec.5.2). 

5. The collocation equation, Eq.12, is equivalent to the Helmholtz equation except 
for the finiteness of N and this equivalence can be made as accurate as desired by 
making N large enough. However, computational effort increases at least as N2 

because of the matrices involved. Further, the approximations also come into play 
due to the numerical method adopted for the solution of the collocation equation. 
Thus, the results obtained in Fig.2 using the Runge-Kutta method do not show any 
saturation in accuracy as the error is sufficiently small for the Az-values used due 
to the single step error in the Runge-Kutta method being of the order of [(Az)5]. 
However, other methods (see, e.g., Sec.4) of lower accuracy do bring in saturation 
in accuracy. 
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4 Unconditionally Stable Form of the Collocation 
Method 

4.1 Problem of Stability 

The matrix equation obtained from the Helmholtz equation in the Sec.3 can be solved 
using a variety of numerical methods such as the Runge-Kutta methods or the predictor-
corrector methods. These methods are available in various orders, e.g., the most com
monly used Runge-Kutta method is of the fourth order and the single step error term is 
proportional to (Az)5. This generally means that in comparison to a lower order method, 
this method gives comparable error with a larger step size, Az. However, we are dealing 
with a matrix equation which is basically a set of simultaneous differential equations. In 
solving such a set of equations, one could encounter the problem of stiffness which means 
that a numerical solution of such a system of equations can become unstable unless the 
step size, Az, is very small (see, e.g., [34]). For instance, in the numerical examples of 
Sec.3.2, we have used Az=2.5/jm. However, a value of Az > 5/im results in blowing up of 
the solution after propagation through a few steps. Stiffness is a widely studied problem 
in applied mathematics (see, e.g., [34],[35] for a detailed discussion on this problem). A 
lower order method (e.g., second order Runge-Kutta method [29]) is more stable than 
a higher order method. Further, the stiffness gets evened out after a certain number of 
iterations and one could use a larger step size for further iterations. Although there are 
some special methods available for dealing with stiff systems [34]-[36], these are some
what involved to use. To overcome the problem of stiffness, we have developed a different 
approach to solve the collocation differential equation. This approach is of the second 
order and uses the symmetrized splitting of an operator just as in the case of the BPM. 
It is also necessary, as in the BPM, to use the Fresnel approximation. 

4.2 Split-Step Collocation Method (SSCM) 

We consider Eq.16 which can be expressed in the form 

^ = (H, - H,)*(z)/2.p (20) 
dz 

where Hi = R(z) + Di — j?\ is a z-dependent diagonal matrix and Hj = ADjA - 1 is a 
constant square matrix. The matrices Di and D2 are defined as (see Appendix A) 

D, = a4 x diag.(x} x\...x2
N) and D2 = a7 x diag.[l 3 3 . . . {2N - I)] (21) 

A formal solution of Eq.20 can be written as 

X(z + Az) = exp[(H,(z) - H,)Az/2ip]*(z) (22) 

which, on using the symmetrized splitting, becomes 

* ( z + A * ) = PQ(*)P*(z) + Ol(Az)3] (23) 

with 
P = exp[-H2Az/4tp] and Q(z) = exp[H,(z)Az/2ip] 
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The matrix P is a constant matrix and is to be evaluated only once for a propagation 
problem. The evaluation of P can be directly done because of its special form 

P = exp[-AD3A_ l] 

where the matrix D3 = D2Az/4t'p is a diagonal matrix. An expansion the exponential 
followed by some matrix manipulations, we obtain 

P = Aexp(-D3)A_ 1 

The exp(—D3) can be easily evaluated since D2 is a diagonal matrix and the exponential 
of a diagonal matrix is a diagonal matrix with the diagonal elements being simply the 
exponential of the corresponding diagonal elements of the argument matrix. Similarly, 
the matrix Q(z) can be easily evaluated since it is also the exponential of a diagonal 
matrix. Further, since the diagonal matrices commute with each other, we can separate 
the z-dependent part in Q(z) as 

Q(z) = Qi QiW 

with 
Q, = expKD, - p2I)Az/2ip] and Q2(z) = exp[R(z)Az/2ip] 

The evaluation of Qi and Q2(z) is simple since these are diagonal matrices. 
Thus, a basic propagation step of the split-step collocation method (SSCM) is 

X(z + Az) = PQ,Q2(z)P*(z) + 0[(Az)3] (24) 

which requires two multiplications of a square matrix with a vector and one multiplication 
of a diagonal matrix with a vector, since PQ, can be evaluated once and treated as a 
single constant matrix for the propagation. Since all the matrices P , Qi and Q2(z) are 
unitary for real indices, these do not blow up for any value of the arguments. Thus, this 
algorithm is unconditionally stable for any value of Az. 

However, for obtaining desirable accuracy, the value of Az is typically only few microns 
whereas the propagations lengths could be several thousands of microns, indeed even 
millimeters. Thus, normally propagation over several thousands of steps is to be carried 
out. In such cases, one does not require to monitor the actual field profile at each step 
of propagation and in reality several hundred steps are evaluated without visualizing the 
field. In such cases, the computational effort could be further reduced by making the 
following transformation 

y(z) = P*(z) and T = P2Q, 

wwere T is a constant matrix. Equation 24 then takes the form 

3>(z + Az) = rQ2(z);y(z) 

Now, each propagtion step requires the multiplication of a diagonal matrix with a column 
vector and the multiplication of the resulting vector with a square matrix. Conversion 
from X to y and from y to X is required only at the initial point and the final point, 
respectively. 
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4.3 Example and Discussion 
We again consider the example discussed in Sec.3.2 and results are given in Fig.3 where we 
have plotted the error in the correlation factor as a function of N. The results of Fig.2 are 
also included for comparison. The figure shows that the SSCM gives the same accuracy 
as that obtained by solving the collocation equation in the OCM using the Runge-Kutta 
method for smaller Az-values, but the computation time is reduced by a factor of about 
two. The reduction in the comf utation time arises because, in the SSCM, the number of 
multiplications required to propagate the field over one step reduces to 2N(N + 1 ) from 
4N2 in the the Runge-Kutta method. For relatively larger N and Az, the accuracy 
curve saturates. This is due to the (Az)3 error in the splitting of the operators (Eq.23). 
In the Runge-Kutta method, this error is of the order of (A*)5 [31] and hence, saturation 
in the correlation error does not appear unless very large N is used; however, one cannot 
use larger values of Az, since the Runge-Kutta solution becomes unstable. The SSCM, 
however, involves only unitary operators (for real refractive indices)and is hence stable 
for arbitrary values of Az. This fact is explicitly shown in Fig.4 where the error in the 
correlation factor is plotted as a function of z for different values of Az. The method 
remains stable even for Az = 50/jm though the error increases. On the other hand, 
the error in the OCM with the Runge-Kutta solution blows up for Az > 5fun after 
propagation through few steps only. 

5 Application to 3-Dimensional Propagation 

In the sections above, we have confined our discussion to two-dimensional guiding struc
tures. In this section, we discuss the extension of the collocation method for 3-D guiding 
structures. A direct 3-D analysis is much more involved and time consuming and, there
fore, in a number of cases modelling is done by reducing the 3-D structure to an equivalent 
2-D structure using methods like the effective index method [39], [40] or the variational 
method [1],[41], [42] and studying the propagation through the 2-D structure [43]. In 
such cases, the methods discussed above are useful. However, a 2-D model may at times 
give erroneous results (See [44]). Thus it becomes necessary to have a general method to 
study three dimensional structures. 

The collocation method can be easily extended to three dimensions, but, as in the case 
of the BPM, there is a substantial increase in the computational effort, which may be 
greater by one or two orders of magnitude in comparison to that in 2-D cases. In general, 
one has to use Cartesian coordinates for 3-D problems, except when the device is made 
from optical fibers and retains its circular symmetry (as, for example, in fiber tapers). 
In the latter case, one could use the circular cylindrical coordinates with substantial 
computational advantage (see Sec.5.2). 

5.1 3-D Structures in Cartesian Coordinates 
We now consider the 3-D Helmholtz equation, Eq.l, and use a double linear expansion of 
the field in terms of two sets of the Hermite-Gauss functions: 

i>{*, ^ ) = E E i<nmM*)i™(y) (25) 
ns l m=l 
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Tfcble-I: N u m b e r of Multiplications in One Propagation Step" 

2 - D 
3 - D 
Increment Factor 
(m,N-» 1) 

The BPM 
m(41og2m + 1) 
m2(8 log2 m + 1) 

2m 

The Collocation Method 
4N1 

4N2(2N + 1) 
2N 

m is the number of sample points in ie BPM and N is the number of collocation points. 

where 4>n(x) are defined in Eq. 4 and r)m(y) are defined in an identical way with y and 
K instead of x and a. Following the procedure described in Sec.3.1, one can define the 
collocation points on i and y axes and convert Eq.l into the following matrix differential 
equation (see [14] details) 

— T + S o * + * T r + R ( ¥ ) = 0 (26) 
az' 

where * is now a N x M matrix defining the field 0 (z ,y ) at a matrix of collocation 
points, S 0 is defined in Eq.13 and T is defined in an identical way with r)m(y) replacing 
4>„{x). T r represents the transpose of T . Further, R ( ¥ ) is a N x M matrix with its 
elements defined as 

[R(*)]„m = kln2(xn,ym,z)tl>{xn,ym,z) 

Under the Fresnel approximation, we can reduce Eq.26 to a first order differential equation 

^ = [SX + XTT + R{X) - k2X]/2ik (27) •? 
az 

where X and k are defined in Eq.l4. To give an estimate of the increase in computational 
effort while going over from 2 to 3 dimensions, we have shown, in Table-I, the number 
of multiplications to be performed in each propagation step for both the BPM and the 
collocation method(OCM). As can be seen from Table-I, the increase in the number 
of multiplications while going over from 2 to 3 dimensions is two times the number of 
sample points in the transverse cross-section for both the cases. Thus, the increase in the 
computational effort can be expected to be less in the collocation method, since, as we 
have seen in Sec.3.2, the number of collocation points needed to achieve a certain degree of 
accuracy is substantially less than the number of points needed in the BPM. A numerical 
example is included in Sec.5.3. 

5.2 3-D Structures in Circular-Cylindrical Coordinates 

Optical fibers and fiber based devices fall in this category of guiding structures. If the 
device is made in such a way that the structure retains its azimuthal symmetry, as in the 
case of fiber tapers and expanders, then it is more advantageous to work in the circular-
cylindrical co-ordinate system. Further, if one considers field patterns of one kind of 
azimuthal symmetry at a time, it is possible to write the scalar Helmholtz equation as: 

^ + ^ + I ^ _ ^ + fcy(r,,Wr,,) = 0 (28) 
dz2 Or2 r or r2 
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where / is the azimuthal symmetry parameter of the field. The above equation is a partial 
differential equation and using the collocation method it can be converted into a matrix 
differential equation. As an illustration, we consider the case of circularly symmetric 
modes, /=0, and we can expand ip in terms of the Laguerre-Gauss functions [29] which 
form a complete set of circularly symmetric functions in the domain 0 < r < oo, and go 
to zero as r —• oo. Thus, we write 

V>(r,2) = £ t f „ 0 „ ( r ) 
n=l 

where 

e « ( r ) = L B _, (&V)exp(- i& 2 r 2 ) (29) 

The corresponding matrix differential equation is 

<P9 
dz2 + 6 A ~ 1 ¥ + R(2)¥ (z ) = 0 (30) 

where the elements of A, fi and R are defined as 

Ain = e„ ( r > ) , 

j" - dr* + r dr 

Rjn = *gn2(ri.»)«>» (31) 

r / s denote the collocation points defined as the zeroes of 0 \ + i ( r ) . Under the Fresnel 
approximation, we then have (cf. Eq.16) 

^ = [ 6 A - 1 + R(*) - k2l]X(z)/2ik (32) 
dz 

Thus, the computational effort involved in solving Eq.32 would be of the same order as 
that in case of planar waveguides. 

5.3 N u m e r i c a l E x a m p l e 

We now consider an example to show the effectiveness of the collocation method for 3-D 
propagation. We have performed calculations for a circularly symmetric waveguide with 
a Gaussian profile. We have chosen a circularly symmetric refractive index profile so that 
we can compare the results obtained using the methods developed in Sec.5.1 and Sec.5.2. 
The refractive index profile is given by 

n 2 (x ,y ,z ) = n2 + ( n 2 - n 2 ) e x p [ - ( x 2 + y2)/a2] 

or, „ 2 ( r , z ) = n2 + ( n 2 - n 2 ) e x p [ - r 2 / a 2 ] (33) 

with n1 = 1.45, n2=1.435, A=1.3/im and a=2.5/im. We again consider the propagation of 
the fundamental mode and after a propagation through a distance of z=10/jm, we obtain 
the error in the correlation factor (defined in an analogous way as in Eq.19) between the 
field at 2=0 and the field at z=l0fim. This error is plotted, in Fig.5, as a function of 
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number of N, (we have taken M=N). The continuous curve is obtained using the method 
of Sec.5.1, while the dash-dot curve is obtained using the method of Sec.5.2. The order 
of accuracy obtained is nearly the same for a given N in the two cases; however, in the 
case of circularly symmetric basis functions, the computational effort is much less ( about 
1/40 for N=30). The figure also shows that the accuracy obtained using the 3D-BPM 
with 60 points can be achieved by using 30 collocation points (the method of Sec.5.1) and 
the time taken is about one third (the dashed curve shows relative computation time for 
method of Sec.5.1). Thus, we see that even in the case of three dimensional waveguides 
our method works better than the BPM, as can be expected from Table-1. 

6 Analysis of Uniform Waveguides 

Although the main application of the collocation method is in the study of structures 
nonuniform in the direction of propagation, it can also be used simply and effectively 
for obtaining the modes of a waveguide. In case of uniform waveguides, the collocation 
method results in a matrix eigenvalue equation, the solution of which yields the propa
gation constants and modal field distributions. We have solved this eigenvalue problem 
for different planar waveguides and have shown that the accuracies obtained using the 
collocation method are comparable to those obtained using the Galerkin method for the 
same number of basis functions and the computational effort taken is much less [14]. 
However, in case of refractive index profiles with a discontinuity, the collocation method 
yields poorer results for the propagation constant which can be improved by a simple 
perturbative correction [14]. 

We again consider the collocation equation, Eq.12. For a mode in a uniform waveguide, 
9(z) can be written as 90exp(—i(3z), where 90 represents the modal field pattern at 
the collocation points and remains unchanged along the length of the waveguide, and (3 
is the propagation constant. Substituting this form for 9(z) in the matrix differential 
equation, Eq.12, we obtain 

S * 0 = /?2*o (34) 

which is a standard matrix eigenvalue equation. S is a real but not a symmetric matrix. 
However, by a similarity transformation, which leaves the eigenvalues of S unchanged, 
it can be transformed into a real symmetric matrix (See Appendix A for details). Thus, 
the eigenvalues and eigenvectors are all real and since the evaluation of eigenvalues for a 
symmetric matrix is much simpler, the computational efort required is also considerably 
reduced. 

In order to demonstrate the accuracy and the computational efficiency of the colloca
tion method in evaluating the modes of a waveguide, we include here an example [14] on 
a cladded prabolic profile: 

n2(x) = nf - (nj - n\) x2/a2, \x\ < a0 

= n\, \x\ > Oo 

where ni = 1.45, n2=1.447636, a0=3/im and the wavelength is varied to obtain different 
values of the V parameter. The results for the first two modes for different V-values are 
given in Table-II. The results obtained using the Ritz-Galerkin method are also included. 
The table also shows a relative computation time to obtain these results. It can be 
seen that for such profiles, which are continuous, it is greatly advantageous to use the 
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Table-II: Convergence of Numerical Results for 0/ko for a Cladded Parabolic 
Profile Waveguide 

V m 
1.2 0 

1 
2.8 0 

1 
3.2 1 

Exact 
1.44843 
1.44742 
1.44918 
1.44778 
1.44795 

Computation time 
(arbitrary units) 

Collocation Method 
Ar=20 
1.44844 
1.44720 
1.44918 
1.44777 
1.44794 

5836 

N=30 
1.44843 
1.44734 
1.44918 
1.44778 
1.44795 
11435 

Ritz-Galerkin Method 
N=20 
1.44843 
1.44721 
1.44918 
1.44778 
1.44795 
18354 

N=30 
1.44843 
1.44735 
1.44918 
1.44778 
1.44795 
36978 

collocation method, since the degree of convergence is the same for both the methods 
for a given N, whereas the compulation time taken by our method is considerable less. 
The main reason for this difference is that there is no integration involved in our method, 
while in the Ritz-Galerkin method one must evaluate N x N integrals numerically. 

A number of additional numerical examples are given in Ref.[14]. 

7 Evolution of Fields through Nonuniform 
Waveguiding Structures 

In this section, we include few examples to show the applicability of the collocation 
method to the waveguiding structures that vary along the direction of propagation. In 
such cases, as mentioned earlier, the modal picture is no longer applicable, and the meth
ods like the collocation method and the BPM offer the only possible solution to such 
propagation problems. 

In the first example, we consider the propagation through a linear taper with index 
profile given by Eq.17 with the half-width a now becoming z-dependent as 

a(z) = a0-(z 

with a0=3/im and ( = 0 . 1 . We have carried out calculations for a taper of length lOfim. 
Thus, the half width of the guide reduces linearly from 3/im to 2/im. The incident field is 
taken to be the normalized local fundamental mode at z=0. After propagation through 
the length of the taper, the power lost from the fundamental mode is calculated by 
taking the difference from unity of the square of the absolute value of the overlap integral 
between the output field at the end of the taper and the local normalized mode field 
of the waveguide with half-width a=a(10/im). The convergence of results is depicted in 
Fig.6 where we have plotted the fractional power lost from the fundamental mode as a 
function of computation time (normalized with respect to the time taken for the BPM 
with 128 points). The curves are obtained by varying the number of points in both the 
collocation method and the BPM. The figure shows that the time taken to reach the 
convergence is about 1/2 in the Runge-Kutta solution (OCM) and about 1/3 with the 
SSCM in comparison to the BPM. Similar results have been obtained for tapers with 
cladded parabolic index profile [14]. 
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As the next example, we consider propagation through a Y-junction shown in the 
inset of Fig.l. Such a device serves the purpose of a beam divider in the integrated 
optical circuits. In our example, the index profile of each of the waveguide is given by 
n(x) = 2.1512 + 0.0006sech2(2i/3) with the separation of PORT 2 and PORT 3 being 
lOfim and the length of the coupling region is 1mm. The fundamental mode at A=1.15/im 
is launched in PORT 1. Figure 1 shows evolution of the field as it propagates through the 
coupling region. The power coupled into the mode of PORT 2 is 49.55% of the incident 
power which means that there is a loss of 0.90% power. The convergence is obtained with 
50 collocation points in these calculations. 

As the final example, we consider propagation through a fiber taper. The profile 
of the fiber is given by Eq.33, but now the width parameter a varies linearly with z 
as a(z) — 2.5 - 0.05z in /jm. The loss from the fundamental mode of the fiber after 
a propagation through a length of 10/im is computed. The results are given in Fig.7 
which shows that the convergence in the loss calculation is obtained with the collocation 
method in about half the computation time in comparison to that in the case of the 
BPM. For these calculation, we have used the Cartesian coordinates and the fourth-order 
Runge-Kutta method. 

8 Application to Nonlinear Pulse Propagation 
through Optical Fibers 

8.1 Generalized Nonlinear Schrodinger Equation 

It is well known that the effect of pulse dispersion in optical fibers can be reduced by 
the use of the nonlinear Kerr effect as proposed by Hasegawa and Tappert [45] and 
experimentally verified by Mollenauer et al.[46]. A large number of interesting nonlinear 
phenomena occur in optical fibers due to the interplay of nonlinear and dispersive effects. 
Under some specific conditions solitons exist; solitons are pulses with specific shapes which 
travel undistorted for extremely large distances as a result of balance between nonlinear 
and dispersive effects in a fiber (see, e.g.,[47],[48]). 

The nonlinear evolution of short pulses in an optical fiber is usually described by the 
nonlinear Schrodinger equation (NLS) which has been analytically solved [49]. The NLS 
equation holds good for propagation of pulses of picosecond duration through a lossless 
fiber. However, some assumptions implicit in the equation are no longer valid for pulses of 
smaller duration, particularly, in the femtosecond regime. Hence, the NLS equation has to 
be modified to include a host of other phenomena, such as higher order dispersion, higher 
order nonlinearities and self-steepening. Thus, in presence of Kerr-like nonlinearity, pulse 
propagation through a real (lossy) fiber can be described by the Generalised Nonlinear 
Schrodinger Equation (GNLSE) [47], [50] 

T ^ ^ - ^ - ^ = m* E + .•<£(|S|' E) - ^£(1*1')] (35) 

where it is assumed that the pulse is propapagting in the region of anomalous dispersion 
(/?2 < 0). The space and time variables are normalized such that 

e = z|/?2 |/T0
2; r = V 2 T / T 0 ; T = t - faz; /?„ = | £ (36) 
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where T represents the reduced time (measured from the pulse center), T0 is the width 
of the pulse and /?i is the inverse of the group velocity of the pulse. In Eq.35, E(z, t) 
denotes the envelope of the electric field and is assumed to be a slowly varying function 
of z and t: 

0 ( ^ , O = £( ^ ,O« [• (" ' - ' " ) , (37) 

Further, in Eq.35, 7 is the attenuation coefficient and the parameters 6, s and TR repre
sent, respectively, the effect of higher order dispersion, self-steepening and the retarded 
nonlinear response. Explicitly, these can be written as 

S = y/2/33/31/?, I To, a = 2\/2/u>0T0 and rK = V2TJT0 (38) 

where /33 is the third order dispersion parameter and TR is related to the slope of the 
Raman gain in the fiber [47]. All these parameters 6, s and TR vary inversely with the 
pulse width and are negligible for pulses with To >lps , and become appreciable for pulses 
in the femtosecond regime. 

Analytic solutions of Eq.35 are possible only for few specific cases and in most cases, the 
GNLSE has to be solved numerically. The numerical method commonly used to solve the 
GNLSE is the split-step Fourier method [47], [51], which is in fact similar to the BPM. This 
type of procedure has some inherent drawbacks. One has to use numerical differentiation 
in evaluating terms containing time derivatives of the pulse envelope. Further, the effects 
of nonlinearity and dispersion are assumed to be separated in space, whereas in reality 
both act simultaneously. The collocation method does not suffer from these drawbacks and 
the numerical examples show that the collocation method is considerably more efficient 
even for solving GNLSE. 

8.2 Collocation Method for the GNLSE 

We begin by expressing the pulse envelope E(£, r ) as a linear combination of the Hermite-
Gauss functions, ^>„(r) = / / „ _ 1 ( a r ) e x p ( — Q 2 T 2 / 2 ) : 

£ ( ^ ) = E ^ » ( T ) (39) 
n=l 

Q being the width parameter. The collocation points are now defined as the N zeroes 
of HN(CIT). Applying the collocation principle as described in Sec.3.1, Eq.35 can be 
converted into the following matrix differential equation: 

< f + 7 E - i B A " ' E - < 5 D A ~ ' E = 

+ i P E - M [ Q F A ~ ' E * + 2 P F A " ' E ] (40) 

- .•r f i[QFA"1E' + P F A " 1 E ] 

where E(£) is a column vector of the values of E(£, T,) at consecutive collocation points 17 
and P and Q are diagonal matrices with the successive diagonal elements being |£(£, T, ) | 2 

and E2(£, Tj), respectively. The elements of the N x N matrices A, B, D and F are defined 
as: 

Ajn = Vn(Tj) 
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b - i* 

(41) 

Various dervatives of ^>„(r) can be analytically evaluated using the recurrence formulae 
for H„(T) [29]. The matrix equation, Lq.40, is solved using the Runge-Kutta method 
starting from the given pulse shape E(£ = 0 , T ) at £ = 0. 

8.3 Numerical Example 

To establish the accuracies obtainable using the collocation method, we consider an ex
ample for which an analytical solution is known. Neglecting the effects of loss, third 
order dispersion, self steepening and the retarded nonlinear response, Eq.35 reduces to 
the nonlinear Schrodinger (NLS) equation: 

.»•££•«•«-. (42, 

which gives solitons as its solutions. The fundamental soliton has an initial pulse shape 
defined by (see, e.g., [47]) 

£ ( { = 0 , T ) = s e c h ( r / V ^ ) (43) 

In our example, we have propagated this pulse using the collocation method upto £ = 2 
and have calculated the correlation factor (CF) of the output pulse amplitude with the 
input pulse amplitude: 

CF = J g - ( g = 2 , r ) £ ( { = 0 , r ) r f r ^ 

Jj\E(Z = 2,T)?dT.J\E(Z=0,T)\2dT 

Ideally the absolute value of the correlation factor should be equal to unity since only phase 
changes with £. The deviation of the absolute value of the correlation factor from unity 
gives a measure of the error in the method of propagation. We have plotted this error as 
a function of the number of collocation points in Fig.8. We have also performed the same 
computations using the split-step Fourier method (BPM). We see that the accuracy of 
little over 10 - 9 , obtained by using 64 BPM points, can be obtained by using 35 collocation 
points and the computation time required is about half. On the other hand, in about the 
same amount of computation time (i.e., with N = 50, since, in the collocation method 
the computation time inceases as N2), an improvement in accuracy by about two orders 
of magnitude can be obtained. 

More examples on pulse propagation including the effects of higher order dispersion, 
self-steepening and retarded response are included in Refs. [20], [21]. 
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9 Summary 

In conclusion, we have described the collocation method for propagation of optical fields 
through waveguiding structures and have presented some numerical examples for demon
strating the validity of the methods presented and for comparing wherever possible with 
the commonly used Beam Propagation Method (BPM). 

We have shown through examples that the collocation method has a substantial com
putational advantage over the BPM. The collocation method converts the Helmholtz 
method into a matrix differential equation and the accuracy of this matrix representation 
can, in principle, be improved in an unlimited fashion as the size of the matrices involved 
increases. This, however, increases the computational effort involved and one generally 
has to make a compromise between the accuracy obtained and the computional effort 
put in. For a desired accuracy, the computational effort in the collocation method is 
substantially smaller in comparison to the BPM. In addition, there are several advanta
geous features hi the collocation method that cannot be implemented in the methods like 
the BPM. For example, the collocation method retains the second order differentials in 
the Helmholtz equation. This allows the use of the collocation equation for waveguiding 
problems in which reflections are involved. 

As mentioned above, the collocation method results in a matrix differential equation 
(which has been termed as the collocation equation); this is a great advantage, since this 
equation can be solved in a variety of ways depending on the problem at hand. One could 
solve it using a direct method like the Runge-Kutta method or the predictor-corrector 
method [29], [31], or, by using matrix operator algebra, or, by using a perturbative ap
proach wherever applicable. For homogeneous media, even analytical solutions are possi
ble. 

The collocation method is general enough to be applicable to other propagation prob
lem not based on the Helmholtz equation. We have used this method to solve the gen
eralized nonlinear Schrddinger equation to model nonlinear pulse propagation through 
optical fibers. It can also be similarly applied to nonlinear propagation problems in pla
nar waveguides. 
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Appendix -A: Properties of Matrices A. and S 

We derive, in this Appendix, some of the proprties of matrices A and S. The matrix A 
is defined in Eq.9. The Hermite-Gauss functions, <̂ >„(x) are the functions used in the 
Gaussian quadrature procedure over the interval oo to —oo[29],[30]. In this procedure, 
an integral over an infinite domain can be exactly converted into a finite summation if the 
integrand satisfies certain conditions. Using this property, we can write 

r <f>n(u)<f>m(u)du = JT Wf<f>n(u,)<f>m(u,)du = 6a 
J-°° ;=1 

where u = ax and Wf are the weight functions tabulated in the Gaussian quadrature 
tables [29], [30]. The integral on the left side is equal to the Kronecker delta, Sij because 
the functions <j>n{ii) a r e orthonormal to each other. The summation in the above equation 
can be written in terms of matrices as 

(WA T ) (WA) = I 

where W is a diagonal matrix with W\, W 2 , . . . , Wn as its diagonal elements. With simple 
manipulations, this equation can be written as 

A A T = ( W W 7 - ) ' 1 

which gives an analytical expression for the inverse of A 

A" 1 = A T ( W W T ) = A T W 2 

Thus, the inverse of A can be found by simply multiplying the transpose of A by a 
known diagonal matrix W 2 . 

The functions <f>n{u) satisfy the following differential equation [29] 

^ P = [u2 - (2n - 1)]<M«) 

and, hence, the elements of matrix B, defined in Eq . l l , can be written as 

B]n = a2[u2-(2n-\)}A,n 

which, in the matrix form, can be written as 

B = D , A - A D 2 

where Di and D 2 are defined in Eq.21. The matrix S can now be written as 

S = D , + R - A D 2 A _ 1 = D< - A D 2 A _ 1 

where D 4 is a diagonal matrix. Now, we make a similarity transformation of S by A to 
obtain 

S' = A ' S A = A 1 D 4 A - D 2 

We have seen above that A A is a diagonal matrix and since all diagonal matrices 
commute with each other, we can write 

D< = ( A A T ) D 4 ( A A T ) - 1 

A " ' D 4 A = A T D 4 ( A T ) - ' 

= ( A - ' D ^ A f 

which shows that A " ' D 4 A is a symmetric matrix and hence, S' is also a real symmtric 
matrix. Thus, the eigenvalues and eigenvectors of S' and S are all real. 

21 



References 

Sharma, A. and P. Bindal, "Solutins of the 2-D Helmholtz equation for optical waveg
uides: semi-analytical and numerical variational approaches", LAMP Series Report, 
L A M P / 9 2 / 2 , 1-29 (1992) (Published by the International Centre for Theoretical 
Physics, Trieste,Italy). 

Ghatak, A.K. and K. Thyagarajan, Optical Electronics, Cambridge University Press, 
1989. 

Snyder, A.W. and J.D. Love, Optical Waveguide Theory, London Chapman k. Hall, 
1983. 

Fleck, J.A.,Jr., J.R. Morris and M.D. Feit, "Time-dependent propagation of high 
energy laser beams through the atmosphere", Appl. Phys., 10, 129-160, 1976. 

Feit, M.D. and J.A. Fleck, Jr., "Light propagation in graded-index optical fibers", 
Appl. Opt.,17, 3990-3998, 1978. 

Feit, M.D. and J. A. Fleck, Jr., "Calculation of dispersion in graded-index multimode 
fibers by a propagating bean, method", Appl. Opt.,18, 2843-2851, 1979. 

Feit, M.D. and J.A. Fleck, Jr. , "Computation of mode properties in optical fiber 
waveguides by a propagating beam method", Appl. Opt.,19, 1154-1166, 1980. 

Feit, M.D. and J. A. Fleck, Jr., "Computation of mode eigenfunctions in graded-index 
optical fibers by the propagating beam method", Appl. Opt.,19, 2240-2246, 1980. 

Feif, M.D. and J.A. Fleck, Jr., "Mode properties of optical fibers with lossy compo
nents by the propagating beam method", Appl. Opt.,20, 848-856, 1981. 

Feit, M.D. and J.A. Fleck, Jr., "Analysis of rib waveguides and couplers by the 
propagating beam method", J. Opt. Soc. Am. A,7, 73-79, 1990. 

Van Roey, J, J. van der Donk and P.E. Lagasse, "Beam propagation method: analysis 
and assessment", J. Opt. Soc. Am., 7 1 , 830-810 (1981). 

Thylen, L., "The beam propagation method: an analysis of its applicability", Opt. 
Quantum Electron., 15, 433- 439 (1983). 

Sharma, A. and S. Banerjee, "Method for propagation of total fields or beams through 
optical waveguides", Opt. Lett., 14, 94-96, 1989. 

Banerjee, S. and A. Sharma, "Propagation characteristics of optical waveguiding 
structures by direct solution of the Helmholtz equation for total fields", J. Opt. Soc. 
Ai i. A, 6, 1884-1894, 1989. 

Sharma, A. and A. Taneja, "Unconditionally stable formulation of the collocation 
method", Presented at the Integrated Photonics Research Meeting of the Optical 
Society of America, Monterey (California, USA), April 9-11, 1991. Paper # TuB4. 

22 

[16] Sharma, A. and A. Taneja, "Unconditionally stable procedure to propagate beams 
through optical waveguides using the collocation method", Opt. Lett., 16, 1162-1164, 
1991. 

[17] Sharma, A. and A. Taneja, "Variable-transformed collocation method for field prop
agation through waveguiding structures", Opt. Lett., 17, 804-806, 1992. 

[18] Sharma, A. and A. Taneja ."Collocation method for field propagation through optical 
waveguides: a simple variable transformation to improve accuracy", Presented at In
ternational Conference on 'From Galileo's "Occhialino" to Optoelectronics: Frontiers 
of Optical Systems and Materials, Padova (Italy), June 9-12, 1992. 

[19] Taneja, A. and A. Sharma, "Propagation of beams through optical waveguiding 
structures: comparison of the beam propagation method (BPM) and the collocation 
method", J. Opt. Soc. Am. A, 10, 1739-1745, 1993. 

[20] Sharma, A. and S. Banerjee, "A numerical method for solving the generalized equa
tion for nonlinear pulse propagation through optical fibers" in Proc. Conference on 
Emerging Optoelectronic Technologies, New Delhi Tata McGraw-Hill, pp.366-369, 
1992. 

[21] Deb, S. and A. Sharma, "Nonlinear pulse propagation through optical fibers: an 
efficient numerical method", Optical Engineering, 32, 695-699 (1993). 

[22] Frazer, R.A., W.P. Jones and S.W. Skan, "Approximations to functions and to the 
solution of differential equations", Gt. Brit. Aero. Res. Council Rept. and Memo., 
1799; Reprinted in Gt. Brit. Air Ministry Aero. Res. Comm. Tech. Rept.,1, 517-549, 
1937. 

[23] Lanczos, C , "Trignometric interpolation of empirical and analytical functions", J. 
Math. Phys.,17, 123- 199, 1938. 

[24] Lanczos, C , Applied Analysis, Englewood Cliffs(NJ) Prentice Hall, 1956. 

[25] Finlayson, B.A. and L.E. Scriven, "The method of weighted residuals-a review", 
Appl. Mech. Rev.,19, 735- 748, 1966. 

[26] Finlayson, B.A., Method of Weighted Residuals and Variational Principles with Ap
plications to Fluid Mechanics, Heat and Mass Transfer, New York Academic, 1972. 

[27] Villadsen, J.V. and W.E. Stewart, "Solution of boundary value problems by orthog
onal collocation", Chem. Engg. Sci.,22, 1483-1501, 1967. 

[28] Fletcher, C.A.J., Computational Galerkin Methods, New York Springer, 1984. 

[29] Abramowitz, M. and I. A. Stegun, Handbook of Mathematical Functions, New York 
Dover, 1964. 

[30] Stroud, A.H. and D. Secrest D., Gaussian Quadrature Formulas, Englewood Cliffs 
(NJ) Prentice Hall, 1966. 

23 



[31] Scarborough, J.B., Numerical Mathematical Analysis, London Oxford University 
Press, 1966. 

[32] Adams, M.J., An Introduction to Optical Waveguides, Chichester Wiley, 1981. 

[33] Yevick, D. and B. Hermansson, "New approach to perturbed optical waveguides", 
Opt. Lett., 11, 103-105, 1986. 

[34] Gear, C.W., "Numerical Initial Value Problems in Ordinary Differential Equations", 
Englewood Cliffs (NJ) Prentice-Hall, 1971. 

[35] Aiken, R.C.(ed.), Stiff Computations, New York Oxford Press, 1985. 

[36] Hall, G. and J.M. Watt, Modern Numerical Methods for Ordinary Differential Equa
tion, Oxford Clarendon, 1976. 

[37] Rahman, B.M.A. and Davies, J.B., "Finite-element analysis of optical and microwave 
waveguide problems", IEEE Trans. Microwave Theory Tech., MTT-32 , 2G-28, 1984. 

[38] Scarmozzino, R. and R.M. Osgood, Jr., "Comparison of finite- difference an-i Fourier-
transform solutions of the parabolic wave equation with emphasis on integrated optic 
applications", J. Opt. Soc. Am. A,8, 724-731, 1991. 

[39] Knox, R.M. and P.P. Toulis, "Integrated circuits for millimeter through optical fre
quency range", Symp. Submillimeter Waves, Broohlyn Polytechnic Institute, 1970. 

[40] Hock, G.B. and W.K. Burns, "Mode dispersion in diffused channel waveguides by 
the effective index method", Appl. Opt.,16, 113-118, 1977. 

[41] Sharma, A., "On approximate theories of single mode rectangular waveguides", Opt. 
Quantum Electron.,21, 517-520, 1989. 

[42] Sharma, A., "A method for obtaining optimum equivalent \-D index profiles for 2-
D index profiles of optical waveguides", Optics in Complex Systems, F.Lanzl, H.-J. 
Preuss, G.Weigelt, eds., Proc. SPIE, 1319, 118, 1990. 

[43] Mevenkemp, W. and E. Voges, "Modelling and beam propagation analysis of inte
grated electro-optic devices", A E 0, 40, 289- 296, 1986. 

[44] Marcatili, E.A.J, and A.A. Hardy, "The azimuthal effective index method", IEEE J. 
Quantum Electron., QE-24, 766-774, 1988. 

[45] Hasegawa, A. and F. Tappert, "Transmission of stationary nonlinear optical pulses in 
dispersive dielectric fibers, 1. Anomalous dispersion", Appl. Phys.Lett., 142,142-144, 
1973. 

[46] Mollenauer, L.F., R.H. Stolen and J.P. Gordon, "Experimental observation of pi
cosecond pulse narrowing and solitons in optical fibers", Phys. Rev. Lett., 45, 1095-
1098, 1980. 

[47] Agrawal, G.P., Nonlinear Fiber Optics, Boston Academic, 1989. 

24 

[48] Kumar, A., "Soliton dynamics in a monomode optical fiber", Physics Reports, 187, 
63-108, 1990. 

[49] Satsuma, J. and N. Yajima, "Initial value problems of one dimensional self-
modulation of nonlinear waves in dispersive media", Prog. Theor. Phys. Suppl., 55, 
284-306, 1973. 

[50] Schubert, M. and B. Wilhelmi, Nonlinear Optics and Quantum Electronics, New 
York John Wiley, 1986. 

[51] Fisher, R. A. and W.K. Bischel, "The role of linear dispersion in plane-wave self phase 
modulation", Appl. Phys. Lett, 23 , 661- -663, 1973. 

25 



Figure Captions 

F i g . l Evolution of the fundamental mode incident at a Y-junction shown 
in the inset, (see Sec.6 for other details) 

Fig.2 The error in the correlation factor, 1-|CF|, as a function of the 
number of collocation points, N, using the OCM for a uniform 
waveguide with refractive index distribution defined in Eq.17. The 
dashed curve shows the relative computation time. Also indicated 
are the corresponding quantities for the BPM with 128 sample 
points. 

Fig .3 The error in the correlation factor, 1-|CF|, and the relative com
putation time (for Az=2.5/im) as a function of the number of col
location points, N, using the SSCM for a uniform waveguide with 
refractive index distribution defined in Eq.17. The dashed curves 
correspond to the OCM. Also indicated are the corresponding quan
tities for the BPM with 128 sample points. 

Fig .4 The error in the correlation factor, l-\CF\, as a function of the 
propagation distance us'ng the SSCM with N=50 for different val
ues of Az for a uniform waveguide with refractive index distribution 
defined in Eq.17. The dashed curves correspond to the OCM (using 
the Runge-Kutta method). 

Fig.5 The error in the correlation factor and the relative computation 
time as a function of the number of collocation points after prop
agation by a distance of 10/im through a fiber with the refractive 
index profile given by Eq.33. 

Fig.6 Power lost from the fundamental mode propagating in a linear taper 
as a function of relative computation time showing the convergence 
of various methods, (see Sec.6 for details). 

Fig.7 Fractional power lost from a tapered fiber after propagation through 
a distance of 10/im as a function of computation time. The index 
distribution is defined in Sec.6. 

Fig.8 The error in the correlation factor, 1-|CF|, as a function of the num
ber of collocation points, N, after propagation of the fundamen
tal soliton through a distance, £ =2 , using the collocation method 
(OCM). Also shown is the error in the BPM with 64 sample points. 
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F i g . l Evolution of the fundament?] mode incident at a Y-junction shown 
in the inset, (see Sec.6 for o' her details) 

Fig.2 The error in the correlation factor, 1-|CF|, as a function of the num
ber of collocation points, N, using the OCM for a uniform waveg
uide with refractive index distribution defined in Eq.17. The dashed 
curve shows the relative computation time. Also indicated are the 
corresponding quantities for the BPM with 128 sample points. 
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Fig.3 The error in the correlation factor, 1-|CF|, and the relative com
putation time (for Az=2.5ftm) as a function of the number of col
location points, N, using the SSCM for a uniform waveguide with 
refractive index distribution defined in Eq.17. The dashed curves 
correspond to the OCM. Also indicated are the corresponding quan
tities for the BPM with 128 sample points. 
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Fig.4 The error in the correlation factor, 1-|CF|, as a function of the 
propagation distance using the SSCM with N=50 for different val
ues of Az for a uniform waveguide with refractive index distribution 
defined in Eq.17. The dashed curves correspond to the OCM (using 
the Runge-Kutta method). 
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Fig.5 The error in the correlation factor and the relative computation 
time as a function of the number of collocation points after prop
agation by a distance of 10/im through a fiber with the refractive 
index profile given by Eq.33. 
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Fig.6 Power lost from the fundamental mode propagating in a linear taper 
as a function of relative computation time showing the convergence 
of various methods, (see Sec.6 for details). 
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Fig.7 Fractional power lost from a tapered fiber after propagation through 
a distance of lOpm as a function of computation time. The index 
distribution is defined in Sec.6. 
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Fig.8 The error in the correlation factor, 1-|CF|, as a function of the num
ber of collocation points, N, after propagation of the fundamen
tal soliton through a distance, £ =2, using the collocation method 
(OCM). Also shown is the error in the BPM with 64 sample points. 
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