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ABSTRACT

Let E be a smooth Banach space over the real field, <j> ^ K C E closed convex and
bounded, T : K —* A' uniformly continuous and strongly pseudo-contractive. It is proved
that the Ishikawa iteration process converges strongly to the unique fixed point of T.
Applications of this result to the operator equations Au = f or u + Av. = f where A is a
strongly accretive mapping of E into itself and under various continuity assumptions on
A ate also given.
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1 Introduction

Let E be a real normed linear space, K C E. A mapping T : K •
pseudocontractive if there exists ( > 1 such that the inequality

\\x-y\\<m+t)(x-y)-tr(Tx~Ty)\\

K is called strongly

(1)

holds for all x,y £ K and r > 0. If t — 1, then T is called pseudocontractive. Apart from
generalizing the nonexpansive mappings (i.e. mappings U : K —» E for which ||(/x—Uy]\ <
\\x — y\\ holds for each x, y in K), the pseudocontractive maps are characterized by the fact
that a mapping U is pseudocontractive if and only if (/ — U) is accretive on the domain
of U, where a mapping U with domain D(V) and range R{U) in E is called accretive [4]
if the inequality

holds for every x,y in D(U) and for all s > 0.
The accretive operators were introduced in 1967 independently by F.E. Browder (4 ]

and T. Kato [24]. An early fundamental result in the theory of accretive operators, due
to Browder, states that the initial value problem

~ + Tu = 0, u(0) = u0at

is solvable if T is locally Lipschitzian and accretive on E, a result which was subsequently
generalized by R.H. Martin [28] to the continuous accretive operators. Because of a
firm connection between the accretive operators and the pseudocontractive maps, recent
interest in the mapping theory for accretive operators, particularly in connection with
existence theorems for nonlinear ordinary and partial differentia! equations has motivated
a corresponding interest in fixed point theory for pseudocontractive mappings (see e.g.
[1], [6], [11], [14-16], [17], [20], [21], [23], [25-26], [30], [31], [38-40], [41]).

For a Banach space E we shall denote by J the duality map from E to 2E defined by

where E" denotes the dual space of E and (•, •} denotes the generalized duality pairing.
It is well known that if E' is uniformly convex then J is single-valued and is uniformly
continuous on bounded sets. In the sequel we shall denote the single-valued duality map
by j . Thus, by a single-valued normalized duality map we shall mean a map j : E ̂  E'
such that for each u € E, j(u) is an element of E' which satisfies the following two
conditions:

( U , J H ) = f|«|| • ||j(H)||, ||i(u)|| = |iu|| .

We remark that as a consequence of a result of Kato ([24]) the pseudocontractive
condition (1) can be expressed in terms of the duality map as foliows: For each x, y £ K,
there exists u £ J(x — y) such that

where / denotes the identity operator on It. The map T is then called strongly pseudo-
contractive with constant k if for each x,y E K, there exists u € J(x — y) such that



for some constant k > 0. Without loss of generality we shall assume k € (0,1). In
[1], J. Bogin studied the connection between strong pseudocontractive mappings and
strongly accretive operators. He proved that U is a strong pseudo-contraction if and only
if (/ — U) is a strong accretive operator (see also [11]). Furthermore, he proved a fixed
point theorem in Banach spaces for Lipschitz pseudocontractions and as a consequence
obtained a mapping theorem of Browder for this class of operators. In [22]. S. Ishikawa
introduced an iteration method for approximating fixed points of pseudocontractive maps
when they exist (see also Remark 1 below).

[A] The Ishikawa Iteration Method (see e.g. [22]) is denned as follows: If K is a convex
subset of a real Banach space E, and T is a mapping of K into itself, the sequence {^n}^-]
in l\ is defined by X\ £ K

anTyn

y n = { l - n>

(1)
(2)

where {a,,}^], {/Jn}^i are real sequences satisfying the following conditions: (i) 0 <

«n < fin < 1 for all (i > 1; (ii) lim ffn = 0 and (iii) J2 Qnfin — oo. In some applications,

amdition (i) is replaced by 0 < an, A, < 1 for all n > 1.
We also introduce here another iteration process which will be needed in the sequel

and which has been studied extensively by various authors.

[B] The Mann Iteration Method (see e.g. [27]) is denned as follows: With E, K and xt as
in part [A], the sequence { i n }^i in K is defined by

xn+i = (1 — cn)xn -f cn Txn, n > 1 (5)

where {cn}^Li is a real sequence satisfying the following conditions: (i) 0 < cn < 1 for all
n ^ ' ; (ii) H cn — °° and (iii) lim cn = 0. The condition (ii) is, in some applications,

replaced by Yl cn(l ~ cn) — °° '
n=l

The iteration methods [A] and [B] have successfully been employed by various authors
to approximate solutions of nonlinear operator equations in Banach spaces (see e.g. [2],
[5], [fi], [7], [8-16], [17-18], [21-23], [27], [30-35], [37-41],). For a detailed comparison of the
two methods for various classes of nonlinear operators the reader may consult [38].

If A' is a compact convex subset of a real Hilbert space H and T : K —> K is a Lipschitz
pseudocontractive map, Ishikawa [22] proved that the iteration method (3), (4) converges
strongly to a fixed point of T.

Remark 1. It is still an open question whether or not the Mann iteration method
converges to a fixed point of T under this setting (see e.g. [21], p. 504).

In [11], the author proved the following theorem:

Theorem 1. Suppose A" is a nonempty closed bounded convex subset of Lp, p > 2, and
T : K —> K is a Lipschitz strongly pseudocontractive mapping of K into itself. Let {cn}
be a real sequence satisfying the following conditions:

(i) 0 < cn < 1 for all n > 1,

(ii) SLi

Then the sequence ^Li generated by xi € K,

+i = (1 - cn)xn + cn Txn, n >

converges strongly to a fixed point of T.
Theorem 1 has been generalized and extended in various directions by several authors

(see e.g. [6], [7], [17], [18], [23], [39], [40], [41]).
A problem related to the approximation of fixed points of pseudocontractive maps is

that of approximating solutions of nonlinear operator equations of the form x + Tx — f
or Tx = f where the operator T is accretive (or strongly accretive) and the equations are
known to have solutions (see e.g. [5], [7], [8], [12], [15], [17], [29], [36], [39], [40], [41]).

In the sequel we shall need the following remarks:

Remark 2. In (33, p. 89], S. Reich proved that if E" is uniformly convex (or equiva-
lently, if E is uniformly smooth) then there exists a continuous nondecreasing function

[0,oo) (6)

such that 6(0) = 0, b(ct) < c6(t) for all c > 1 and,

Ik +
holds for all x,y 6 E.

< IMI* + + max{||x|l

Remark 3. Nevanlinna and Reich [32] have shown that for a given continuous non-
decreasing function 6(() with 6(0) = 0, sequences {c n }^ 0 always exist satisfying the
following conditions:

(i) 0 < cn < 1 for all n > 0;

(u}K°=oCn = oo, and

For E - Lp, 1 < p < oo, one can choose any sequence {cn}™_0, cn € t'\P with s = p
if 1 < p < 2, and s = 2 if p > 2.

None of the extensions of Theorem 1 given in [6], [7], [23] or [39] includes the Lp spaces
for 1 < p < 2 either for the Mann iteration method or for the Ishikawa iteration method.
This problem was resolved by the author who proved the following much more general
theorems.

Theorem 2. ([16], Theorem 1). Let E be a real Banach space with a uniformly convex
dual, E' (or equivalently, E is uniformly smooth), and let K be a nonempty closed convex
and bounded subset of E. Let T : K —> K be a continuous strongly pseudocontractive
mapping of K into itself. Let {cn}^. t be a real sequence satisfying:



(!) 0 < cn < 1 for all n > 1;

(») E?=i =„ = oo; and

(iii) EJV=I ^*(cn) < oo.

Then the sequence {in}™=! generated by x\ € K,

i n + ] = (1 - Cn)in + cnTxn, n > 1 ,

converges strongly to the unique fixed point of T.

Theorem 3. ([16], Theorem 2). Let E be a real Banach space with a uniformly convex
dual, E', and let K be a nonempty closed convex and bounded subset of E. Let T : K —»
A' be a Lipschitz strongly pseudocontractive mapping of K into itself. Let {a^}^-, and
{0n}™=1, be real sequences satisfying:

(i) 0 < an < /?„ < 1 for all n > 1;

(ii) Er=i«« = °°;

(iii) l i m n _ o o ^ = 0;

(iv) E™=] anb(an) < co.

For arbitrary Xi € K, define the sequence {xn}£Li in K by

Then { i n }^] converges strongly to the unique fixed point of T.

In [39], J. Schu, using a motivation from the theory of ordinary differential equa-
tions proved the following extension of Theorem 1 in real smooth Banach spaces (where
smoothness of E means that the norm of E is Gateaux-differentiable in £\{0}):

Theorem JS ([39]). Let E be a smooth Banach space over the real field, 0 f K C E
bounded closed and convex and T : K —> K uniformly continuous and strongly pseudo-
contractive, Assume {cn}^L0 is a real sequence satisfying the following conditions:

0) LZLa c* = °°, and (ii) lim cn = 0.
Then the sequence {xn}£L0 given by x0 € K, and

i o + i = (1 - cn)xn +cnTxn, n > No ,

(for some fixed integer JV0) converges strongly to the unique fixed point of T.

Remark 4. Theorems 2 and 3 and Theorem JS are all independent. Theorems 2 and 3
are proved in uniformly smooth Banach spaces for continuous maps while theorem JS is
proved in smooth Banach spaces for uniformly continuous maps. Moreover, Theorem JS
is proved only for the Mann iteration method.

Let £ be a smooth Banach space over the real field and let K be a nonempty closed
bounded and convex subset of E. Let T : K —' K be a strongly pseudocontractive map

which is also uniformly continuous. It is our purpose in this paper to prove that under this
setting the Ishikawa iteration method converges strongly to the unique fixed point of T.
This result and Theorem JS will then show that for strongly pseudocontractive and uni-
formly continuous maps, T, both the Mann and the Ishikawa iteration methods converge
strongly to the unique fixed point of T. Furthermore, as an application of our theorem
and Theorem JS we prove that both the Mann iteration method and the Ishikawa itera-
tion method converge strongly to the unique solution of the nonlinear operator equation
x 4- Tx = f or Tx = f when T is strongly pseudocontractive and under appropriate con-
tinuity assumptions. Our theorems generalize important known results (see our Remarks
6,7, and 8 below).

2 Main Results

We prove the following theorems. (Our proof of Theorem 4 follows the idea of the proof
of the theorem of [40].)

Theorem 4. Let £ be a smooth Banach space over the real field, 0 / K C E closed
convex and bounded and T : K —* K uniformly continuous and strongly pseudocontrac-
tive. For some fixed positive integer 7V0, let {an} G (0, l)w°, {/3n} e (0,1 )No be such
that

(i) 0 < an < ft < 1 for all n > No;

(ii) limn_oc,/3n = 0; and

Then the sequence {xn}£i0 given by x0 € K,

xn+1 = (1 - an)xn + anTyn ,

yn = (1 - fin)xn + PnTxn, n > 0 ,

converges strongly to the unique fixed point of T,

Proof. Convexity of K and the fact that T maps K into itself yield that xn is well
defined. Since T is strongly pseudocontractive, it follows that F := (I — T) is strongly
accretive. Hence there exists /J > 0 such that

holds for all u,v € K. Furthermore, T has exactly one fixed point, x", say ([19]).
Define tn = T."Zo ai f o r all n > 1 and set (0 :- 0. Then {tn}^L0 is strictly increasing

with lim^o,,^ = oo. Thus, the map

w : IR+ -+ E

given by
w(t) = - ( ( !„ - Tyn) + xn + tn[xn - Tyn)

is well defined. Observe that
w'(t) = -(xn - Tyn)

(8)



m

and,

limw(t) = - (*„+ , - tn)(xn - Tyn) + xn

= -(»Ti(in ^ 7V™) + a\, = (1 - a n ) i n + QnTyn = xn+u

so that IU is continuous and to(() € co{in , in + ]} for all r € [<„, <„+,). This, together with
the convexity of K implies that ui maps IR+ into K. Define

: R+ -> 1R+

by

Then p is continuous and as a consequence of the smoothness of E, p is differcntiable on
I R + \ K : n > 1} with

p'(t) = <«/(/), j(w(t) - **)) .

This implies, since F(x') — 0 and by (7),

- F(x') - xn - x'})

so that,

Also,

< \\w{t) -xn\\ + \\xn - a:'|| < («„ + 1 )diamA' <

(9)

Observe that from (8),

\\w(t) - xn\\ = || - (t - („)(*» - Tyn)\\ < Qn||Tyn - xn\\ < t^diam K , (10)

(11)

Now, let e > 0 be given. Since (in —> 0 as n —» oo, choose a positive integer ;V0 sufficiently
large so that

2A,(diam A')2 < |

Choose any £ £ (̂ 0, ^ ]

Observe that for n sufficiently large,

< QndiamA' + tin diam A' < 2/3ndi\a.m K < 6

where w{t), yn e K. Hence, by the uniform continuity of T,

Hence, since F(x') = 0 and F := (/ - T), we have;

\\F(w(i)) - F(x') -xn + Tyn\\ • |Mt) - x*||
= \\u,(t) - Tw(t) + Tyn - xn\\ • ||«.(t) - i*||
< ( |K0 - a-ll + lirin(t) - TSB | |) • \\w(t) - x-

< h3ndiamA' +
4(1+ diam K)\

2diamA', since an < fin

Hence, inequality (9) now yields:

so that.

p'(t) < -2

which is the inequality of [40], p. 71. The rest of the argument now follows exactly as in
[40] to yield that i n -> i ' is n -> oo, completing the proof of Theorem 4.

3 Applications to the operator equations: Tx = /

Theorem 5. Let E be a smooth Banach space over the real field. Let. T : E —* E be a
map which satisfies the following conditions;

(i) T is uniformly continuous;

(ii) T is strongly accretive;

(iii) T has bounded range.

Define S : E -> E by Sx = f - Tx + x for each x G E. Let {an} and {&} be as in
Theorem 4. Then the sequence {xn}™_0 given by x0 € E,

xn+i = (1 - an)xn + QnSyn

yn = (1-/?„)*„+ &S3V, n > 0 ,

converges strongly to the unique solution of the equation Tx = / .

Proof. The existence of a unique solution to Tx = f follows from Morales [29]. Let x"
denote the solution. Observe that x" is a solution of Tx = f if and only if it is a fixed
point of 5. Hence i* is the unique fixed point of S. Clearly 5 is uniformly Continuous.
Moreover, T is strongly accretive implies there exists (i > 0 such that

(Tx~Ty, j(x-y))>H\\x-y\\2



holds for each x, y € E. This inequality yields

\\x-y\\<0-l\\Tz-Tv\\

so that
\\Sx - Sy\\ = || - (Tx - Ty) + (x - y)\\ < (1 + 0~l)\\Tx - Ty\\ .

Thus, since the range of T is bounded we have that the range of 5 is also bounded,
furthermore,

{( / - S)x - ( I - S)y, ; ( x - 3,)) = {Tx - Ty,j(x ~ y)) > f)\\x - y\\2

and so S is strongly pseudocontractive.
Now, let K = Co(S(E)\J{xo}).
Since S(E) is bounded, there exists r > 0, in fact

r = 1 + sup{||u|| : u 6 S(E) U {x0}}

such that K C B(r, 0). So, K is bounded. Clearly, K is also nonempty, closed and convex.
Consequently, the map S\K '• K —* K is a uniformly continuous, and strongly pseudocon-
tractive mapping of K into itself. By Theorem 4, the sequence {in}JL0 converges strongly
to the unique fixed point of 5 (which is the unique solution of the equation Tx = / ) .
This completes the proof.

<>
The method of proof of Theorem 5 can be used to prove Theorems 6, 7 and 8 (below)

as applications of Theorems JS, 2 and 3 respectively. The details are omitted.

Theorem 6. Let £ be a smooth Banach space over the real field. Let T : E —* E be a
map which satisfies the following conditions:

(i) T is uniformly continuous;

(ii) T is strongly accretive;

(iii) T has bounded range.

Define 5 : E -* E by Sx = f - Tx + x for each x e E. Let {cn) be as in Theorem
.IS. Then the sequence {xn}^=0 given by x0 e E,

!„+! = (1 - cn}xn + cn$xn, n > No ,

(for some fixed integer JV0) converges strongly to the unique solution of the equation

Theorem 7. Let E be a real Banach space with a uniformly convex dual, E" and let
T : E —> E be a map which satisfies the following conditions:

(i) T is continuous;

(ii) T is strongly accretive;

(iii) T has bounded range.

Define S : E -> E by Sx = f - Tx + x for each x € E. Let {c,} be as in Theorem 2.

Then the sequence {xn} defined by xa € £,

converges strongly to the unique solution of the equation Tx = f.

Theorem 8. Let £ be a real Banach space with a uniformly convex dual E' and let
T : E —> E be a map which satisfies the conditions (i)-(iii) of Theorem 7. Let 5 be
defined as in Theorem 7 and let an, /3n be as in Theorem 3. Then, for arbitrary x, £ E,
the sequence {iB}JL, defined by

xn+i = (1 - an)xn + a*Syn,
yn = (1 - & ) * „ + ft,Szn, n > l ,

converges strongly to the unique solution of the equation Tx — f.

4 Applications to the Operator Equations: x+Tx — f

Theorem 9. Let E and T be as in Theorem 5. Define G : E -» E by Gx = / - I'm for
each i £ £. Let an , 0n be as in Theorem 5. Then the sequence {x,,}^.,, given by x0 g E,

converges strongly to the unique solution of the equation I + Tx = / .

Proof. The existence of a unique solution follows from [28]. Let x' denote the solution.
Observe that x* is a solution of x + Tx — f if and only if it is a fixed point of G. Hence x'
is the unique fixed point of G. As in the proof of Theorem 5, it is easy to check that G is
uniformly continuous and strongly pseudocontractive and that the range of G is bounded.
Define K ?= co{G{E) U {^o}}- The rest of the argument now follows exactly as in the
proof of Theorem 5 to give that i n - n * as n -> oo, completing the proof.

0
The following theorems are now easily proved. The details are omitted.

Theorem 10. Let E and T be as in Theorem 6. Define G : E -> E by Gx = f - Tx for
each x € E. Let {cn} be as in Theorem JS. Then the sequence {xn}^.0 given by xo 6 E,

xn+1 = (1 - cn)xn + cnGxn, n > No ,

(some fixed integer Ao) converges strongly to the unique solution of the equation s + Tx =
f-

Theorem 11. Let E and T be as in Theorem 7. Define G : E -> E by Gx = / - Tx
for each x 6 E, Let c be as in Theorem 2. Then the sequence {xn} defined by x0 £ E,

Xn + l = (I - Cn)xn + CnGxn, Tl > 0 ,

9



: 4

converges strongly to the unique solution of the equation x + Tx = / .

Theorem 12. Let E and T be as in Theorem 8. Define G as in Theorem 11. Let <*„,/?„
be as in Theorem 3. Then, for arbitrary xi € E, the sequence {sn}™_, defined by

yn = ( l - A . K + fl.&X, n > l ,

converges strongly to the unique solution of the equation x + Tx = / .

Remark 5. If, in Theorem 4, the operator T is restricted to Lipschitz strongly pseudo-
contractive maps then the conclusion of the theorem still holds without the assumption
of the boundedness of K provided the sequence {in}™_, is assumed bounded. In fact we
prove the following theorem.

Theorem 13. Let £ be a smooth Banach space over the real field, 0 =fi K C E closed
and convex, T : K —t K Lipschitz and strongly pseudocontractive. Let an and /3n be
us in Theorem 4. Assume {xn}^j defined as in Theorem 4 is bounded. Then {xn}™=1

converges strongly to the unique fixed point, of T.

Sketch of Proof. Following the method of the proof of Theorem 4 and using the same
notations we obtain the following inequality.

p'(t) < -20p(t) + 1 1 ^ ( 0 - *"(*•) - *» + TyK\\ • I M O - x ' \ \ .

Now, using the fact that T is Lipschitz with constant L, the following estimates are easily
obtained:

||jin - x*|| < (1 - pn)\\xn - x'\\ + MTxn - 3V|| < [1 + UL - l)]||xn - x'\\

so that, since ou < /?„ we have for sufficiently large n:

\\w{t) - xn\\ < aa{\\xn - x'\\ + L\\yn - x'\\} < 0nM ,

for some constant M > O.This yields, for sufficiently large n,

for some constant A', > 0. Also,

\\Vn ~ Xn\\ < 0nK2,

where K-2 = (1 + I) sup \\xn — i"||. Finally, we have, for sufficiently large n,

11 .̂ - Tyn\\ < ||:cn - x'\\ + \\yn - x'\\ < 3KS, where A'3 = sup | | i n - i*l| .

Now, let e > 0 be given. There exists an integer Ao > 0 such that for all n > No,

PnMK\ <e j'l. Choose any 6 € f 0, 3(1^yi) • Observe that for sufficiently large n,

Hence, by the uniform continuity of T,

\\Tw(t) - Tyn]\ <
2(1 +A',) •

The rest of the argument now follows as in the proof of Theorem 4.

Remark 6. In [39], the author studied the Ishikawa iteration method for approximating
the fixed point of a Lipschitz strongly pseudocontractive maps in real Banach spaces with
property ({/, A,m + 1, m); A > 0, m 6 IN. These Banach spaces include the Lp spaces for
p > 2. They do not include the Lv spaces when 1 < p < 2. (see e.g. [39]). Theorem 13
extends Theorem 2 of [39] to the much more general smooth Banach spaces and without
the restrictions that {Tyn} and {Txn} be bounded imposed in [39].

Remark 7. In [17] the author studied the Ishikawa iteration method for Lipschitz
strongly pseudocontractive maps in real ^-uniformly smooth Banach spaces, q > 1. He
proved (Theorem 2) that the Ishikawa iteration process converges strongly to the unique
fixed point of T under the restriction that the Lipschitz constant L satisfies the following
two conditions:

(a) 0 < QP"1 < 2-ls(k - Lpn - L2fjn)(u + A)"1 for each n,
(b) 0 </?*-' < mm{k/[2(L + L2)\,sk/(u + h)} for each n.

(See [17] for the definitions of the symbols.) Since every q-uniformly smooth Banach space
is smooth, Theorem 4 extents Theorem 2 of [17] to the more general smooth Banach
spaces and to the more general class of uniformly continuous operators considered here
and without the restrictions (a) and (b) above on the Lipschitz constant imposed in [17].

Remark 8. The applications of Theorem 13 to the operator equations Tx — f and
x + Tx — f are now obvious and are omitted.
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