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The global asymptotic matching equations for multiple coupled resistive modes of 
arbitrary parity in a cylindrical plasma are derived. Three different variational principles 
are given for the outer region matching data, while the inner-region analysis features 
a careful treatment of the symmetry-breaking effect of a gradient in the equilibrium 
current for a zero-/? slab model. It is concluded that the usual constant-^ result remains 
valid and constrains the matrix matching formalism. The dispersion relation is compared 
with initial value calculations of a double tearing mode when there are small relative 
rotation velocities between the rational surfaces. In treating differential rotation within 
the asymptotic matching formalism, flow is ignored in the outer region and is assumed 
to affect the inner response solely through a Doppler shift. It is shown that the relative 
rotation can have a strong stabilizing effect by making al' but one rational surface 
effectively ideal. 

I. INTRODUCTION 

Tearing modes play an important role during tokamak disruptions. Several dif
ferent schemes have been suggested to attempt to stabilize these modes, such as 
the use of external coils and an active feedback system.1 There is also presently 
increasing evidence, both from experiments and numerical simulations, that cou
pling and interaction between tearing modes plays an important role in the dis
ruption process.2 - 4 

It has recently been observed5 that disruptions can sometimes be avoided if 
the inner part of the plasma is made to rotate with respect to the outer region. 
In this paper we develop tools for exploring the possibility that this is due to 
decreasing the coupling between tearing modes as described by a linear singular 
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boundary layer theory. The theory presented is applied to configurations with a 
pair of distinct rational surfaces, rx and r>2, with the same safety factor q(rj) = 
m/n, thus allowing us to restrict detailed attention to a cylindrical model where 
toroidal effects are ignored. This requires a nonmonotonic g-profile, and hence a 
hollow current profile, which can occur during startup6 and possibly also during 
disruptions.4 These profiles are often unstable to double tearing modes and it is of 
great interest to understand better, and if possible, to find a way to control these 
modes. Double tearing has been studied by treating the inner rational surface as 
perfectly conducting7 or by taking the two rational surfaces to be close together 
so that a slab geometry approach is appropriate.8,9 Double tearing has also been 
studied 1 0 - 1 2 as a special case using asymptotic matching formalisms designed to 
treat multiple coupled rational surfaces. This approach is closest to the spirit 
of the present paper. An alternative approach based on energy principles for 
large-aspect-ratio13'14 or zero-pressure-gradient15 toroidal plasmas has also been 
used. 

In this paper we investigate the influence of plasma rotation on doublc-tearing-
unstable configurations in cylindrical geometry. Two different methods are used— 
linear initial value calculations, and % linear boundary layer approach where the 
solutions of the marginal ideal magnetohydrodynamic (MHD) equations in the 
bulk of the plasma (the outer region) are matched to narrow internal inner layers 
containing the rational surfaces. These approaches are complementary, in that 
the boundary layer approach can be readily generalized to include more physics 
in the boundary layers and to include toroidal effects, while the initial value 
approach makes no asymptotic approximations and can thus give guidance as to 
the applicability and accuracy of the boundary layer approach. Energy principle 
methods13"15 on the other hand are more limited than either approach since they 
are based on the assumption that the growth rates are purely real (i.e. frequencies 
purely imaginary).16 

This Hermiticity assumption is broken by including more realistic physics, the 
simplest being the inclusion of mass flow. The finite-Larmor-radius effect of dia-
magnetic drift17 gives rise to a similar result. Nevertheless energy principles are 
attractive both because they can give insight into the driving mechanisms for 
instabilities (the "free energy" for the instability) and because their variational 
character allows trial function methods and aids numerical convergence proofs. 

Rather than appeal to an energy principle, we use a variational principle for cal
culating the asymptotic matching data (A' matrix) in the outer region which has 
been developed recently18, and also introduce for the first time a new inverse vari
ational principle. Thus we obtain the benefit of a variational formulation without 
the limitations of the energy method. This depends on the self-adjointness of the 
outer-region linearized ideal force operator, which assumption is valid provided 
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mass flows are negligible in the outer region. That is, we assume the flow rates 
to scale with some power of the resistivity so that they enter only in the analysis 
of the inner region. We also take the velocity shear to be small near the rational 
surfaces, so that velocity-shear corrections19 to the inner-region response may be 
neglected. 

It is shown that a sufficiently large mass flow can have a stabilizing effect by 
decoupling the double tearing eigenmodes into modes where tearing occurs only 
at one rational surface, the other effectively acting as a conducting shell as in 
the model of Ref. 7 and confirming the resonance effect predicted in Ref. 17. We 
restrict attention to cases q(rj) £ 1 since the case q(rj) = 1 is close to ideal 
instability in a circular cylinder, giving rise to a large A' and invalidating the 
constant-^ approximation20 used in our study. This also restricts us to cases 
where the rational surfaces are not very close, since again the A's become large as 
the rational surfaces coalesce, and the constant-^ approximation breaks down.8 ,9 

In Sec. Ill we review the variational formulation of the outer matching data 
calculation as developed in Ref. 18. We also introduce a new inverse variational 
principle that is useful for cases close to marginal stability to ideal modes. This 
would be useful for the m = 1 case or for the double tearing case with close 
rational surfaces. It could also be the basis for an ideal stability code. 

We recapitulate the theory of the inner/outer asymptotic matching, as devel
oped in Refs. 11, 18, and 21, in Sec. IV. The theory of the calculation of the 
outer matching matrix is well-developed, and has been implemented numerically 
for arbitrary tokamak geometry in the PEST3 code1 6, but there have remained 
some obscure points regarding the relation between the outer region formalism 
and the theory of the inner region response22, especially in the zero-/? limit in 
which tearing mode theory is commonly carried out. 

In order to elucidate some of these questions we redo the inner region calcula
tion for a simple incompressible slab model in the Appendix, representing the two 
admissible inner solutions as Fourier-Laplace integrals uniformly valid throughout 
the inner region and into the outer region, and including the symmetry-breaking 
effect of a current gradient.23 This provides a unified treatment of both the essen
tially ideal part of the solution and the tearing part. We find that, although the 
current-gradient term profoundly modifies the behavior near the origin in Fourier 
space, the standard constant-^ results23 remain valid. This has the consequence 
that the inner region response matrix as developed in Ref. 18 breaks down at zero 
/? or in the reduced MHD limit. 

In Sec. V we formulate the outer region problem in the reduced MHD limit and 
relate the variational principles of Sec. Ill to that of Furth24 where the current 
gradient is seen as the source of free energy for the tearing mode in low-/? plasmas. 
We show in Sec. VI that the basic response matrix matching approach of Ref. 18 
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can be rescued by using a simple modification to the formalism in which we 
instead work with an inverse response matrix in the inner region. The need for an 
inverse formulation has also been recognized recently on rather different and more 
general grounds.25 We also note that an inverse outer region matrix occurs in the 
formulation of Ref. 12 (cf. the Type 2 variational principle of our Sec. Ill), while 
an inverse inner region matrix occurs in Ref. 26. Also in Sec. VI we encapsulate 
the constant-^ results for visco-resistive tearing as developed in Ref. 23, and in 
our Appendix, in an interpolation formula that gives a good approximation to 
the inner-region response all the way from the inertia-dominated limit to the 
viscosity-dominated limit and throughout the upper-half u plane. 

In Sec. VII we apply the theory to the case of double tearing in a cylindrical 
plasma. In this relatively simple case we relate the logarithmic derivative def
inition of A' to the response matrix viewpoint adopted in earlier sections. We 
analyze the dispersion relation for double tearing modes with differential rotation 
between rational surfaces and show that differential flow has a stabilizing effect 
in that, as the relative rotation becomes large, the eigenmodes decouple into the 
modes expected if the resistivity at one or other of the rational surfaces were zero. 
This gives rise to a resonance phenomenon around zero differential rotation. 

In Sec. VIII we confirm this using numerical simulations employing an initial 
value code evolving linearized perturbations about a plasma w:.th equilibrium 
current profile tailored to emphasize the resonance effect. 

II. LOCAL SOLUTIONS OF THE NEWCOMD EQUATION 

The outer region is described by ideal, zero-frequency MHD, and furthermore 
we take the background flow to be negligible in this region. As discussed by 
Newcomb37, the linearized problem for a circular cylinder may be reduced to the 
solution of an equation in Sturm-Liouville form, 

«•£«'>*-lMe«0. (1) 

where the single scalar £ = £ r is the radial component of the plasma displacement 
(, assumed to vary with poloidal angle $ and ax'̂ 1 distance z as exp(im$—inz/R), 
with 2nR the periodicity length and m and n integers. The coefficients / and g 
may be written in the form28 

rF2 

M = i r (2) 

and 
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where k = |k| is defined by 

and F denotes k*D, 

k2{r) = n7/R7 + m7/r7 , 

F(r) = ^ ( m - n,) 

(4) 

(5) 

The safety factor q is defined as usual by 

(6) 

For simplicity we take conducting-wall boundary conditions, £ = 0, at the plasma 
edge, r = a, although vacuum boundary conditions may be used without affecting 
the general analysis. 

In axisymmetric toroidal geometry, a similar reduction to scalar form may be 
achieved by following the method of Bineau29 and an equation for static dis
placements representing a two-dimensional generalization of Newcomb's equation 
obtained,3" in which there is still a single toroidal Fourier component n, but the 
different poloidal components m are coupled. Thus, although the present pa
per deals mainly with cylindrical geometry, the methods that it develops may be 
extended naturally to toroidal geometry.16 

The New comb equation L£ = 0 has a regular singular point31 at surfaces r = rj, 
j = 1,2,... N, where the safety factor q is rational32, g(r^) = m/n. At these 
points, F has a simple zero, while / has a quadratic miniminum, / = \f"{r -
rj? + 0{{r - Tjf), where fi = /"(i-,) = 2riF'(rj)2/k* > 0. In the toroidal 
case, different poloidal mode numbers couple, so the m's at the different rational 
surfaces may be different, making it quite usual for there to be multiple rational 
surfaces for a given n. In the cylindrical case treated in this paper we can have 
multiple rational surfaces only if the g-profile is nonmonotonic. In particular, this 
paper discusses in detail the double tearing case, N = 2, occurring when q has a 
minimum slightly less than an integer (assuming n = 1). 
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In the outer region a Frobenius expansion31 about q = qj of the Newcomb 
equation Eq. (1) or its two-dimensional generalisation reveals in general four non-
analytic solutions30: "large" solutions 5^. with odd (—) and even (+) leading 
order asymptotic behavior as * —• 0 

5 * (»V + «) ~ expOVn^lxr l / 2-"'sgn x , (7a) 

respectively, and odd and even "small" solutions, 

# > , + x) ~ exp(im^)|xr 1 / 2 + M i s g n x , (8a) 

&(»V + *) ~ exp(tm^) |x | - l / 2 + " , (8b) 

with 

/i, = (-£>/)j / 2 , (9) 

0/ being the Mercier stability parameter as defined in Ref. 22. In the toroidal case 
there is also an infinity of "regular," analytic solutions30 that are the extensions 
to finite toroidicity of the nonresonant modes in the cylinder. In the following 
development we shall denote the surface and parity label pair j± by a single Greek 
letter, e.g. a = j+ or j - . 

We extend the Frobenius solutions [either by summing the Frobenius series or 
by solving L£ = 0 using Eq. (7) and Eq. (8) to provide boundary conditions] to 
have finite supports around their respective rational surfaces. Taking the supports 
to cover the plasma completely, in a non-overlapping fashion, we obtain a basis for 
representing solutions of the Newcomb equation. Although the individual basis 
functions are discontinuous at the endpoints of their domains of support, where 
we switch over to Frobenius solutions based on neighboring rational surfaces, 
their sum, forming the global solution to the Newcomb equation, is required to 
be continuous at these arbitrary transition points. 

Note that Eq. (7) and the requirement L Sj" = 0 do not define the large so
lutions uniquely, since we can add an arbitrary amount of the asymptotically 
subdominant small solution to Ej*. This may be exploited to obtain uniform 
treatment of the special cases when fij is an integer or half integer. 1 8 , 3 0 , 3 2 In the 
general development given in this section and the following one we do not need to 
specify precisely what choice has been made for the SJ*, tut to make the match
ing data unique we have to assume that some definite, consistent choice has been 
made for both the inner region and the outer region calculations. 

For practical purposes it is inconvenient to work with a basis that exactly sat
isfies Li = 0, and so we introduce an "approximate basis" of large and small local 



solutions E^and & that satisfy the same asymptotic requirements Eq. (7) ind 
Eq. (8) as Sy* and (•/, but that satisfy the Newcomb equation only asymptotically 

i e=« i«r , / 1 + , , i + € ) . (10) 

€ > 0, as x = r - Tj —* 0 for £ = Sj± or ^ . Here the order symbol o has its 
standard meaning of "asymptotically smaller than." We also require the error 
in the approximate large solutions to be asymptotically smaller than the leading 
order term of the small solutions 

S»(r, + x) - S»(rj + x) = o(\x\-*'*+**<) . (11) 

These approximate basis functions may also be taken smoothly to zero at points 
intermediate between the rational surfaces, rather than chopping them discontin-
uously as we have done with Sj* and £J*. 

HI. GLOBAL SOLUTIONS OF THE NEWCOMB EQUATION 

Given N mode-rational surfaces, there are 2N linearly independent global solu
tions of Eq. (1), L£ = 0, under the physical boundary conditions (i.e. conducting 
wall or vacuum at the plasma edge, r = o, regularity at the magnetic axis, r = 0) 
characterized by 2N coefficients Ca of the local large Frobenius solutions and 
2N coefficients c 0 of the small Frobenius solutions. Thus, given any 27V* of these 
coefficients as inputs we expect there to exist a IN x 2N linear response matrix 
giving the other 2N coefficients as outputs. This information, the outer matching 
data, is all that is needed from the outer, ideal region to enable matching to the 
most general inner region solution. 

In Refs. 11, 18, and 21, the Ca were regarded as the inputs and the ea as the 
outputs. In this section we rederive the variational principle found in Ref. 18 for 
the corresponding linear response matrix, but we also show that there is a new 
variational principle for the inverse matrix corresponding to the opposite choice 
of inputs and outputs. 

To develop a variational formulation we need to be able to consider a wider 
class of functions than just the exact global solutions, while still being able to talk 
about the large and small Frobenius component. Thus we define a "Frobenius 
space," 7y of functions that (a) asymptotically satisfy the Newcomb equation 
at each rational surface [i.e. satisfy Eq. (10)], (b) satisfy the physical bound'ry 
conditions, and (c) and are elsewhere continuous and bounded. Since / and g in 
Eq. (1) are real, we work only with real functions (. 
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where the sums are over all rational surfaces and parities and the remainder 
is required to be asymptotically smaller than the leading behavior of the small 
solution, 

^r«n(r i+x) = o( |xr 1 / 2 ^i+ ' ) . (13) 

That is, we require (rem € %• where ft is the Hilbert space of functions with 
norm defined using a weight factor |F|~ 2(' l + <). Unlike the Hilbert space based on 
the energy norm,18 this space has a definite metric even if the plasma is ideally 
unstable to global modes (though we still need to assume stability to localized 
ideal interchange modes in order that /i be real). 

It is easily seen that Eqs.(10-13) together define the CQ and ca uniquely. Note 
that we have chosen to treat the Ca and c 0 symmetrically in Eq. (12) rather than 
incorporate a factor in the definition of the c t t designed to simplify later formulas 
as was done in Ref. 25. 

Now consider the "matrix element" of L 

Jo 
fadx (14) 

between two arbitrary functions ( and ( in T. Since these functions are not exact 
solutions of the Newcomb equation, the matrix element does not in general vanish. 
It is well known that L is Hermitian when ( and ( are square integrable (i.e. that 
the matrix element is symmetric under interchange of ( and {), and that when 
they are equal the matrix element is proportional to the negative of the ideal 
energy functional 6W.l% 

In the general case, ( G f, i is not square integrable and 6W is infinite. The 
matrix elements are still finite, however, because we have in fact defined T to 
be the space of functions that make Li, vanish sufficiently fast that £ £( is square 
integrable. Our formalism is based on the observation that symmetry of the matrix 
element under interchange of ( and { no longer holds in the general case. 

We can symmetrize the matrix elements in two different ways 

and 

ft. * * C = £«?„<* + cfiCa) (*», L&) , 

(15) 

(16) 



where . . . denotes already symmetric terms (see below). 
It is readily verified that (£, L£) is stationary under variations of the c 0's 

and ( r e m , holding the C 0's fixed, if and only if £ satisfies the Newcomb equation 
/,( = 0 and similarly is stationary under variations of the c a's and (rem if and 
only if £ also satisfies the Newcomb equation L£ = 0. We shall call this class of 
variation variations of Type 1. 

On the other hand ((,L() satisfies the same variational principle under 
variations oj Type 2\ i.e., when the c's are held fixed and the C's varied. 

In order to relate these symmetrized versions to the original matrix element, 
wo substitute the explicit form Eq. (12) for ( and the corresponding one for ( into 
Eq. (14), expand out and examine the nine resulting terms. Four of the terms 
involve matrix elements between square integrable functions and thus donot con
tribute to the asymmetry. Furthermore the bilinear form Ylafi C<*{~ ?»L"zHp)Cfi is 
symmetric from its general form, and also the matrix element ((rem, LE*f) is sym
metric despite the non-square-integrability of Ej*, so that the two sums involving 
this matrix element and its transpose are symmetric. 

This leaves only two terms, bilinear forms in the c's and C's, as sources of 
asymmetry. To evaluate the asymmetry we use the following fundamental result 

\ta »LZp j - \Sp , L£a j = 2fiQfa6ap , (17) 

where ^ is the Kronecker delta, selecting both surface and parity. (Only the 
surface index part of a is relevant in / i a and /£ of course.) 

Equation (17) is proved by first noting the identity 

uLv — vLu = -T-P[U, v], r £ rj dr 

where the bilinear concomitant P[u, v) is defined by 

or i - // d v d u \ 

(18) 

(19) 

For arbitrary u and v in T^ P[u, v] is asymptotically constant as r approaches 
a rational surface r; from above or below. However the constant is different on 
either side of the rational surface so that P[tt, v] will in general suffer A jump which 
we denote [P[ti, v]]j. Because uLv is integrable we can take out an infinitesimally 
small interval around the rational surface without affecting the matrix element. 
Doing this, and using Eq. (18), we relate the asymmetry to the jump in the 
bilinear concomitant 
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(tt,Lw)-(v,Ltt) = -[P[u,t;)) i , (20) 

assuming that u and v have compact support containing only the rational surface 
j . Equation (17) follows from Eq. (20) when we compute the jump for the small 
and large solutions explicitly from the definitions Eq. (7) and Eq. (8) 

Using Eq. (17) we can now easily show that 

(21) 

(22) 

Now suppose that we have made ((, L£).Jm stationary under Type 1 variations 
k<2) 

«ytn 
and (£, L() stationary under Type 2 variations, so that L£ = 0. Then clearly 

'sym 
the left hand side in Eq. (22) vanishes and we find that the two symmetrized 
matrix elements are equal to bilinear forms in the c's and C's, 

a 

-2 £/;w.c.=«",«)! '•ym 

(23a) 

(23b) 

(18) 

(19) 
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The solution space of L$ — 0 is a 2JV-dimensional subspace of T. We span it 
with two alternative sets, {(a^}, and {£o }, of 27V fundamental solutions, repre
senting natural solutions of the Euler- Lagrange equations and physical boundary 
conditions arising respectively from variations of Type 1 and Type 2. 

A Type J fundamental solution Ca is defined by requiring the coefficients of all 
the large Frobenius solutions contained within (a ' [cf. Eq. (12)] to be zero save 
for one, Ca, which is set to unity. That is, 

#>==»+£>#+«, rem » (24) 

where the c0< and {rem are different for each value of a. We can regard (&' at the 
forced response to an imposed large Frobenius solution at the surface, and with 
the parity, denoted by a. Specific examples are given in Sec. VII. 

. ^ • - i 



A Tjfpe 2 fundamental solution is defined analogously but with the roles of the 
small and large Frobenius solutions interchanged, 

^seT+Ec-'SS+fc-
Define 

and 

(25) 

(26) 

(27) 

Then we see from Eq. (23) that D ^ and E'a3 can be interpreted as linear response 
coefficients giving respectively the c's in terms of the C"s 

2/ia/;'c0 = £ 0a0C0 , (28) 

and the C s in terms of the c's 

W i ' C a = £ £;„<* . (29) 
/J 

The two response matrices are, to within simple factors, mutually inverse, 

%,fi=*wfif:fHiy-iu. (ao) 
The variational principle for the D'-matrix is essentially that given in Refs. 18 

and 25. The calculation of the D'-matrix using the Galerkin method has been 
implemented in the PEST3 code16 and tested in various situations. There is a 
case, however, where it is much more natural to use the inverse formulation in 
terms of the E'-matrix, and that is the case where the equilbrium is close to ideal 
marginal stability. In this case the D'-matrix becomes very large because the 
E'-matrix has an eigenvalue close to zero. In particular this situation occurs with 
the m = 1 mode, and with the double tearing mode when the rational surfaces are 
close together. If the departure of the equilibrium from ideal marginal stability is 
0(c), where e is a small parameter (e.g. the inverse aspect ratio of a tokamak in 
the case of the m = 1 mode), then there is a solution with C's 0(e) since the large 
solution component vanishes in the ideal solution which exists at ideal marginal 
stability. Then the variational principle for E'Q0 assures an 0(c 3 ) error if we use 
ideal trial functions to extremize the Type 2 symmetrized matrix element. This 
presumably explains why Refs. 10 and 12 were able to obtain the inverse response 
matrix in terms of the ideal energy. 
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IV. GENERAL MATCHING FORMALISM 

In this section we follow the general formalism for multi-tearing sketched in 
Refe. 11, 18, and 21. Since parity is very important in the inner region we make 
the parity of the outer Frobenius solutions explicit. We do this by using a ma
trix notation in which the c,± coefficients are represented as components of N-
dimensional vectors c±, and likewise with the C*s. The outer response matrix is 
partitioned by parity into N x N submatrices, A', B', V and A' defined by the 
relation 

[2]-i[«ll£l 131) 

[Note that this response matrix is the transpose of that defined in Refs. 11,18, and 
21, the present choice being more natural from the point of view of a response 
matrix theory.] The factor 1/2 is introduced in Eq. (31) so that the diagonal 
components A ,̂ agree with A' as normally defined. 2 0 , 3 2 , 3 3 

Comparing Eqs. (28) and (31) we see that the response matrix UQft is related 
to that defined above by 

and 

(32a) 
(32b) 
(32c) 

(32d) 

The principle of asymptotic matching is that the asymptotic expansion of the 
outer solution as x —* 0 should match term by term with the asymptotic expan
sion of the inner solution as x —» oo. Thus we expect to find Eq. (12) holding 
asymptotically as x —* oo in the inner region as well, and again can hope to define 
an inner response matrix such that 

c - J " 211>; (33) 

where the submatrices A(u/), B(u>), T(u), and A(u>) are diagonal since the inner 
expansions involve only one rational surface at a time. The rational surfaces r* 
are assumed well separated, so that the inner regions do not couple directly with 
each other, but only through the intermediary of the outer solutions. 

6 



The dispersion relation for the frequency u> is simply the matching requirement 
that c± in Eq. (31) be equated to c± in Eq. (33), and likewise for C±. That is, 
that the system of equations 

f A(u>) - A ' B(w) - B' 1 f C_ 1 _ 
lr (u, ) -r A ( W ) - A ' J I C + J - 0 (34) 

have a nontrivial solution. 

V. REDUCED MHD LIMIT 

In this section we apply the formalism developed above to the case of a narrow, 
cylindrical, zero-/? plasma, which can be regarded as a reduced MHD 3 4 approxi
mation to a low-/?, large-aspect-ratio, circular-cross-section tokamak plasma. In 
this interpretation, as in Sec. II, the periodicity length in the z-direction is 2*72, 
with R now the tokamak major radius. The cylindrical case is simpler to visu
alize than a fully toroidal plasma and allows comparison with our initial-value 
calculations. It has been used previously as a model for studying multi-tearing in 
Ref. 11. 

The reduced MIID outer region equation for £ is a particularly simple limiting 
case of the Newcomb equation of Sec. II in which we take j / —• 0, R —• oo, and 
B, —» const so that 

/(r) = r3F7fm2 

and 

0(r) = 2~rF2 , 

(35) 

(36) 

where F(r) is as defined in Eq. (5). 
In the ideal MIID cylindrical limit, the outer-region flux function V for the 

magnetic field perturbation b = V 0 x e , = V x ( ( x B ) is related to the radial 
displacement £ = cr«£ by 

V = (r/ro)F(r)* . 

In terms of ip v e may rewrite the Newcomb equation as 

mj'{r) 

(37) 

r dr dr r 2 Bt{m - nq) 0 = 0 , (38) 

where j'(r) i 

In the zer 
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where j'(r) is the equilibrium toroidal current gradient 

/(r) = i(3F' + rF"). 
tn 

(39) 

(34) In the zero-/? limit, we find Di = — \, m = | , so that the indices of the 
leading-order large and small solutions are — | - /i, = —1 and — | + /i» = 0, 
respectively. This is an example of the case, in the theory of the Frobenius 
expansion31, when the solutions of the indicial equation differ by an integer and 
the expansion in fractional powers fails to find the large solutions. Instead the 
series involve logarithms, as well as powers,7*30 

EfL{ri + x,9) ~ exp(tm<0) (M^sgnx + K, In |x|) + 0(x°) , (40a) 
Hf+(r, + x, 9) ~ exp(im^) flx!"1 + « | Sgn x In |x|) + 0(x°) , (40b) 

where K, = J"' fif" is proportional to the current gradient at the rational surface 

(35) 

(36) 

_ 3 Ft 

_ mj'{n) (41) 

The small Frobenius solutions are power series in x and have the leading-order 
behavior 

tf!(r, -I- x, 9) ~ exp(tm,0)sgn x + 0( |x|) , 
*!+(r, + x,9) ~ exp{irm9) + 0{x). 

(42a) 
(42b) 

(37) 

(38) 

From Eq. (37) and Ec .̂ (40) and (42) we see that xp is bounded in reduced MHD 
(but not for finite-/? plasmas if w > 1/2). It will be shown in the following section 
that the only matrix elements we need are the odd-odd elements, giving the A' 
matrix by Eq. (32d). From Eq. (37) and Eq. (40a) we see that the fundamental 
^•solutions, corresponding to the fundamental (-solutions Q_ defined in Eq. (24), 

in- s —i\j 
m " 

(43) 

are continuous at the rational surfaces, although their derivatives diverge loga
rithmically due to the K< term in Eq. (40a). 



We can use these facts to integrate the matrix elements in Eq. (32d), denned ii. 
Eq. (15), by parts to give the A' matrix as a generalization of the form originally 
due to Furth24 

4 i = 
m* 

rfW)3 J* [(v^.-r-^iV'i-)+^P-ti-ti-TF 
rdry (44) 

where the perpendicular gradient operator V i is defined by 

__ , d0 *m^ 
dr r (45) 

and V denotes the principal part. It is readily verified that the Euler-Lagrange 
equation obtained by requiring Aj. be stationary under variations of the V>'s >s 
Eq. (38). 

While the singular integral makes this a not very attractive form for numerical 
purposes, its great virtue is that it exposes the ratio j'/F as the critical factor in 
determining the positivity or otherwise of the Aj-j matrix. Regions where j'/F < 0 
can make the diagonal elements positive (more unstable to tearing) while regions 
where j'/F > 0 are stabilizing. This form is also closely related to the energy 
principles used in Refs. 13, 14, and 15. 

VI. MATCHING IN REDUCED MHD LIMIT 

We define the c's, C's and outer response coefficients as in Eqs. (12) and (31) 
using the modified large solutions, Eqs. (40a) and (40b). However, it is shown in 
the Appendix that, at least for the incompressible slab model used there, the inner 
response matrix as defined in Eq. (33) does not exist, due to the fact that neither 
of the two independent solutions of the inner equations found has a nonzero Sf+ 
component. That is, Cj + = 0. (Interestingly, an indication that Ej+ is forbidden 
at zero /? can be obtained from generalized function theory35, where it is found 
that the even-parity function |x|A is not a well-defined generalized function in the 
limit A -• - 1 , whereas the odd function x*sgn x is.) 

We could build the absence of Efj into the formalism as a constraint from the 
outset, but since it is not clear that this applies to the finite beta case (both 
parities of generalized function being allowed) we prefer to use instead a modified 
version of our linear response formalism in which we regard the inner response 
as being driven by the small solutions. (This is intuitively reasonable since these 
are the solutions that dominate as x —> oo in the scaled inner equations.) Thus 
we replace Eq. (33) by an equation an inverse inner response matrix such that 

which defines 
Substitutin 
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J), defined in 
rm originally 

dr , (44) 

(45) 

uler-Lagrange 
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[c!]-2[o4(!)-'][c!]' (46) 

which defines the submatrix A(u>), diagonal as before. 
Substituting Eq. (31) in Eq. (46) we find C+ = 0 as expected, and 

( A ( u / ) - A ' ) C = 0 . (47) 

In this formulation, Eqs. 33 and 34 are not used. The dispersion relation, that 
det[A(u;) — A*] vanish, is the same as that obtained in Refs. 11,12 and 26. 

We base our approach to the theory of the inner layer on the treatment of 
Bondeson and Sobel33, which includes both resistivity and viscosity, and the 
symmetry-breaking effect of a current gradient at the tearing layer. The de
velopment can be done for an incompressible slab geometry and the prescription 
of Ref. 23 used to translate the results to cylindrical geometry. By Galilean in-
variance the expression for the inner-layer odd-^/odd-E** response coefficient 
(see Appendix) generalizes, in the case of small equilibrium flow parallel to the 
layer, to 

A(w) = -t>w,6 c/iy, (48) 

where w, = U>—\L-VQ is the frequency Doppler-shifted to the frame moving with the 
local background flow in the resistive layer (assuming the velocity shear negligible 
over the layer width and suppressing the surface label t). In a cylindrical plasma, 
u>, is defined by 

u>, = u> — mil$ + nVg/R, (49) 

where il$ is the poloidal rotation frequency and vt is the axial flow speed. In 
Eq. (48) we have introduced the (complex) "layer width" 6C("» n, ")» given by 

«••(£) " ( « ) • (50) 

where p is the mass density, T) the resistivity, v the viscosity, and F' = F'(rf)-
The parameter 70» defined by 

7o •££)"• (51) 

determines whether the growth rate is inertia-dominated (\u>,\ > 70) or viscos
ity-dominated (\u>.\ < 70) through the function D, defined (see Appendix) as 
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a logarithmic derivative D(a) = -<p'a{Q)/<Pa{0)t with ¥><»(*) any solution of the 
homogenous equation 

<Pai«) - ("4 + O*2)*^*) = 0 (52) 

that is finite at K = 0 and vanishes at *c = +oo. In the viscosity-dominated 
limit23 we can use D(0) = 6 2 ' 3 r(5/6)/r(l/6) ~ 0.6696, while in the inertial 
limit2 3 we use the asymptotic behavior for large argument, D(a) ~ Doo* 1' 4, 
with Doo = 2r(3/4)/r(l/4) ~ 0.6760. By least square fitting to values of D(a) 
calculated at selected values of a, and subsequently verifying over a wide range 
of values, a formula that interpolates between the inertial and viscous limits to 
within a relative accuracy of 0.5% for a in the right half plane (w in the upper 
half plane) was found to be 

D{a) = 0.6696 + 0.6760 [(a + a i ) 1 ' 4 - o | / 4 ] 

+ Cl[(a + a 2 ) - e » - a I e , ] , (53) 0 

s 
\ 

\ 

[ \ 

\ 

2 — 

where ox = 0.4965, a 2 = 1.3512, cx = 0.18574, and et = 1.7593. 

VII. DOUBLE TEARING 

In a cylinder there can only be linear coupling between mode-rational surfaces 
if the g-profilc is nonmonotonic, in order that there be distinct magnetic surfaces 
with (he same rational q-value. One such case, of interest for tokamak experi
ments, is the one with two q = 2 surfaces. In this section we use the q — 'l double 
tearing mode as a test case for illustrating the general formalism developed in 
previous sections. 

We solve Eq. (38) in the three different regions 0 < r < i*i, T\ < r < r2, and 
r 2 < r < a with the boundary conditions ^ ~ »"'m' as r —• 0 and the perfectly 
conducting wall condition V(<0 = 0. We assume that the rational surfaces are 
well-separated compared with the layer widths bn or Sv [see Eq. (A 13)] at the two 
surfaces, so that the asymptotic matching formalism developed in the previous 
sections is applicable. 

FIG. 1. Sa 
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y-dominated 
i the inertial 

11 ues of D(a) 
•» wide range 
ous limits to 
in the upper 

(53) 

FIG. 1. Safety factor (9) profile and the two fundamental isolations, 
0i- = mi>\-lr\F[ and 02_ = infa-f^Fi, normalized to unity at fi = 0.1972a and 
ri = 0.8395a, respectively. The case in this and subsequent figures is that defined in 
Eq. (66) and the subsequent text. 

onal surfaces 
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I)] at the two 
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This one-dimensional case is sufficiently simple that we can use a generalisation 
of the usual logarithmic-derivative formulation of the outer response (A') as an 
alternative to using the general variational formalisms developed in Sec. Ill or 
Sec. V. To this end we work in terms of 0 rather than (. We form the two odd
s'* fundamental solutions, Vi- and 02-. Eq. (43), obtained by taking C*_ ^ 0 
at surfaces i = 1 and t = 2, respectively, with the d+ taken to vanish at both 
surfaces (see Fig. 1). In terms of 0, odd-S^ corresponds to even-?**, and since 
the leading asymptotic behavior of the even-*** solutions as z —• 0 is simply a 
constant, the 0f-_ solutions are continuous at r\ and T2. The support of 0i_ is 
0 < r < r 2 and the support of tp2- is ri < r < a as illustrated in Fig. 1. 

We can now express the four elements of the A' matrix in terms of the funda
mental solutions 

Aii = JigM-O-i +«) - VUn - OlM-M (54) 
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A'M = Jimtyj-fo + c) - V'2_(r2 - <)]M-(r 2) 

A'1 2 = (r»fS/rifJ)^i.(n +O)/0 2 . (r 2 ) 
A'2i = -(rifJ/r4fS)^,.(ra - 0 ) /* - (r i ) , 

(55) 

(56) 
(57) 

where /< denotes Ffa), since the above procedures pick out the coefficients of the 
odd-£** small Frobenius solutions ifrfl = (rF/m)tfl, whose leading asymptotic 
behavior is (rjFj/m)|z|. The reason for the limiting procedure in Eqs. (54) and 
(55) is to cancel the divergent contribution to the derivative from the x In |x| term 
in 9f l , but this is not necessary in Eqs. (56) and (57) because, by construction, 
there is no large solution component in the fundamental solutions at the surfaces 
concerned. 

For the simple cylindrical case Eqs. (54)-(57) provide an adequate method 
for computing the A' matrix, but the reliance on accurate numerical evaluation 
of derivatives near the singular surfaces makes this method a much less robust 
and efficient algorithm for generalization to two-dimensional calculations than the 
variational formulation Eq. (26). 1 6 

Requiring the determinant of the matrix in Eq. (47) to vanish, the dispersion 
relation for the double tearing problem becomes 

(A„(u,) - AiJ [A22(u;) - A y - A'12A'M = 0 , (58) 

with An(u>) and A 2 2(u) being given by Eq. (48) at surfaces 1*1 and r 2, respectively. 
Thus the flow enters only in determining the Doppler shifts in the local rest-frame 
frequencies w,i and w»2. We parametrize the effect of differential rotation between 
the surfaces through a single parameter QQ such that 

w,2 = w,i + f l 0 • (59) 

For example, if surface 1 is stationary and surface 2 is experiencing purely poloidal 
rotation, u>,i = u and Qo = -mQ§2-

Equation (58) is most easily analyzed in the viscosity-dominated limit [see 
Eqs. (48) -(53)], 

Ajj(w) = -itf(ty,i>>)w»i • (60) 

where K(JJ,I/) = irD{0){pi//F,7)lf6/r)bf6. Then Eq. (58) becomes a simple 
quadratic equation with solution 

_*iA' a . + /frA'n±A 
01 ~ IKxKi (61) 

* i = A'0?(r;) 
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A'2, = A'22 +1tfjfto , (62) 

tfjEEKfofo),«,(»-,)), and 

A = [( /dA 2 , + A' 2A' n) 2 - 4 A 1 K 2 ( A ; I A 2 . - A ' 1 2 A 2 l ) ] 1 / 2 

= [ ( A 1 A 2 , - K 2 A ' U ) 2 + 4 A ' 1 A J A ; 2 A 2 1 ] 1 / 2 . (63) 

Consider first the case of no differential rotation, QQ = 0, so that A2» = A 2 2 is 
real. It was argued in Ref. 11 that A'12A'21 > 0, based on Newcomb's criterion27 

for ideal stability in cylindrical geometry. This also follows from the reciprocity 
theorem18, r?(F,')3A'12 = r^Ftf A 2 1 , that follows directly from the variational 
expressions Eq. (26) or Eq. (44). The result remains generally true, even in full 
toroidal geometry.16 As a consequence, it is immediately seen from the second form 
for A in Eq. (63) that -tu>,i = -tu>.2 = y± is real in the case of no differential 
rotation. 

In this case, a sufficient condition for instability is that either or both of A j , 
and A 2 2 be positive. This is not necessary however — the double tearing mode 
is unstable unless A' n and A 2 2 are both sufficiently negative that they overcome 
the destabilizing effect of the coupling of the rational surfaces, 

A' nA' 2 2 > A'12A'21 (64) 

This condition was first derived in Ref. 11 and interpreted graphically in Ref. 12. 
Consider now the opposite limit, |Qo| —• <*>• In this case the two branches of 

the dispersion relation reduce to 

A' 1 
Ki ftc 

(65) 

where j = 1 or 2. The corresponding eigenvectors of Eq. (47) are [C\.,C>-\ = 
[1,0] and [0,1], respectively. Thus, in the large flow limit, the tearing modes 
decouple into modes that corotate with one mode-rational surface only, where 
reconnection takes place. The other surface responds as if the resistivity were 
zero because the frequency "seen" by the plasma there is too high for resistive 
diffusion to take place. By use of the fact, see Eq. (53), that D(a) is a non-
decreasing function for large \a\ it can readily be demonstrated that the decoupling 
phenomenon is a general asymptotic result in the large relative rotation limit, not 
dependent on the validity of the viscosity-dominated approximation (which must 
in fact break down for the "ideal" surface). 

In this decoupled limit the necessary and sufficient condition for stability is 
the less stringent condition that A' n and A 2 2 both be negative. The differential 
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rotation is therefore stabilizing. As argued in Ref. 17, the graph of growth rate 
vs. ft0 will exhibit a resonance peak at fto = 0. This is confirmed numerically in 
the next section. 

VIII. NUMERICAL RESULTS 

We work in the viscosity-dominated regime |u>#;-1 < yoj lor j = 1 and 2, where 
7o is denned in Eq. (51). The viscosity-dominated regime is physically reasonable 
for large-scale experiments23 and is the case analyzed in the previous section, 
although in the numerical matching work we use the interpolation formula Eq. (53) 
and so are not limited to this regime. We use a hollow current profile in order to 
achieve a nonmonotonic -̂profile with two q = 2 surfaces.1 1 , 1 3 

- 0 . 5 
FIG. 2. Current profile >(r) and the resulting profile of F(r) s (B,/R){m/q - n), 

which has zeros at the rational surfaces r\ and rj. 

FIG. 3. (a) 
the case i = 
A'„;and(b) 
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-100 

-150 

-50 

-200 
FIG. 3. (a) The integrand of Eq. (44) times the constant multiplying the integral in 

the case i s j s 1, showing the regions giving positive and negative contributions to 
A'n; and (b) the function giving the corresponding contributions to A». 
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The current profile was adjusted so as to achieve a A' matrix with diagonal 
entries close to zero. By Eq. (65) this myites the plasma close to marginally 
stable for large relative rotation between the two rational surfaces. Given that 
F(r) < 0 outside the interval [ri,r2] (Fig. 2), it is seen from Eq. (44) that flat
tening the current gradient for r < n tends to make A' u less positive (i.e. it 
is stabilizing) and flattening the current gradient for r < TI tends to stabilize 
A H . although the integral nature of Eq. (44) and the fact that the eigenfunctions 
also change as the current profile is adjusted makes the problem highly nonlocal. 
As is seen in Fig. 3, near-marginal stability is the result of balancing of large 
positive and negative terms and Fig. 2 shows that quite strong flattening of the 
current profile was required to bring A' n and A 2 2 simultaneously close to zero. 
The current profile was defined by j(r) = 2h(r)/qoh(Q), with h(r) defined by 
the Mathematical function IntexpolatingPolyno»ial[{{0, {0.7,0}}, {0.1,1.3}, 
{0.2,1.8}, {0.3,2.0}, {0.4,2.5}, {0.7,0.7}, {0.8,0.5}, {0.9,0.3}, {1,{0.1,0}} },r), 
which gave 

FIG. 4. Plots of the diagonal elements A'n and A22 v$. qo, the value of 9 on the 
magnetic axis, showing that, for the case 90 = 4.22 stndied in this paper, surface r% is 
stable but surface rj is unstable to tearing when the other surface responds ideally. 
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FIG. 5. Plot* of (a) growth rate, Im u, and (b) frequency, Re u>, as a function of 
relative rotation parameter flo. 
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j(r) = (2/0.7f0){0.7 + [60. + (-325. + (972.222 + (-1597.22 
+ (972.222 + (1500.5 + (-6554.05 + (14159.9 
- 26410.4(-1 + r))(-0.9 + r))(-0.8 + r))(-0.7 + r)) 
x (-0.4+r))(-0.3 + r))(-0.2+r))(-0.1 + r)]r 2} . (66) 

This choice was arrived at interactively by adjusting the heights of the nodal 
points and graphing (using Mathematica36) until a reasonable looking profile was 
obtained, then calculating A' for a range of values of qo, the value of q on the 
magnetic axis, until a profile was found that had a narrow range in which both 
A' n and A'2 2 were negative, as shown in Fig. 4. For qo = 4.22, m = 2, n = 1, and 
a — 1 the A' matrix was found to be 

' • [ - • 
-2.28 -9.91 
0.2342 0.205 (67) 

showing that the inner surface has been stabilized (A' n < 0) while the outer 
surface is slightly unstable (A22 > 0). 

The viscosity v and mass density p were taken to be constant. Working in units 
such that Bx/R= 1, the resistivity profile was taken to be iy(r) = rjoj{0)/j{r). 
Figure 5 shows the growth rate and frequency for the case p = 1, qo = 4.22, 
1/0 = 2x 10"8, v = 5x 10~ n , as a function of relative rotation parameter fto, taking 
the inner rational surface T\ = 0.1972 to be stationary. It is seen that the mode 
is most unstable at zero relative rotation, while for large relative rotation it has 
lower growth rate and corotates with (is locked to) the outer surface TI - 0.8395, 
as predicted by the analysis of the previous section. The ratio between the growth 
rates in the large-flow limit and the flowless limit can be made arbitrarily small 
by selecting an equilibrium sufficiently close to marginal stability at large flow. 
As seen from Fig. 4, the plasma should be stable at large flow for qo in the range 
4.16 < q0 < 4.21. 

Shown also are the results from initial value calculations using the full reduced 
Mill) equations. The calculations were done using a semi-implicit mixed Fourier 
and finite difference code with 440 equally spaced radial grid points. The poloidal 
rotation frequency profile was flattened around the rational surfaces to ensure 
the validity of the neglect of velocity shear in our inner-region theory, it is seen 
that the results are in good qualitative agreement with the asymptotic matching 
theory, although the growth rate is underestimated by the theory. Convergence 
studies both with respect to time steps and grid points were made so the source of 
quantitative discrepancy is presumably due to our not being sufficiently far into 
the asymptotic regime. We also verified with the initial value code that complete 
stabilization at large flow was achieved when we took qo = 4.19, within the large-
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(66) 
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% profile was 
of q on the 
which both 
n = 1, and 

(67) 

ie the outer 

flow stability window (Fig. 4), and that there was residual instability at large flow 
for the values on either side of the window, q0 = 4.15 and fo = 4.22. 

Using the growth rate calculated from the asymptotic matching method, the 
scale lengths defined in Eq. (A 13) for the flowless case fto = 0 at surfaces (ri.rj) 
were «, = (2.7 x 10"2, 5.2 x 10' 2), 6„ = (2.1 x 10~3, 2.1 x 10"3), and 6* = 
(5.1 x l O - 6 , 6.9xlO - 6). In this case the arguments 7/70 = (3 Ox 1 0 - 2 , 7.9xl0" 2) 
of the function D in Eq. (50) were within the viscosity-dominated regime, and 
the smallness of 6m implies that we were well within the constant-^ regime. 

For fto = I0~ 4 the corresponding complex scale lengths calculated using the 
Doppler-shifted frequencies at surfaces (ri.rj) were 6n — (6.4 x -0~ 3 - 6.2 x 
10"3t, 1.4 x 10"2 - 1.4 x 10"2i), 6¥ = (5.1 x 10~4 - 5.0 x 10~4t, 3.5 x 10"3 + 
1.0 x 10"3t), and bm = (1.4 x 10' 6 + 4.5 x lO"5*, 1.9 x 10"« - 1.2 x 10~*s). The 
arguments of D were (-5.3 x 10"1 + 5.8 x 10"1!, -1.0 x 10"3 - 3.2 x 10"3t), 
so that for large flows also we wen; again (just) within the viscosity-dominated 
regime. 
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I loj{0)/j(r). 
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IX. CONCLUSION 

We have presented various methods of calculating the general outer region 
boundary layer matching matrix, including a new variational formulation suit
able for plasmas close to ideal marginal stability. In a zero-/? plasma, either in 
cylindrical or toroidal geometry, we have shown that the dispersion relation for 
coupled tearing modes can be reduced from the general formula of Ref. 18 to one 
involving only the A' matrix. 

We have found, both from the boundary layer theory and from numerical ini
tial value calculations, that growth rate as a function of relative rotation between 
the tearing layers exhibits a sharp resonance behavior, being a maximum at zero 
relative rotation and being reduced at large rotation due to suppression of recon-
nection at all but one surface. A similar conclusion has recently been reached by 
Fitzpatrick el a/.37 

To obtain a dramatic contrast between the maximum and minimum growth 
rates for the m - 1 double tearing mode in a cylindrical plasma with hollow 
current profile, we found that considerable flattening of the current profile near 
the rational surfaces was required. This is because the coupling is rather weak 
and double tearing modes tend to be quite unstable. We suggest that flows, 
presumably generated by neutral beam injection, cou'd be used to control toroidal 
coupling of tearing modes as well as double tearing modes in tokamak experiments. 
A nonlinear study3 8 will be presented elsewhere. 
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APPENDIX: INNER EXPANSION 

The aim of this appendix is to provide a careful analysis cf the matching between 
the inner region and the global outer region matching data, making no a priori 
assumptions about parity. A simple slab model is adequate to analyze the qual
itative aspects of the inner/outer matching problem in the vicinity of a rational 
surface provided we include the symmetry-breaking effect of the finite equilibrium 
current gradient, which always exists in cylindrical and toroidal plasmas. The ba
sic equations for the incompressible visco-resistive slab are given in Appendix A of 
Ref. 23. We take the equilibrium magnetic field to be Bo = B0tet+a~lF'(x)ey, 
where ey and e, are unit vectors in the y and z directions, respectively, and we 
take the equilibrium flow to be vo = voey • The fields 

1̂ = iip(x) exp i(ay - ktz - wt), 

<i>\ = 4>(x) exp i(ay -kxz-ut) , 

(Al) 

(A2) 

are stream functions such that the perturbed magnetic field and velocity are given 
respectively by Bi = V^iXe, and vi = V^iXe,. 

We adopt as our model layer equation set Eqs. (2a) and (2b) of Ref. 23, 

and 

where 

pv<t>W _ fn$' - xF'il>" - F"1>, 

7V = xF'<f> + i}if>" , 

7 = -«*;•, 

(A3) 

(A4) 

(A5) 

with u>, the Doppler-shifted frequency as seen by a frame moving with the equi
librium flow 

where the cui 
throughout th 

In this asympi 
£ = -a<ft/f. S 
replace £ by <j> 
can be solved 

U), = Uf - QVQ (A6) 
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h the equi-

(A6) 

The other symbols are defin« 1 after Eq. (50). 
By retaining the current Gradient parameter F" we retain sufficient of the 

outer region profile information to obtain a nontrivial equation for V* in the ideal 
marginal limit, rj, i/, 7 —• 0 

X0"-*C^ = O, (A7) 

where the current gradient parameter K (assumed positive, for convenience, 
throughout this Appendix) is defined by 

K = F"fr (A8) 

In this asymptotic limit, Vs <t> and ( are simply related through iff = xF'4>h a i | d 
£ = -a<t>/y. Since the proportionality between ^ and £is independent of x, we can 
replace £ by 4> for computing the inner response matrix of Sec. IV. Equation (A7) 
can be solved analytically, giving the even- and odd-# large (oc tl>/x) solutions 

* * - n(2M 1 / 2 ) , x<o, 
IX I 

(A9) 

and even- and odd-^ small solutions 

^ ( x ) = { , K X , " 1 / 2 / l ( 2 M l / 2 ) 

±\Kx\-lt2Jl{2\KX\1'2) 
x>0 
x<0 (A10) 

where J\ and Y\ are Bessel functions of order 1, and l\t A"i are modified Bessel 
functions of order 1. Using the small-x expansions for the Bessel functions39 wc 
find 0 ? = 1 + KX/2 + K V / 1 2 + 0(x*) and • ? = x"l[\ + Kjr(ln«|x| - 1 + 
27E) + ^(* 2 In x)], where TB is Euler's constant. Note that 4%(x) happens to be 
analytic at x = 0 in the zero p' case. It is not part of the regular solution referred 
to in Sec. II, however, which contains only the nonresonant Fourier modes in 
the cylindrical case and may be neglected here. Comparing with Eqs. (40) we 
conclude that the K defined in Eq. (41) is the correct generalization of Eq. (A8) 
to cylindrical geometry. 

Thus not only the leading 0(1/x) behavior of the large solution is correctly in
cluded within our model equations, but also the O(lnx) behavior [cf. Eq. (40a)]. 
The 0(x°) behavior has the same form as that of the leading term of the small 
solution and may be changed by redefining the large solution to be a linear com
bination of the old large solution and the small solution. (It is this degeneracy, 
leading to a resonance effect, which gives rise to the logarithmic terms in the large 
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solution.30) As it is therefore a matter of convention as to what constant to take 
for the 0(x°) part, we are free to adopt Eq. (A9) as the definition of the large 
solution. The importance of having a layer model which is accurate enough at 
large x to give these terms is that we are otherwise uncertain as to whether a true 
match has been obtained between the layer theory and the global outer region 
calculation—we must in general ensure that the error in the small-* behavior of 
the large solution in the ideal marginal limit of the layer model is of lower order 
than the small solution.18 

Although our layer model, Eqs. (A3) and (A4), is more accurate than the 
conventional symmetric-layer theory, it is only second order in *, and therefore ^^^~" 
Fourier analysis33 will reduce it to a second order differential equation just as 
in the symmetric case.40 However the effect of the symmetry-breaking term is 
to introduce an essential singularity into the solution at the origin in Fourier 
space and interpretation of the solutions in terms of generalized functions becomes . 
impossible. We circumvent this problem by using a Fourier-Laplace method in ' 
which the transforms are defined on suitably chosen contours in fc-space. By 
choosing the angles of approach to the origin in the appropriate sector we can 
make the singular solution subdomiiiint. Admissible contours must also be such 
that the transforms decay at large k so that <j>{x) is smooth. We thus seek two 
independent admissible solutions, <t>\(x) and <f>n(z), defined by 

*,,„(*)=/ <"***£, (All) 

where Ti = Fi U F2 and Tu = F2 U F3 are the contours shown in Fig. 6, with a 
similar representation for 4>. 

The conditions that Eq. (All) solve Eqs. (A3) and (A4) are that 4>k obey the 
second order differential equation 

on T| or Tn, that it decay as |Jfe| —* 00, and that it be continuous at k = 0. The, 
in general complex, characteristic inner-region lengths bn%bv and bm in Eq. (A12) ' 
are, following Ref. 40, defined as 

/S* = «Av FIG. 6. L 
* " V / 1 ' tw ndepenc 

b\ = t//y , solutions. (1 
t,Jl is carried to 

1 s 73 • <*»') 
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FIG. 6. Laplace contours Tt s Ti U T3 and Fn = T2 U Ta used for defining the 
two independent solution* $\ and In, and the cuts appropriate for defining these two 
solutions. (That * as 0 is a branch point becomes apparent when the smaU-Jb expansion 
is carried to higher order than is done in the text.) 
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For purposes of general asymptotic analysis we adopt the maximal ordering 
IJ ~ v ~ « 3, 7 ~ c, where the expansion parameter c —• 0. The "constant-^" 
regime usually used in tearing mode theory can be obtained later as a small-7, 
small-i/ subsidiary ordering. We solve Eq. (A 12) by asymptotic matching between 
an "inner-*" solution for * = 0(e°) and "outer-*" solutions for Re* = 0{c~l). 

In the inner-* ordering, the solution asymptotic solution is, to leading order 

^ = ^exp(-tK/*) + B + 0 ( e 2 ) , (A14) 

where A and B are arbitrary constants. 
The singular solution (with the coefficient A) decays exponentially fast as * —• 0 

from the upper half plane, so that it and all its derivatives vanish at the origin on 
our contours Fi and Tu. Thus we can allow the coefficients A\, A?, A2, and A3 on 
the contour segments Ti, F2, f 2,and F3, to be different. However we must require 
B\ — B2 and B* = #3 in order to maintain continuity of 4>k and its derivatives at 
0. The freedom to allow the J4'S to be different on either side of the origin allows 
us to choose them so that the boundary conditions at infinity are satisfied. 

The large-* asymptotic behavior of the inner-* solution, 

*k = A (\ - £ - ^ ) + B + O(e') + 0(K3/k3), (A15) 

is to be matched to the small-* limit of the outer-* solution. 
In the outer-* region [* = 0(\/e)]} we expand 4>k in the asymptotic series 

<f>h = <pk' + 0(eln<). The equation for <f>k »8 simply Eq. (A 12) with the term 
proportional to K omitted. This equation has been studied in various limits by 
Porcelli.40 

In the 8maIl-7, small-p subsidiary ordering where the constant-^ approximation 
holds, the zeroth order outer-* equation can be solved40 by introducing an inter
mediate region, where the leading order equation is an analytically soluble, first 
order differential equation in d<frk '/dk, and an outer region in which <j>k = ?(l&l)> 
where <p is such that 2 3 

f j V . ,;*'(i+ *;*2

)v, = o (Ai6) 

on the interval * € [0,oo) with the boundary conditions y?(0) = const > 0 and 
ip(k) — 0 as * —* 00. [Equation Eq. (52) is a nondimensionalized version of 
Eq. (A16).] This solution is then matched40 to the solution in the intermediate 
region to produce the small-* asymptotic limit of the outer-* problem. 

We denote the asymptotic solution as * /" 0— by 4>UL 

and the solutic 

In the const; 

where 70 is as 
before Eq. (52 

Matching tli 
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(A10), giving 
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&>(*) ~ 1 + A 0 / |* | , 

and the solution as k \ 0+ by <f>kR 

* $ ( * ) - 1 + A 0 / * , 

In the constant-V» limit of Eq. (A16) we have 

(A17) 

(A18) 

A 0 = »>'(0) 
W<>) 

(M,) 1 / 3 

,5/3 • ( * ) • 
(A19) 

where 70 is as defined in Eq. (51) [so 7/70 = (6,6-m/6l)2l3) and D is as defined 
before Eq. (52). 

Matching the inner and outer solutions on the two contours and requiring con
tinuity of B gives us the connection formulas for the A's to one order in 1 beyond 
the leading order 

on T|, and 

A - A ° 1 
A \ — % 1 

K 

K 

A ^ 0 i 1 
A2 = t— + 1 

K 
A3 = I— + 1 

K 

(A20) 

(A21) 

It remains to invert the Fourier-Laplace transforms to find the asymptotic x-
space behavior. At large x only the leading terms in Eq. (A14) contribute. In 
fact the constant term B in the regular solution gives identically zero for x ^ 0, 
so it remains only to evaluate the contribution from Aexp(-in/k). Deforming 
the contours upward or downward according as x > 0 or x < 0, respectively, we 
find standard representations of the Bessel functions occurring in Eqs. (A9) and 
(A 10), giving the outer-x solutions 

2*0,(z) = {A, - A2)*»(x) 
IKK 

T 
%*K - ^(AX + A2)ft(z) + ^ ( A , + A2)<f£(z) (A22) 
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and 

2*1,0) = (M " >»3) [**(*) + ̂ # 0 ) ~ ^^(X)] 
+ 2i>iCi4 3 ^(x). (A23) 

Using Eqs. (A20) and (A21) and comparing with Eq. (12) we see that the term 
in 4>i\ involving 4>? vanishes, so that ^H is a purely ideal solution and makes no 
contribution to C_. Furthermore, even without ua:**g Eqs. (A20) and (A21), it is 
apparent from Eqs. (A22) and (A23) that neither <f>\ nor <fm contains •+", so that 
C+ = 0 in the general solution. Thus the response matrix Eq. (33) does not exist 
and we must go to the inverse formulation, Eq. (46), which gives A(w) = 2 c _ / C . 
Using Eqs. (A20) and (A22) we find 

A(ut) — XKK 

- xAr 

AJ + A2 

A\ - A2 

(A24) 

i.e. Eq. (48). 
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