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ANALYTIC PROPERTIES OF THE OCP AND IONIC MIXTURES

IN THE STRONGLY COUPLED FLUID STATE

Hugh E. DeWitt

Lawrence Livermore National Laboratory
Livermore, CA 94550

Abstract

Exact results for the Madelung constants and first order anharmonic
energies are given for the inverse power potentials with the Coulomb
potential as the softest example. Similar exact results are obtained using the

analysis of Rosenfeld on the F -4_ limit for the OCP internal energy, direct
corelation function, screening function, and bridge functions. Knowing these
exact limits for the fluid phase of the OCP allows one to determine the nature
of the thermal corrections to the strongly coupled results. Solutions of the
HNC equation modified with the hard sphere bridge function give an
example.

Introduction

Quantitative knowledge of the equation of state of the One Component
Plasma (OCP) and Binary Ionic Mixtures (BIM) with a uniform neutralizing
background is best obtained by very long computer simulation methods, either
by Monte Carlo or molecular dynamics. In recent years it has been possible to
obtain results for the OCP internal energy, U/NkT, for both the fluid and the

solid phases 1, 2 to an accuracy of one part in 105. With the internal energy
known to this accuracy it is then possible to numerically integrate the MC
U/NkT results with respect to temperature and thus obtain equally accurate
results for the Helholtz free energy of both phases. The value of the coupling
constant at which the two free energy curves cross determines the location of
the first order phase transition from fluid to crystalline solid. In terms of the

standard coupling constant, F' = (Ze)2/akBT, the OCP is now known to

crystallize into a bcc lattice at about F = 172, a figure that is of considerable
importance for understanding the interior of white dwarf stars and neutron
star crusts. For ionic mixtures equally accurate results for both fluid and solid
phases are possible but have not yet been carried to completion. A fluid
integral equation, the Hypernetted Chain (HNC) equation, is known to give
results for the OCP and BIM fluid that are close to the best MC values, but to

obtain exact agreement with MC results the HNC equations must be modified
with the inclusion of a reasonably accurate bridge function 3. The HNC
equation does not describe the solid phase at all, and solution of the HNC

equation to arbitrarily large values of F"(i.e. tempertures well below the
freezing temperature) describes the limiting energy of a metastable fluid.



Limiting results for the crystalline phase are well understood, but similar
limiting results for the OCP and BIM fluid are available but less well known.

Using these limiting results for F --4c_ is a great help in fitting the MC fluid
data and determining the thermal energy of the fluid phase.

II Crystalline Phase for the OCP and Inverse Power Potentials

We begin this discussion of asymptotic limits with the crystalline phase
because of the important fact that in the crystalline phase the total internal
energy separates cleanly into a static part, Uo = aM(Ze)2/a where aM is the
crystal Madelung constant, and a thermal portion, Uth, coming from
harmonic lattice vibrations. If we consider inverse power potentials of the

form u(r) = gn/r n , then the system requires a uniform neutralizing
background, and the Madelung constant is negative. The OCP can in principle
freeze into the various cubic lattices which have Madelung constants of:

aM = -0.895929 bcc
= -0.895873 fcc

= -0.895838 hcp

For inverse powers with n > 3 the system is neutral, and the Madelung
constants are positive: The fcc lattice is the most stable at T = 0, thus it is
surprising that the bcc lattice is the most stable for the OCP. This is a
consequence of the long range of the Coulomb potential. The thermal energy
of the perfect harmonic lattice is (3/2)kT, and in addition there are
anharmonic terms 4. For the OCP the complete energy has the form:

U/NkT=(Uo+Uth)NkT = aMF + 312 + A1/F +A2/F 2+ A3/F 3+ (1)

For many years following the Hansen-Pollock MC simulation of the OCP
solid it was believed that the first anharmonic correction was zero 5, A1 = 0,
and the anharmonic corrections obtained from MC simulations were given

approximately by 3_00/F 2. This approximation is now known to be not very
good. Dubin has evaluated A1 exactly thermodynamic perturbation theory
and found Albcc = 10.84 and Alfcc = 12.35. No exact evaluation of A2 has
been accomplished yet; the rough value obtained from MC data is A2bcc = 600
and A2fcc = 1100.

The form of Eq. 1 applies equally well to all other inverse power
potentials if one defines the coupling parameter from:

u(r)/kT = (gn/rn)/kT = Fn/X n ,x = r/a, Fn = (gn/an)/kT

The Helmholtz free energy has the form:

F/NkT = aMFn + (3/2)lnFn + C - SH-A1/Fn-A2/2Fn2+ ... (2)



where C = 1 + in(2(3/4_)n/3), and SH is the entropy constant for the
appropriate lattice. Recently Dubin and DeWitt have worked out the values
of SH and A1 for bcc and fcc 6

Some representative results are given in Table I.
Table I, Inverse Power Potential Lattice Results

n aMbcc aMfcc SHbcc SHfcc A lbcc A lfcc

1 - 0.895929 - 0.895873 2.4939 2.4537 10.84 12.35
2 - 1.745958 - 1.746066 .9674 .9086 4.75 5.99
4 1.182700 1.181978 - .6403 -.7370 1.03 3.04
6 ..206926 .205944 -1.5250 -1.6585 - 5.70 .416
12 .005198 .004926 ..... 2.8487 ..... 142.

The values of the Madelung constant for the inverse power potentials
have also been evaluated with n as a continuous variable so that one can find

aMbcc(n) - aMfcc(n). The bcc lattice turns out to be more stable than the fcc
lattice in a narrow range of 0 < n < 1.8. Thus the n = 2 system would be
most stable at T = 0 in the fcc phase. For n = 3 the Madelung constant is
undefined, and for n > 3 the fcc phase is always the most stable up to n = _,
the hard sphere limit. The bcc lattice ceases to exist for n > 7.66. For repulsive
potentials in the range 3 < n < 7.66 the bcc lattice is the most stable form, but
there can be a transition to a stable bcc lattice at temperatures below the
melting temperature, a polymorphic phase transition.

III Fluid Asymptotic Results

MC data for the inverse power potentials from n = 1 to n =12 indicate a
division of the total potential energy into two parts, a static portion and a
thermal portion7:

U(p, T) = Uo(p) + Uth(P, T)

where Uo is similar in magnitude to the Madelung energy of the crystalline
solid. Uth, however, is of quite different character than the harmonic energy
of a solid. Typically Uth/NkT has the for of a low power of the coupling

constant, Fn s , where the exponent s is variously estimated in the range 1
from 1/4 up to 2/5. The MC data can normally be fitted quite well with the
form:

U/NkT = aFF + bF s + c +... (3)

There is to date no definitive theory for the thermal energy of the fluid state of
the OCP or the inverse power potentials that can explain the apparent power
law dependence of Uth/NkT, although a variational hard sphere approach8, 9



does give s = 1/4. The coefficient of F in Eq. 3 will be referred to as the 'fluid
Madelung ' constant, aF is usually numerically close to aM for a lattice,
though not identical; this indicates the extent to which some local short range
order in the fluid resembles a lattice. The fluid thermal energy is quite
different from the crystalline harmonic energy because the particle motions
include not only some short time scale motions similar to lattice vibrations
but also long time scale motions as the particles diffuse through the fluid. For
the OCP the best fits to the MC data in the strongly coupled region from about

F = 1 up to the freezing transition show that aF is less than aM. For the OCP
we find that aFmoves close to -9/10 and s _- 1/3 for the best fits to the
available data.

Rosenfeld has demonstrated that the empirical observation Uo/NkT =
-9/10 is not accidental, but is in fact an indication of the asymptotic limit of the

fluid energy as F-+_,. In two fundamental papers1°, 11 he has shown that one
can define a fictitious fluid at the F--+_ limit and that this fictitious fluid can

be used as a basis for developing finite F results for a real fluid. For the OCP
the Lieb-Narnhofer least lower bound, the mean spherical model, and the
HNC equation all give the correct limiting internal energy for this fictitious

fluid, namely Uo/NkTF = -9/10. Thus the 'fluid Madelung' constant
indicated in Eq. 3 is actually, aF = - 9/10. The fact that- 9/10 is lower than the
lowest known crystalline Madelung constant, namely abcc = - 0.895929, does
not indicate any disordered state of lower energy than the bcc lattice. The form

of the fluid energy indicated in Eq. 3 has validity only in the range of F values

up to crystallization and perhaps a short distance into the metastable fluid, F --

200. Thus Eq. 3 for the OCP fluid is expected to be valid for the range 1 < F
< 200.

Integration of Eq. 3 over temperature gives the Helmholtz free energy as:

F/NkT = -(9/10)1-" +(1/s)bF s + clnF + D (4)

where D is an integration constant. The important point is that the - 9/10 is

again the exact limiting result for the free energy as F --+ oo.

From the virial theorm the pressure is [3Pip = (1/3)U/NkT and
consequently the inverse compressibility using Eq. 3 is:

Ol3P/ap= - (4/10)F + (1/3)(1 + s)bl -'s + c/3 (5)

For an ionic mixture of charges Z1 and Z2 with composition Xl =
N1/(NI+N2) and x2 = 1 - Xl the generalization of Eq. 3 is:

U(Z1, Xl, Z2, x2, Fe)/NkT = - (9/10){ xlZ15/3 + x2Z25/3}Fe + Uth/NkT (6)



l

where Fe = <z>l/3e2/akT =e2/ae kT where ae = (4rtNe/3V) -1/3 and <z> =
x1Z1 + x2Z2 = Ne/N. The first term in Eq. 6, the 'fluid mixture Madelung

term', illustrates the linear mixing rule which is again exact in the Fe --+ _'
limit. The mixture thermal energy, Uth/NkT, ranges from about 50% of the

total internal energy at the low density end of the strong coupling region (F

1) down to about 2% of the total near the freezing density. There is no
particularly reason known why the thermal energy should quantitatively obey
the linear mixing rule, though numerical simulation data for mixtures
indicates that it is a good approximation. Thus the mixture energy is
commonly approximated by a general form of the linear mixing rule:

Umix/NkT= ULM/NkT= xlfocP(lPl) + x2focp(l-'2) (7)

where F1 = Z15/3Fe, F2 = Z2 5/3, and focp(F) is the actual OCP energy (or free

energy) at the appropriate value of F. The linear mixing rule as expressed in
Eq. 6 makes the implicit assumption that linear mixing also applies to the
mixture thermal energy. In fact there will normally be small deviations from
LM at the level of a few parts in 106. These deviations affect the phase
diagram for mixtures and very high accuracy of of the numerical simulations
is required to obtain correct information about separation of ionic species in
strongly coupled fluids and solids.

The OCP pair distribution function may be written as:

g(x) = h(x) + 1 = exp{-F/x + H(x)}

where x = r/x, h(x) = g(x) - 1 is the total correlation function, and H(x) is
referred to as the screening function:

H(x) = h(x)- c(x) + B(x) (8)
where c(x) is the direct correlation function and B(x) is the sum of all bridge
diagrams, c(x) is defined by the Ornstein-Zernike relation:

h(x) - c(x) = p_d3x ' c(x') h(Ix- x'l)

At x = 0 the Ornstein-Zernike relation assumes a very useful form:

U/NkT = (1/2)Jd3x(F/x)h(x)

= (1/2)[c(0) + 11- (1/2)_s(k =0) + G (9)

where Cs = c + [3u is f:he short range direct correlation function, and

G = (p/2)_d3x Cs(X)g(x) (10)



The Fourier transform of Cs(X), denoted by _s(k), appears in the structure
factor

S(k) = 1/( 1 - c(k)) = 1/( 1 + 3F/k 2- cs(k)) (11)

and at k= 0 we have cs(k = 0) = -O_P/Op, the inverse compressibility, when c(k)
is obtained from an exact calculation, either numerical simulation results or

from the HNC equation corrected with a suitably accurate bridge function,
B(x). This is the condition for thermodynamic consistency. Eq. 9 is extremely

useful because it determines the exact limit of c(0) for large F as long as it can

be demonstrated that G(F) from Eq. 10 is O(F _) with 5 < 1. The modified
HNC results show that G is a small number compared with the other

quantitities in Eq. 10 and that 5 = .6. Consequently with the known exact

limits for F--_oo, namely U/NkT F = - 9/10 and _s(0) = 4/10, one finds that

c(0)/F =- 14/10. In the strongly coupled fluid OCP, 1 < F < 200, the

thermal portions of O(F s) will give corrections of a few percent to these exact
limiting results.

With an exact limiting result known for c(0) it is now possible to use

Eqs. 4 and 8 to determine the large F limit of the bridge function at r = 0, B(0).
The screening function, H(x), has an expansion in powers of x 2 for small x
(Widom's theorem)"

H(x) = H(0) - (F/4)x 2 + Fh2(F)x 4 - Fh3(1-') + .... (12)

where H(0) is the difference of the Helmholtz free energy of N particles with
charge Z, and the free energy of (N - 2) particles with charge Z and a single
coalesced particle with charge 2Z. At this point there is a severe test for the
linear mixing rule. If one uses the linear mixing rule in the form given by Eq.
7, the value of H(0) becomes:

H(0) = 2focP(F) - fOCp(22/3F) - (3/3x2)AfocP for x2 ---)0 (13)

= (9/10)(25/3- 2)F = 1.0573F as F--_oo

where focP is given by Eq. 4 or an equivalent fitting accurate fitting function

for the OCP free energy data. The correction term, Af = fmix - fLM, is any
possible error in the linear mixing rule, which is expected to come largely
from the failure of the mixture thermal energy to be given exactly by linear
mixing.

The coefficient of x2 Eq. 12 , 1/4, and is exact; it is also the only

coefficient in the Widom expansion to have a value independent of F. The

coefficients, h2 and h3 , are approximately 12 0.038 and 0.0026 for F = 100.



Recently Ogata et a113 reported a direct calculation for h2 for I" = 10, 40, 80,

and 160. They obtained a nearly zero value of h2 at F = 10, but their estimate

at F = 160 with estimated errors includes the non-zero result given above. In
their procedure to obtain H(0) from MC data they put h2 = 0. Rosenfeld has
shown that the h2 x4 term cannot be neglected 14, and makes about a 2 %
difference in the final result for H(0). He also demonstrated that his results for

H(0) obtained directly from the g(r) data without the use of the linear mixing
rule in fact confirmed the remarkable accuracy of the linear mixing rule.
There are, however, small deviations from the linear mixing rule and the sign
is important for possible effects on the phase diagrams of ionic mixtures.
Brami, Joly, and Hansen 15 did a detailed study of possible phase separation of

' ionic mixtures using solutions of the HNC equations for mixtures. All
deviations from linear mixing with the HNC equations are positive including

the case of x2--4 0. Recently Ogata, Iyetomi and Ichimaru have reported MC
simulations with 990 charges with Z1 = 1 and 10 charges with Z2 = 3 and 5 for
which they obtained negative deviations from linear mixing 16. We have
done our own MC simulations 17 using the same parameters as those used by
Ogata et al. Our MC runs used about 150 106 configurations, about 20 times

the length used byOgataetal, for Z2= 5 and 8. For Fl= 10 andx2 =
10/1000 our results are shown in Table II.

TABLE II. Monte Carlo Mixture Results for x2 = 0.01

Z2 (U/NkT)MC (U/NkT)LM A(U/NkT)

5 - 9.2041 - 9.2062 +0.0021

8 -10.7570 - 10.7614 +0.0055

Our error estimates for the MC results and the LM results are less than + .001.

Thus our deviations from LM for this extreme case of x2 = .01 are all positive,
whereas Ogata et al find - 0.004 and - 0.002 for Z2 = 3 and 5. One possible
source of error for Ogata et al is that their fitting formula which .deviates
fromthe known MC OCP results by about .004. We conclude that deviations
from linear mixing are always positive.

Finally the x = 0 value of the the bridge function for large F using the
known limits for H(0) and c(0) and Eq. 8 is:

B(0)/I-" = 1.4- 1.0573 = .3427 (14)

At V= 100 the MC results18 were found to be B(100)/100 = 0.2974 and

c(100)/100 = -1.3755 in contrast to the F _oo results of .3427 and 1.4. The
calculation the value of B(0) from MC data is particularly sensitive to the
limits for c(0) and H(0). The 2% error il H(0) results of Ogata et a113 can result



in a much larger error for B(0). Thus at F = 100 Iyetomi et a119 find B(0) =
.227, which is quite inaccurate.

IV. Rosenfeld-Ashcroft Modified HNC Equation

The pure HNC equation (B(r) = 0) is a remarkably good first
approximation to the thermodynamics of the OCP with energy results that
agree with the exact MC results to within one or two percent. The HNC

internal energy, U/NkT, goes to the Correct limit of- (9/10)F for large F.

However, the ttNC large F results for c(0)/F and _s(k = 0)/F are respectively
- 12/10 and 6/10 (instead of -14/10 and 4/10). Thus the U/NkT comes out

m

correct, but the HNC equation is thermodynamically inconsistent to a serious
extent. In 1979 Rosenfeld and Ashcroft proposed an approximate bridge
function with a single adjustable parameter that would bring about

thermodynamic consistency. 3 They pointed out that it would be sufficient to
approximate well the actual B(r) in the region of the first peak of g(x),
roughly 1 < x < 2, since in this region the B(r) would be dominated by a
universal form common to all inverse power potentials. They chose the
Percus-Yevick hard sphere bridge function with the adjustable parameter as

the packing fraction, rl = (rc/6)pc_3 , and r_ is a fictitious hard sphere diameter.
The HNC equation is then solved numerically with an effective potential:

_Ueff = F/x + BHS(X,rl)

This MHNC equation was solved numerically 20 to ten figure accuracy for F

ranging from .1 up to 225. The value of TI required to give thermodynamic

consistency ranged from .06 at F= 1 to .51 at F = 225. TI= 1 corresponds to F =oo.
The energy values were found to agree with MC results to within a few parts
per 106 . Since we had solutions to an integral equation to any desired level of
accuracy, there was no problem with the Monte Carlo noise that limits the MC

• energy results. Since good fits to the available MC data for U/NkT using the

form of Eq. 3, we used this same form the data for U/NkT, c(0), and _s(0).
• We first quote the best fit to the actual MC energy data:

U/NkT = - 0.89921F +0.596F ..3253 - 0.268 (I6)

with a standard deviation of c_= + .0016. In this fit to the data in the range 1 <

F < 180 there were four free parameters (see Eq. 3), a, b, c, and s. Note that

the coefficient of F comes out impressivly close to the limit value of-9/10.

The fit to the MHNC solution for the range 1 < F < 225 is:

UMHNC/NkT = - 0.89975F + 0.55193D 3409(;_ 0.2239



with _ = +_0.00084 Note that this fit to the MHNC energy is very close to the

MC result, and that the coefficient of F is even closer to -9/10. Fitting the
compressibility data to the same form gives:

_s(k = 0) = - 3fSP/Op = 0.399925F - 0.20000F. 3571 + 0.06921 (17)

In this fit the coefficient of F again comes out very close to the limit value of
4/10, and the other terms should be compared with Eq. 5. Finally we give the
fit to the MHNC data for c(0):

. c(0) = - 1.41083F+ .056507F .-56169- 1.20387 (18)

Here the value of s is much larger than in Eqs. 17 and 18. We found that the

data for integral G in Eq. 9 behaved roughly as F-6 . This functional

dependence on F is incorporated into c(0). We should really fit (i/2)c(0) + G
in order to remove this troublesorne feature. The lack of good agreement

with the large F limit, c(0)/F = - 14/10, is due to the hard sphere bridge
function from the Percus-Yevick equation which is slightly in error at x = 0.
For this reason the MHNC results for H(x) are not as accurate as needed for
thermonuclear reaction rate calculations. In order to bring about the desired
accuracy for the c(r) function it will be necessary to introduce a correction into

the hard sphere bridge function so that the correct large F limit, Eq. 14 is
obtained.

V. Conclusions

The known asymptotic limits as F _ oo for the OCP are already very

much in evidence even for 10 < F < 200, thus for most of the strongly
coupled regime. These limits are consequently quite useful and important for

• fitting numerical simulation data for applications to white dwarf star interiors.
The limits are particularly important for obtaining accurate values of the H(0)
for use in calculating the screning enhancement of thermonuclear reactions in

• dense stars. For determining the mathematical structure of simple fluids
governed by inverse power potentials the known asymtotic limits are essential
for obtaining some understanding of the fluid thermal energy. Similar limits
are obtainable for ionic mixtures for any values of Z1, Z2, Z3, ... Again the

limits for large values of F are essential to obtain dependable results for very
delecate questions concerning possible phase separation of binary and ternary
fluid mixtures. Much more work in this direction is needed to obtain accurate

phase diagrams for binary and ternary mixtures. As an example, Chabrier and
Segretain, obtain phase diagrams for binary ionic mixtures in the solid state
which go progressivly from spindle, to azeotropic, to eutectic as Z2/Z1

increases 21 Ogata et a116, however, find an azeotropic phase diagram for all



values of Z2/Z1 in the limit as x2 _ 0 because of their negative deviations
from linear mixing.

Work performed under the auspices of the U.S. Dept. of Energy by the
Lawrence Livermore National Laboratory under contract number W-7405-
ENG-48.
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