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ABSTRACT

The dynamics of nonlinear wave in plasma under the influence of high-frequency elec-
tromagnetic pump and relativistic electron beam is considered. It is shown that the
electrons of the beam play the role of the heavy plasma component, the matter which
creates a possibility of formation of wave of a soliton type in a pure electron plasma.

The wave structure is investigated and the characteristic parameters of the soliton are
obtained.
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1 INTRODUCTION

Recently, the investigation of the mutual interaction between high-frequency (HF) wave
and plasma in the presence of an electron beam (EB) has attracted great attention [1-4],
due to the fact that the EB has a strong effect on the dispersive properties of plasma,
the result of which leads to great change in the pattern of the influence of HF wave on
the plasma. For example, in [2] it was experimentally shown that the threshold of the
parametric instability in plasma becomes less in the presence of EB. On the other hand,
the presence of HF wave in plasma, as it is well known, can play the stabilizing role in the
growth of the beam instabilities [1]. In [3,4] it was shown that the parametric instability
of a plasma in the presence of EB on the nonlinear stage is strongly acting on the process
of formation of nonlinear structure. The last appears to be due to the modulational
interaction between HF and low-frequency (LF) waves.

In [5], it was shown that when a strong transverse HF wave and relativistic electron
beam (REB) are acting simultaneously on the plasma, there is a possibility for the growth
of a modulational instability, which can lead to the formation of soliton structure. In this
case, it follows to take into account the thermal motion of plasma particles in the case
when the group velocity (V )̂ of the HF wave packet is nearly equal to the velocity (vo) of
propagation of the REB { exactly, when \Va-vo\<%:VTb, where VTh the thermal velocity
of the electrons of the beam }.

In the present work the investigation has been carried out to study the nonlinear stage
of propagation of strong HF linearly polarized transverse electromagnetic wave pump in
plasma with REB in the case when there is no resonance condition on the frequency of the
wave, the matter which leads to the broadening of the possibility of braking the parameter
of plasma and the HF generator and make the considered case to be much nearer to the
experimental situation.

The phase velocity of LF perturbation is considered to be much greater than the
thermal velocity of the electrons of the REB, the condition which allows the neglection
of the thermal motion of the beam electrons. Under such a condition the hydrodynamic
approximation is used to describe the dynaamics of REB electrons, while, on the other
hand, the thermal motion of the electrons and ions of plasma are taken into account, and
accordingly their motion is described by the kinetic approximation.

2 PROBLEM FORMULATION

In this section the process of propagation of strong transverse HF polarized electromag-
netic wave pump in collisionless electro-ionic plasma in the presence of simultaneously
injection of REB into the plasma, will be studied. In the linear stage of the growth of
the wave process, the particles of the plasma and the beam experience HF harmonic os-
cillation in the field of the wave pump (in addition, the beam electron are directly and
homogeneous moved in the direction of the wave propagation) and the plasma and the
beam densities are not perturbed; the ponderomotive force and the slow-varying electric
field in the plasma do not exist and accordingly there is no motion for the plasma particle
in the direction of the wave propagation.

On the nonlinear stage of evolution of HF wave (specially its perturbation in plasma-
beam system), the plasma and the beam densities are gradually oscillating and in addition,



a slow-varying electric field is induced in the system. The induced field with ponderomo-
tive force (created due to the gradually oscillating character of the electromagnetic field
of the wave pump) lead to slowly growth of the plasma particles in direction of the HF
wave propagation.

In such a way, in the nonlinear stage of the considered wave process, the principle HF
motion (related to the propagation of HF wave in the plasma), is accompanied with a
slowly-varying motion of the plasma and the beam particles in the direction of the wave
propagation (in fact, the last is a LF wave).

Hereafter, all the physical quantities will be expressed as :

X =< X > +X

where < x > indicates the average operation by the HF motion, and x indicates the
fast-varying part of the quantity x in the field of the HF wave.

In obtaining the nonlinear expressions for the Hf and the LF waves in plasma, we
shall consider, for simplicity, the one dimensional problem, i.e., we shall consider that all
quantities depend on the z-coordinate, parallel to which the HF wave and the REB are
propagated (the velocity of the beam at z —> — oo is vo(0,0, vo), where vo is constant.

In this case, the intensities of the electric and the magnetic fields E(E, 0,0), B(0, B, 0)
in the linearly polarized HF wave pump are expressed as :

E = Eo(z,t)ei{k°z-"°t)+cc.i

D fv ±\ji(kaz—uot) \ „ n (\\
— £)O^Z, L)& T C.G., \IJ

where Eo(z, t) and Bo(z, t) are the slowly-varying in space and time HF wave ( a/o » T~l

and ko » L~l where uo and ko are the frequency and the wave number of the pumped
wave, and T and L are the characteristic time and special scales of the variation of the
slowly-varying quantities, respecively). Accordingly, at z —> —oo, | Eo{z,t) \—* £7_oo =
constant-, and | Bo(z,i) |—• #_<» = constant.

The dispersion relation uio = uo{k0) has the following form:

where ua = y J T ^" M is the Langmuir frequency of the particle a (a = e, b, i to indicate the
plasma electrons, the beam electrons, and the ions, respectively), noa is the unperturbed
density of the plasma and the beam particles, ma is its rest mass, |eQ| = e is the electron
charge ; 7 = y 1 — ^ is the relativistic factor of the beam. In the last term of equation
(2), (which determines the square type of the dispersion relation) the thermal effect is not
considered because the thermal velocity of the particle is much smaller than the speed of
light. (The thermal velocity of the beam electrons is considered to be zero.)

From equation (2) and using Maxwell's equation and the quasi-hydrodynamic approxi-
mation for the amplitude of the HF wave, one may obtain the following nonlinear equation
for Eo(z, t) :

, xrdEo\ , U,,d*Eo ul <6N
dt 9 dz

= 0, (3)

where

dk'



8N >=

and (< 8rib >) is the slowly-varying perturbed density of the particle a (fast-oscillating
perturbation density does not appear because we are dealing with the transverse wave).
The perturbation < 8na > is related to the effect of the force of HF pressure (pon-
deromotive force), which displaces the plasma electrons and the beam electrons from the
equilibrium position (an ampipolar potential can appear and creates the possibility of
growing the HF wave and also the ions).

To describe the slow-varying motion of plasma electrons, the collisionless kinetic equa-
tion is used, i.e.,

where fe — fe(t, z, Ve) is the distribution function of plasma electrons, Ve is the velocity
of the plasma electrons (which includes the choastic thermal velocity), E and B are the
electromagnetic fields in the plasma (which include the induced slow-varying fields).

It is convenient to use new independent variables ve = Ve — £>e,where ve(ve, 0,0)
satisfies the equation:

dt \rrij

and determines the velocity of the fast-oscillating electrons in the HF wave.
Accordingly, (4) could be rewritten as:

d<fe> +vJsr - %r \^r < E > + ^ ^ ^ 1 = 0, (5)dt dz ovei [me 2 dz J

where /„> = foe(\ve\) is the equilibrium Maxwell distribution function,< E > (0,0, < E >)
is the gradually (smooth) electric field induced in the plasma (there is a corresponding
magnetic field).

Solving (5) in Fourier representation and taking into consideration that:

< 8ne >= < fe > dve

the Fourier component of the perturbed plasma electrons satisfies the following equation:

< f o i e > * f 1 . ( u ! ie \h<E >fcl 1 \<v2
e>k]

In (6) - and the latter - Vrt = y^£ is the thermal velocity of the particle a (Ta is its
temperature, and % = 0), n,fc(0,0,fc) are the characteristic frequency and the wave
vector of the LF perturbation, J+ is a special function, whose asymptotic properties are
well known [6]. The corresponding procedure of the ion component of the plasma leads
to the following equation for the Fourier component of the ionic perturbed density:

Om ' S f , T / "" \ 1 —1 *" I "" ~- ""* " K /y\

noi



The effect of the ponderomotive force on the ionic component is neglected due to the
large inertia of the ions with respect to the electrons (the corresponding second term of
the R.H.S. of equation (6) does not exist in equation (7)).

To describe the slow-varying motion of the beam electrons, we use the hydrodynamic
approximation, which yields:

and

'd d] ., - e _ Id
at dz me 2dz

A [ 1 d<vb>
dt\ not, \+ dz

vl (8)

where < Vb > (0,0, < Vb >) is the slow-varying velocity of the beam electrons in the
direction of the wave propagation.

Equations (6) - (9) together with Poisson's equation:

r\

— < E >=
dz

- < 8nb< 6n{ > - < 6ne b ],

and the equation of plasma neutrality, i.e.,

rid = floe + riot,

are close system of equations, which describe the slowly-deviation plasma-beam system
under the influence of the HF pumped wave.

It is easy to obtain the following equation for the components of < 6N >k :

[ 1 + £ i + e e + £ 6 ] ^ ^ = _ | ( 1 _ i . ) 2 e e £ f r

n0

1.
7' 72

k2 < V2 >k
(10)

where

and

ol

(11)

In addition it follows from (5) that

< v2 >-

Equations (2) and (10) describe the modulational interaction between the HF wave
and the LF motion in the plasma-beam system.



3 RESULTS AND DISCUSSION

In the case when the phase velocity of the LF perturbation is much greater than the
electron thermal velocity (f >> V^J, equation (10) is simplified into

dt2
d <6N>

Tloe dt2

d2

Jt >dz)

dz2 (12)

where
= (nob\

\noeJ < 1.

Introducing now new variables £ = z — Vgt and r = t and taking into account that
9

ls corresponding to first order approximation, then equation (2) becomes:

(13)
nc

Accordingly, from (12) we have

<6N > (2

na ui
(14)

where P and Q are constants, where - in general - they have very complicated forms, but
they are simplified in special cases.

Let us consider, for example, that \Vg - Vo\ ~ Vo or Vg and (7"1 - l)27~5r » ^ ,
then P and Q will be simplified into the following form:

2 2

p _ 2( l-7-1)V5 ,

and

Q = 1
- 2

In the most interesting case, when Vg ~ Vo and (7-1)2

7 = 2 and ̂  ~ 10"4), P and Q become:

(15)

) (in the real experiments

Up=

and
(16)

7"2-



In such a way, the equation that describes the behaviour of the envelope of the HF
wave packet in the plasma-beam system is written as:

l v (d2EA \ P ( \ F \* F* \ F 4- OF d*1E° H - o an
K [ ^ ) - ]P (I Eo | -E_^) Eo + QEO ^2 j - 0. (17)

- ]

Equation (17) is the nonlinear Schrodinger equation of cubic nonlocalized nonlinear-
ity.

Let us now compare the nonlocalized and diffraction terms. This gives:

vjvj

where

VK=(^

is the oscillatory velocity of electrons in entering the system. If we neglect the nonlocalized
term, it is possible to obtain from (17) the well-known nonlinear Schrodinger equation
(NSE) [7], Since V'g . P > 0, then NSE does not have modulational instability , and
the nonlocalized solution represents (soliton-well) at the phase of the stationary wave.
Actually, if we were looking for a solution of NSE in the form:

Eo = ael*

where a and <j> are slowly-varying in space and time real functions, then we get:

and
(18)

where E^ = ao. Since we are interested in the stationary solution of (18), it follows to
introduce new independent variables r1 = r, £' = £ — ur (where u is some constant) and
consider that the function a depends on £' only. Accordingly, it is possible to integrate
the first equation of (18) and get (taking into account that f£ —> constant at £' —*• oo):

d<f> 1

where C\ is a constant and <f> has the form :

4> = i>{£) + cor
f, (20)

in (20) ip(£') will be found if the function a(£') was found, and co is a constant related to
u and Ci by the equation (which can be deduced from the boundary condition):

*•£["-(1)1-,ao



Taking into account the conditions |^£ —• 0 and J-p- —• 0 at f —*• ±00, the second
equation of (18) - using (19) - can be integrated to give

where

and am is the minimum value of the function a(£') at the point £' = 0. Thus, there
is a solution of the NSE when am = 0, and accordingly the "soliton-well", (22) has a
minimum equals zero at £' = 0. It is important to mention here that the function ip is
nonlinear with respect to the argument £' and r in the case when a ^ 0 (am ^ 0 and
A < 1 ), while ifr becomes linear function of £' and r in the opposite condition, i.e.,
when C\ — Q(am = 0, and A = 1).

Also, it is clear from the nonlocalized term of equation (17) that there is a (built
over) on the wing of the well, which is weakly expressed due to the smallness of the
nonlocalization.

Accordingly, due to the simultaneous effect of both of the strong HF wave pump and
REB on plasma, it is possible to form nonlinear soliton structure. The characteristic
frequency of such a structure is much greater than the corresponding frequency of the ion
oscillation (the ions do not succeed to follow the wave) i.e., the above mentioned effects
can take place, in fact, in pure electron plasma. On the other hand, it is well known
that in pure electron plasma, the formation of soliton structure is possible only if the
relativistic nonlinearity was considered. This relativistic nonlinearity is related to the
dependence of the electron mass on the amplitude of the HF wave pump, and it appears
when the amplitude is very large [8]. In the present paper, the nonlinearity is not of the
relativistic type because the amplitude of the HF wave pump was not considering to be
such a strong amplitude that can create relativistic effects on the oscillation of the electron
mass. Instead, another situation appears. This new situation is related to the fact that
the electron of REB (the mass of which is 7 times greater than the mass of the plasma
electrons) can play the role of the heavy component, and this leads to the formation of
nonlinear structure in plasma-beam system.

Finally, it follows once more to mention that in nonlinear dynamics, the HF wave
pump can play a role and the other effects, rather than the strictional nonlinearity, are
related to the influence of the HF wave pressure on the plasma.

The problem of strictional nonlinearity and the effect of focusing the beam particles
by the fields of HF pump need a separate work, the matter which is out of the scope of
the present paper.
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