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ABSTRACT

We develop, analyze, and test a new acceleration
scheme for neutron transport methods, the Adjacent-cell
Preconditianer (AP) that is particularly suited for solving
optically chick problems. Our method goes beyond
Diffusion Synthetic Acceleration (DSA) methods in that
it's spectral radius vanishes with increasing cell thickness.
In particular, for the ID case the AP method converges
immediately, i.e. in one iteration, to 10"4 pointwise
relative criterion in problems with dominant cell size of
10 mfp or thicker. Also the AP has a simple formalism
and is cell-centered hence, multidimensional and high
order extensions are easier to develop, and more efficient
to implement.

I. INTRODUCTION

It has long been common knowledge in the numerical
neutron transport community that cell-centered Diffusion
Synthetic Acceleration (DSA) schemes are not
unconditionally stable in general. This conclusion is
based on the analysis performed by Reed,1 articulated in
Alcouffe's Consistency Principle,2 and tested extensively
in the early years of DSA research. A cell-centered
scheme, which resembles to a large extent a DSA method
was proposed and successfully tested for the Diamond
Difference (DD) method in slab geometry.3 More
recently, an Imposed Diffusion Synthetic Acceleration
(IDSA) scheme was developed and analyzed to show that
Reed's conclusions do not apply for Weighted Diamond
Difference (WDD) methods with large weights, such as
Nodal and Step methods.4 IDSA essentially legitimizes
the search for cell-centered acceleration schemes
compatible with non DD methods in particular, but it fell
short of providing a formal technique for selecting the

diffusion operator without significant apriori knowledge
of the iteration eigenspace.

In this paper we present a new approach based on the
traditional preconditioning method studied as a general
framework to develop iterative methods for solving large
problems in linear algebra.5 The paper is organized as
follows. We start with a brief outline of the
preconditioning method as it applies to neutron transport
problems in Sec. II. In Sec. Ill we develop a class of
exact multidiagonal preconditioned for the WDD
equations in slab geometry, and discuss some of its
properties. Then in Sec. IV we invoke a modification
aimed at stabilizing the adjacent-cell (tridiagonal in slab
geometry) preconditioner and we devise prescriptions for
the preconditioner elements for thin and thick
computational cells separately. This is followed in Sec.
V by formulas for mixing the preconditioner parameters
across material dicontinuities, and for the boundary
conditions necessary for non-model problem
configurations. The spectral analysis is verified on a set
of model and non-model test problems in Sec. VI, thus
confirming the rapid convergence of the preconditioned
iterations, even in the presence of very sharp material
discontinuities.

II. PRECONDITIONING NEUTRON TRANSPORT
METHODS

Instead of the standard mesh-sweep algorithm
commonly used in solving the discretized
integro-differential form of the discrete ordinates
approximation of the neutron transport equation, we
represent a single source iteration as a mapping of the
scalar flux accomplished via



S) 0) (7)

In Eq. (1) A is the iteration Jacobian matrix; ({>', and<()'
are vectors of the old, and new iterates of the
cell-averaged scalar flux, respectively, each of length J,
the number of computational cells in 1D slab geometry; as

is a diagonal matrix whose nonzero elements are the J
macroscopic scattering cross sections; and 5 is a ./-vector
of the cell-averaged fixed neutron source. Matrix A
represents the inverse of the discrete streaming operator
integrated (or summed) over all angular directions. The
fact that the mesh sweeps can be represented exactly by
a linear map such as Eq. (I) follows directly from the
linearity of the transport equation, and the Source
Iterations, SI. A standard theorem in linear algebra5 is
that the convergence of the iterative scheme comprised of
Eq. (l)plus,

V " = «},'' , (2)

is determined by the spectral radius of osA. It is a
classical result in neutron transport numerical methods
that these iterations converge slowly in highly scattering,
optically thick systems. ' ' - ' 6

In general, if the iterations, Eqs. (I) and (2),

converge to the limit 4>". 'hen

(3)B = A S ,

where

B = / - o.A (4)

Had it been possible to construct and invert (or factor)
matrix B, the transport problem would have been
immediately solvable without iterations. However, for
most practical applications this proposition is inadequate,
and •& splitting of B to perform the iterations is inevitable.
In particular one can select the splitting,

D - (D-B) , (5)

with D selected to be easily invertible, then define the
iterative scheme by,

D$hl = (D-B)4>' + AS . (6>

In this case D is called the preconditioner, and Eq. (6) is
the preconditioned system. Using Eqs. (1) and (4) in Eq.
(6),

where <(>' is the mesh-sweep scalar (lux; see Eq. (1).
Notice that convergence of the mesh-sweep flux, i.e.,

4>' = <!>'. implies convergence of the preconditioned llux

to the same solution, (J)'*1 = <(>'. Equation (7) is more
convenient for practical purposes than Eq. (6) because
usually matrices A and B are too large to construct and

store in memory, while <}>' is readily available. While
there are many similarities between the preconditioned
system, Eq. (7), and standard DSA, as well as the IDSA,
methods, it differs in one important respect: here the
update is made relative to the previous preconditioned
iterate rather than the mesh-sweep flux. The spectral
analyses conducted below will demonstrate the importance
of this difference, and in fact will require that it be
rescinded in the case of thin computational cells.

Evidently the selection of the preconditioner D bears
heavily on the stability and efficiency of the
preconditioned iterations represented by Eqs. (I) and (7).
On the one hand a simple choice of D makes the updating
step, Eq. (7), computationally inexpensive but may not
reduce the number of iterations sufficiently. A good
example of such choice is,

D = / , (8)

which reduces the preconditioned iterations to the SI
scheme, i.e.. Eqs. (1) and (2). This choice, Eq. (8), is
none other than the classical Richardson's iterative
scheme, generally known to require a number of iterations

ot order J J to achieve convergence. Even more
sophisticated choices of the preconditioner, for example,
D = Diiifi{B) (Jacobi Method), D = Lower Triangle of
B (Gauss-Seidel Method), D = Lower Triangle of B with
weighted diagonal elements (Successive Over Relaxation,
SOR), etc, which are easy to solve, require a number of
iterations that is of the order of some power of J.

On the other extreme, a more complicated choice of
D may result in a substantial reduction in the number of
iterations independent of J, but end up being more costly
to solve as in Eq. (7). Examples of such preconditioners
are the Four Step Method. FSM, DSA,6 and the IDSA,4

which result in an iteration spectral radius that is bounded
sufficiently below unity. Even though the tridiagonal
diffusion-like equation (ID) that must be solved every
iteration is more difficult than the mesh sweep in each
discrete direction, usually it results in a net reduction of
execution time, especially in high quadrature-order



problems. This favorable effect of DSA and IDSA is
projected to be even more pronounced in multidimensional
geometry, due to the normally large number of discrete
angles employed, even though in this case the
preconditioner becomes a .sparse banded matrix that has
to be solved iteratively itself.

In spite of the considerable latitude permitted in
selecting the preconditioner, thus the multitude of DSA
formalisms in the literature, there is at least one obvious
criterion it has to satisfy. Namely, the slowest
converging mode of the residual in the SI scheme should
be an eigenmode of the preconditioner also. If this is the
case, then the exact solution of the preconditioned system
represented by the updating step, Eq. (7), will result in
the immediate elimination of this eigenmode, and because
the iterations are linear it cannot he excited again.
Intuitively, if the spectrum of the preconditioned system
is continuous near the slowest converging mode, then
neighboring eigenmodes will also suffer a contraction in
their magnitudes, thereby converging rapidly. It will be
shown (hat this condition is indeed necessary to achieve
stability of the preconditioned iterations.

For the purpose of performing the spectral analyses
reported below, it is convenient to rewrite the iteration
equations, Eqs. (1), (2), and (7), in their homoi.' 'neous
form in terms of the iteration residual in lieu of the actual
scalar flux iterates. This is accomplished by evaluating
each of these equations at two consequtive iterative levels,
then subtracting the resulting expressions. Due to the
linearity of the equations and the employed iterative
scheme, this process yields expressions identical to Eqs.
(I), (2), and (7) with S set to zero, and the <}>$ interpreted
as iteration residuals.

III. A CLASS OF EXACT MULTIDIAGONAL
PRECONDITIONERS

The similarity between DSA methodology and tridiagonal
preconditioners raises the obvious question of how to
generalize it to multidiagonal preconditioners, and how
much of the B matrix elements to exactly include in D.
First we show how the exact elements of B can be
constructed up to a few off-diagonal bands. The general
WDD form of the discrete ordinates approximation to the
transport equation can be written in the form.

f,;' . o . J ' F ']T

l (9)

J

where i|inJ is the mesh-sweep residual in the n angular

flux averaged over cell j ; (fy is the previous iteration
residual in the scalar flux averaged over cell j ;

v|j°j, and are the mesh-sweep residuals in the /;
angular flux evaluated at the outgoing, and incoming
edges of cell j , respectively. The superscript on the
matrices in Eq. (9) denote the lowest order WDD method;
they are given by,

T* -

1
(10)

where,

5 2 (12)

Hn is the n discrete direction; ô  is the macroscopic
total cross section in cell j ; aj is the size of cell j ; andc,
is the scattering ratio in cell j . The spatial weights, anj.,
are arbitrary, and for the Zero-order Nodal Integral
Method (ONIM) are given by,

To compute the elements of A we differentiate Eq.
(1) with respect to the previous iterate residual,

A., = — — . (I4)

The diagonal elements of B are computed by substituting
Eq. (9) into Eq. (14) with / set toy, then using the result
in Eq. (4) to obtain.

(15)
1)

D e t e r m i n i n g the first o f f -d iagonal e l e m e n t s , e . g . , Bj : + | ,

a.l'first requires solving Eq. (9) for i|)B'y . For Hn > 0 we



use the continuity of the angular flux (and consequently of
the iteration residual) across cell edges to equate the

i V

resulting expression to ^ ' y . i . Substituting the latter into

Eq. (9) at j + / produces ti relation between <|>B y, j and 4>/.

from which we compute dtyKjfl/d$j, H n > 0 , while

clearly this derivative vanishes for un < 0. This leads to,

that the slowest converging mode i.s the Hat mode, which
satisfies Eq. (17) exactly, hut not Eqs. (15) and (16) in
general. We explore the necessity of satisfying this
criterion through (he following spectral analysis.

For a model problem we decompose all iteration
residuals in the computed quantities into their Fourier
modes and substitute in Eq. (9) to obtain the spectrum of
the mesh-sweep operator,

«0(r) -c[l-sin2x«] •

(16)

where we have used the symmetry of the angular
quadrature. In the same way additional off-diagonal
elements of B can be determined.

The increasing complexity of the elements of B as we
go farther from the diagonal, even if there exist efficient
algorithms for solving such multidiagonal systems, raises
the important question us to how many off-diagonal
elements ought to be included. The properties of the
transport operator intuitively suggest that the off-diagonal
elements diminish in magnitude rapidly as they get farther
from the diagonal, and that B becomes diagonally
dominant with increasing cell optical thickness. Indeed it
is not difficult to show that for highly scattering problems,
c = 1, the diagonal, and first off-diagonal elements of the
B matrix are Of^aa)'1, while the second off-diagonal

element is 0 (oa)" 3 as aa - *>. Hence, for highly
scattering problems with optically thick cells the exact
tridiagonal preconditioner will very closely approximate
the full B matrix to the extent that the solution of the
preconditioned system, Eq. (7), will sufficiently
approximate the converged solution, thereby affecting
immediate convergence of the iterations.

IV. INADEQUACY OF THE EXACT TRIDIAGONAL
PRECONDITIONER

To motivate the modification to the Exact Tridiagonal
Preconditioner, £77*. presented below, we start here by
noting that as c - 1, B approaches a diffusion operator,
that is.

This is important in view of the criterion for selecting the
preconditioner discussed earlier because it is well known

where we have utilized the symmetry of the angular
quadrature and defined r = Xa/2, and

. . JL « . a . ( l • « . « . ) (19)

n=i a.cos r + ( l + e a sin r

Using an arbitrary tridiagonal preconditioner D in Eq.
(7) and decomposing into Fourier modes yields the
spectrum of the preconditioned iterations,

eT(r) = 1 -
-c +csin2r %(r)

j +2DO -4Desin2r
(20)

where Dcl, and Do are the diagonal, and off-diagonal
elements of the tridiagonal preconditioner, respectively.

The ETP is obtained by substituting the RHS of Eqs.
(15), and (16) for Dj, and Do, respectively. The
inadequacy of the ETP is evident; the flat, i.e., r = 0,
mode does not converge when c=l for any cell thickness,
a conclusion that follows immediately from Eq. (20),
namely, eT(r)- 1 as r-Q.

A. Thick Adjacent-cell Preconditioners

Now we explore a modification to the ETP that is
particularly suitable for problems with optically thick
computational cells. First we note that the eigenvalue in
Eq. (20) approaches unity for c=] as r -* 0, unless

D. =
I -c-Dd (21)

the same as Eq. (17) when c-=/. So we define the Thick
Adjacent-cell Preconditioner (KAP) to have the exact
diagonal elements of B, i.e., Eq. (15), on the diagonal of
D, then compute the off-diagonal elements using Eq. (21).
The spectrum for the KAP, c^(rj, is shown in Fig. I for



the ONIM with an S4 angular quadrature, c=l, and
various cell thicknesses, d = o«.

These spectra show the superb efficiency of this
preconditioner for cells thicker than = 5 mfp, and its
utter failure for cells thinner than = 1 mfp. This is not
surprising in view of the asymptotic analysis of the
elements of B described earlier, which shows that for thin
cells the dominance of the tridiagonai elements is lost,
hence using the exact diagonal elements in D does not
compensate for the discarded elements.

B. Thin Adjacent-cell Preconditioned

In its purest form the preconditioning technique
provides an iterative solution alternative to the exact
solution algorithm; compare Eqs. (3) and (6). In this
work, by introducing the mesh-sweep tlux into the
iterative scheme, Eq. (7), we essentially employ this
technique as an accelerator to the source iterations
represented by the mesh sweeps. This is the reason for
the previous iterate tlux appearing on the LHS of Eq.
(7), in contrast to the mesh-sweep tlux normally used in
the corresponding updating equation in standard DSA, and
1DSA methods. By carefully examining the behavior of
the iteration eigenvalue in Eq. (20) as the cell optical
thickness approaches zero, we find that, for perfectly
scattering problems, c—1,

X(r) - ain2r , 0<r<,Tt/2 , as d-0 , <22>

hence.

-I, as d-0 , (23)

where we have used Eq. (21).

An easy fix to this behavior is to modify the updating
formula, Eq. (7), to,

which produces error-mode decay governed by,

c-c x(r) sva-r
1 - c * c sin2 r x (r) (25)

We select the Dd parameter so as to effect a zero
eigenvalue at r = 0.

(26)

to ohtain the Thin Adjacent-cell Preconditioner (NAP),
whose spectrum for the ONIM with an Ŝ  angular
quadrature, c=l, and various cell thicknesses is plotted in
Fig. 2. These spectra show the high efficiency of this
preconditioner for all cell thicknesses; nevertheless,
comparison with Fig. 1 reveals that for thick cells, the
KAP provides superior convergence properties.

V. PRECONDITIONERS
PROBLEMS

FOR NON-MODEL

For the benefit of the spectral analyses performed
above, all discussions so far have assumed a model
problem configuration wherein uniform properties, e.g.,
size and material composition, are assigned to an infinite,
or periodic, row of computational cells. In real
applications, solved using production codes, cell-property
discontinuities are common, and boundary conditions
expressing the finite nature of the problem are standard.
Therefore, in order to verify the spectral analysis, and
establish the utility of the new method in solving real
problems, first we must provide formulas for the
boundary conditions, and for mixing preconditioning
methodologies, not only within the same thin/thick cell
regime, but also across.

The mixing formula has to accomplish two purposes:
compute the effective preconditioner parameters when two
adjacent cells have different properties, and adjust the
updating formula according to the size of the cell in
question. The second function was easily accomplished
by testing the cell size against a cut-off value, 5 , in the
fortran program, and using the mesh-sweep
(previous-iterate of the) scalar tlux for updating, when the
cell size is smaller (larger) than 6, respectively. The
first function was accomplished in the traditional way of
mixing in diffusion theory, namely reciprocal averaging
of the "diffusion coefficient". For example the equation
for cell y is,

2 v a ,

2 a ; - . aj

- i

a l^i I

• i

(27)



where Dd : represents the diagonal element given by Eq.
(15) or Eq. (26), evaluated using the local properties of
celiy. Once the system of equations represented by Eq.
(27) is solved for/-, the scalar flux is updated using,

*J +fj> i f °jaj^,

4>J + fj, if Oj dj > 5 .

( 2 8 )

The value of 6 was determined numerically by
plotting the KAP and NAP spectral radii at c=l for
intermediate cell thicknesses versus cell size and setting 6
to the thickness at which they intersect. This value turns
out to be 6 = 1,8 for the ONIM with S4 angular
quadrature and c=l, and we use this value for other cases
assuming it is not sensitive to the quadrature order or the
scattering ratio.

The system of equations, Eqs. (27), must be
augmented with appropriate expressions for the boundary
conditions before it can be solved. For example, for
vacuum boundary conditions we use the same recipe
adopted in Ref. 4. More specifically, for the left external
boundary vve use,

(29)

f =&>''- i>'

with an analogous expression for the right external
boundary, where we have defined.

Nil
(30)

VI. NUMERICAL VERIFICATION OFTHEORET1CAL
RESULTS

In order to verify the spectral analyses of the new
preconditioned iterations, as well as the mixing formulas
and boundary condition expressions for non-model
problems, we modified an existing, ID WDD computer
code to implement our new method, in addition to the
already included SI, and FSM DSA schemes. We use
this code to solve a test problem comprised of ten cells
with vacuum boundary conditions on both edges, an S6

angular quadrature, and a 10 pointwise relative

convergence criterion, There are two types of cells
denoted by indices 1 and 2. The central two cells are
type 1, and have a unit volumetric source; all other cells
are type 2, and are source free; both types have unit
scattering ratio. We independently vary the optical
thicknesses of the two cell types, dj and (I-,, between Iff
and 10 to cover a wide range of possible discontinuities,
and we observe the number of iterations required to
achieve convergence using the standard SI, the FSM
DSA, and the new preconditioned iterations. Table I
contains these results; clearly acceleration of some sort is
necessary for very thick cells, as is well known.

Table 1 shows the very high efficiency of the
preconditioned iterations compared to the SI scheme, and
its immunity to severe cell property discontinuities. The
results for the new method along the diagonal, rfy =</•>,
represents the homogeneous cell property case, and serves
as a verification of the spectral analyses presented above.
While the FSM DSA performs equally well for thin
problems, the preconditioned iterations converge faster
when thick regions are introduced into the problem.
Indeed for very thick problems our method converges
immediately as predicted by the spectral analysis.
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Table 1. Number of Iterations Required lo Achieve Convergence for the Test Problem Using the Preconditioned
Iterations (Top), the Four Step Method DSA (Middle), anJ Source Iterations (Bottom)
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Fig. 1. Spectrum for the Thick Adjacent-cell
Preconditioner for the ONIM with S4 Angular Quadrature
and c=7.

Fig. 2. Spectrum for the Thin Adjacent-cell
Preconditioner, for the 0N1M with S4 Angular Quadrature
and c=l.


