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ABSTRACT

We present a genera! construction of the spin content of the Bethe-Salpeter amplitudes
(covariant wave functions) for heavy hadrons with arbitrary orbital excitations, using
representations of £® 0(3,1). These wave functions incorporate the symmetries manifest
in the heavy quark limit. In the baryonic sector we clearly differentiate between the A and
E-type excited baryons. We then use the trace formalism to evaluate the weak transitions
of ground state heavy hadrons to arbitrary excited heavy hadrons. The contributions of
excited states to the Bjorken sum rule are also worked out in detail.
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1 Introduction
Recent advances in heavy quark physics have not only led to the development
.if the heavy quark effective theory [HQET] [l]-[3] but also have contributed
to a better understanding of relativistic wave functions (Bethe- Salpeter am-
plitudes) of both heavy and light hadrons [4]-[6], In our previous work, in
the mesonic sector, we have used the Bethe-Salpeter formulation to derive
the consequences of the heavy quark symmetry for weak transitions involving
both s-wave and p-wave mesons [6]. In [4],[5], we developed the B-S approach
to heavy quark symmetry for s-wave baryons.

In this paper we extend the B-S approach to present covariant wavefunc-
tions for heavy hadrons of arbitrary spin. We then derive explicit expressions
for the current induced transitions of s-wave heavy hadrons to arbitrary spin
heavy hadrons, in both the mesonic and baryonic sectors. In (7] wavefunc-
tions for arbitrary spin states have also been proposed. The approach fol-
lowed in [7] is different from the present work as the wave functions are
developed there explicitly from the heavy quark spinor with subsequent pro-
jections to particular spin states, whereas we construct the wave functions
directly in terms of the polarisation tensors (generalised Rarita-Schwinger
spinors in the case of baryons) of the hadrons using representations of the
Lorentz group. Although in the mesonic sector the wave functions look dif-
ferent one can recast the forms proposed in [7] into the simpler forms given
in the present work. During the course of this work we became aware that
heavy meson Bethe-Salpeter wave functions have been also constructed in
[8] albeit following a different approach. Their wave functions are equivalent
to the ones developed here from considering representations of the Lorentz
group.

As far as the heavy baryon wave functions are concerned, in [7] only a
certain subset of the possible baryonic states are constructed. This is an
artifact of the manner of construction which involves taking the product of a
totally symmetric tensor of rank j with the heavy quark spinor. Such states
do not exhaust the possible baryonic excited states. As we shall see in section
3 on baryons other symmetry types are also possible. These are discussed
in detail in the present work. We present a systematic approach towards
constructing any A-type or E- type excited resonance.

In this work we consider hadrons as bound states of quarks and antiquarks
and we concentrate on mesons and baryons cont 'ning one heavy quark Q.
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The natural object to describe a bound state is the Bethe-Salpeter amplitude
[9] which we will define for mesons as

Ma {xi,Xi) = (0|7"V'QQ(zi)i^(:ra}|M, P), (1)

where \M, P) is a mesonic state with a certain momentum P, spin and other
quantum numbers.

Similarly, for heavy baryons the corresponding BS amplitude is defined

, P). (2)

Here \B) represents a particular baryon state. In eqs. (1) and (2), ipQ
represents the heavy quark field while the ̂ , 's represent the light quark
fields.

As is by now very well known [2]-[6], [10], in the heavy quark mass limit,
mq —• oo, in the leading order of the HQET, the heavy quark spin is decou-
pled from the tight degrees of freedom and as a consequence the B-S ampli-
tudes satisfy the Bargmann-Wigner(Dirac) equation on the heavy label (in
momentum space):

( j / - l ) f t
< ! M/(p i ,p 2 )=O (3)

and
0/- l ) ,«f l o W(p 1 ,p a i j9S)=0, (4)

where v is the four velocity of the hadron. These equations imply that the
heavy meson and heavy baryon B-S amplitudes can be written in momentum
space as

Mj{j>u1h) = X O ' ( P I , P 2 ) A / ( P I , P J ) (5)

and

where the x>s a re projection operators satisfying

xo-' = (i>- (7)

They project out particular spin and parity states from the orbital wave func-
tions A. The Dirac indices on these operators indicate that these transform
as product representations of the Lorentz group, whereas the momentum
arguments indicate that they also have specific transformation properties

under the 4-dimensional rotation group. A particular spin parity projection
operator corresponds to reducing such a product representation down to its
required spin content. This can be done in an elegant manner through the
use of the Bargmann-Wigner wave functions [11] and by a careful considera-
tion of the Lorentz group. We will do this in detail in the next two sections
for mesons and baryons. Although the projection operators developed here
are used in the context of heavy hadrons, they have nothing to do, per se,
with heavy quark physics. In fact, one can use them also in studying light
hadrons [5], [6], [12]. After all, we are just construc-.ing representations of
the Lorentz group, albeit representations which are particularly suited to the
heavy quark limit.

The consequences of eqs. (5) and (6) have been worked out for s-wave to
s-wave and s-wave to p-wave heavy meson semileptonic decays in [6] and for
heavy baryon s-wave to s-wave semileptonic decays in [4] and [5]. In sections
4 and 5 we will consider semileptonic decays of ground state heavy hadrons
to arbitrary heavy orbital excitations. We also calculate the contributions of
these excitations to the Bjorken sum rules. We mention that our covariant
description is also well suited to calculate one-pion and photon transitions
between heavy hadrons of the same flavour [13].

2 Wave Functions of Heavy Mesons of Ar-
bitrary Spin

First let us consider the mesonic case. Essentially we would like to discover
how Xa^ reduces under the Lorentz group, C. Now the infinitesimal genera-
tors of Lorentz transformations acting on Xa ''(PiiPi) are

= Sfu, + i
t\ n

(8)

where £),„ are the generators of the Lorentz group acting on the product
space

(9)



with the Sp, acting on the Dirac labels a and 0 of Xa "• Therefore, Xa "(pi, Pi)
has to be reduced in terms of representations of C ® O(3,1). It is easy to
Bhow that the 0(3,1) generators can be written as

O Q

where F = pi + pj and fc = Pi - ft.
Hence

do 0 o

The last term in eq. (11) describes the overall orbital angular momentum of
the centre of mass of the system with respect to an external origin. The first
two terms give the genuine total internal angular momentum operator of the
Qq system,

M C I I / 1O\

with
d a (13)

The "spin", i.e. the total angular momentum of the Qq pair is described by
the Pauli-Lubanski operator

(14)

Because of the C^KA the overall orbital angular momentum operator drops
out, as expected, and we are left with the relative internal orbital momen-
tum Lpv plus S^v. The square of the Pauli- Lubansky operator gives the
magnitude of the "total spin" of the system

> = _ M V ( J + 1 ) , (15)

where M2 = P2 is the invariant mass of the system.
It is easy now to look at the 51"' and orbital parts separately. In the rest

frame, P=(M,fl) ,

W = M(0,M73,M31,M15) = M(0, Ji, Ji, J i ) , (16)

with

and

J\ = Ujk(Sjk + Ljk) , = Si + Li ,

0'.)

(18)

where the St are the usual spin matrices and the L( are the orbital angular
momenta. We have thus reduced the group from C ® 0(3,1) to SU{2) ®
O(3). As expected, the total angular momentum is given by the usual vector
addition of the Qq spin and the relative orbital angular momentum. The
operators S^ and L^(or Si, Li) act on different spaces. So we have to
separately find the appropriate irreducible representations of C and 0(3,1).

The reduction of multispinor representations of the Lorentz group to their
irreducible SU(2) components was first done by Bargmann and Wigner [11]
and was later worked out in detail in the 60's by Delbourgo, Salam and
Strathdee [14],[15], and other workers [16] in the context of relativistic SU(6).
Of course such reductions have nothing to do, per se, with relattvistic SU(6).
This is a point emphasized in a modern review of the procedure as given in
[17].

The basic approach is very simple. The four component Dirac indices
of a multispinor x£lV.^(pi) S*6 reduced to two components by imposing the
Bargmann-Wigner equations on each of the upper and lower indices

(•j,- \\ «iv0i-*» = n

and

(jZ-lJ-^xSlV.^: = °

= 0

(19)

= 0. (20)

The x's ^ e spinor functions of the total momentum, P = £<#> or in
modern usage the total velocity, v = P/M, and the relative momenta ki. Also
following current usage, we have written the Bargmann-Wigner equations in
terms of the operators (yl± 1) rather than (f± M).



Imposing the equations (19) and (20) reduces the multispinor to a product
representation of SU(2). We then use the charge conjugation matrix C to
lower the upper indices. Then choosing a given symmetry of the indices we
pick out a particular irreducible representation of SU(2).

Following such a procedure for the mesomc projector in eq. (5) leads to
the following general form

(21)

where P(fc) is a positive parity matrix. The \/M factor is a normalization
factor which we have introduced here for later convenience when we go to
heavy hadrons, where one wants to factor out the heavy mass scale. The
overall parity of x is negative and is fixed by the Bargmann-Wigner equations
118].

Now to take the direct product of £® 0(3,1) we require P(fc) to transform
appropriately under L^v, eq. (13). To do this we go to the rest frame
(v = (1,0)), and look for the appropriate eigenstates of L2 with L defined as
in eq. (18) or more specifically

(22)

Thus for s-waves, we require L2T(k) = 0 which means that V(k) can at most
depend on k in the form k\, where

such that

fc£ = k» - v - k v " ,

v • fc± = 0.

(23)

(24)

Now expanding T in terms of the 16 gamma matrices we find that they all
reduce to just two non-vanishing terms (as v1 — 1),

r(Jt) = 75es (25)

or
(26)r(fc) =

with «**«,, = 0. Eq. (25) describes the 0" bound state of a Qq pair, u is the
"polarisation" pseudoscalar2 . (For a point particle this would just be the
pseudoscalar field e.g. the pion field.) Eq. (26) describes the 1~ bound state
with tp identified as the polarisation vector.

For the p-waves we require

= 2V{k). (27)

This is easily solved by
T(fc) = fcx • f ( * » ) , (28)

where t^ can at most be a vector function of the Lorentz scalar k\. T,, is also
a bispinor in Dirac space. Observe that the vector fcj satisfying v • k± = 0
has the correct degrees of freedom to describe an angular momentum one
object. Constructing all possible forms we get the p-wave reduced spin wave
functions fM listed in Table I3. This table is reproduced from [6]. Note that
we cannot use v^ in the construction as this annihilates on k± in eq. (28).

state J1^' r

0++

3P2 2++
'Pi 1+" Ts<*

Table 1: Reduced spin wave functions F for mesonic p-wave states.

tp and f^ are the spin 1 and spin 2 polarisation tensors satisfying tf't^ =
v"(^ = 0 with e^ symmetric and traceless. The Bargmann-Wigner equa-
tions ensure that

^ • • f V = «' (29)
'Fbr pseudoscalars and scalars we shall omit these t'fi later. In general we could have an

unknown function of k2
± in eqs. (25) and (26) but these can be absorbed in the unknown

functions Aa ' In eq. (5)
3Again these f^'s can, in general, be multiplied by unknown functions of it* which will

be absorbed in the Aa ' in eq. (5). This remark applies to all subsequent constructions of
higher spin meson and baryon projection operators in the rest of this paper and will not
be repeated again.



The above states correspond to an LS coupling scheme. In [6] we have
shown how this can be transformed to another basis, the jj basis, more suit-
able for heavy quark pnysics, i.e. where the spin of the light quark and the
orbital angular momentum are added first to get the total light quark angular
momentum with respect to the heavy quark. The heavy quark spin is added
later. We will come back to the jj basis when we consider the general L-wave
case.

The covariant wave functions, eqs. (21) and (28), with f as in liable
1, for p-waves were first constructed for heavy (QQ) quarkonium systems
[19). However, we now see that these have nothing intrinsically to do with
heavy quarkonium systems but are rather consequences of the reduction of
C® 0(3,1).

We can now proceed to construct projection operators for d-waves by
looking for solutions of

#r(*) = er(fc). (30)
This is solved immediately by

where
9T =

is a tensor spinor such that

t —
"" 2

= 0.

(31)

(32)

(33)

Thus, all the states 2 - + ; 3 ~ , 2 - - , 1 " arising from (0,1) ® 2 of 0(3)^,, ®
Q(3)orbitat can be immediately listed as in Table 2.

The e's are the usual symmetric traceless polarisation tensors satisfying
tVep = v^t^ = v^e^y = 0. These are normalised to 1M with respect to the
traceless tensor $tffgf + gfg"/ - §«?f 5 ; v ) (See Appendix A).

One can now immediately generalise to any higher orbital angular mo-
mentum. For the general orbital angular momentum L case we need the
solution to

L2V(k) = L{L + l)r(Jt). (34)

This is solved by

«...«.• (35)

state J p c Tu

3£»2 2— - y f

3—

Table 2: Reduced spin wave functions T for mesonic d-wave states.

pjitiiH-i'L^)-) is t n e symmetric, traceless tensor product of L fc^'s satisfying

tVliJV"--"'-'"-(fc) = O (36)

for all i. Specifically

JV"«"**(fc) = W • • • * ? - 5 7 ^ T E r f 1 " 11 k?

t2L %2L 3) ^(2L -l)(£L-6) i<i:i<

We also have
= 0. (38)

2 * «-«- '"• 2
for all i.

In table 3 we list the rw(i,...Ml for the states L - 1, L, L = 1; L arising
from (1,0) ® L of O(3)jpjn ® O(3)orhtai.

Here the e's are the usual fully symmetric, traceless, transverse polarisa-
tion tensors. See Appendix A for the normalisation of these wave functions.

Having constructed the projection operators we now recall that the B-S
amplitudes for the heavy meson are obtained by substituting these operators
in eq. (5). Using Tables 2 and 3, we can now easily consider heavy to heavy
semi-leptonic decays involving d- and higher waves. This will be done in the
next section.

10



state

Table 3: Reduced spin wave functions f for mesonic L-wave states.

The wave functions as developed upto now are quite general and can be
used in the context of both heavy and light mesons. However as pointed out
in [6] in the case of heavy mesons it is convenient to use a different basis
than that used for the states in Tables 2 and 3. These states are in the
LS coupling scheme and are eigenstates of C-parity. We need to move to
the jj scheme. In this scheme, for heavy mesons, the degenerate states in
the d-wave case are the pairs (1 ̂ ,3,2^2) and (2^2, 3^2) where the subscripts
3/2 and 5/2 indicate the total angular momentum of the light quark system
(2 ® 1/2 = 5/2 e 3/2). The two states in each pair are related to each other
by flipping the heavy quark spin i.e. they are degenerate because of the
heavy quark spin symmetry. This can be demonstrated by applying the spin
flip operator ^ys to the appropriate f. The 1~ and 3" states are unchanged
whereas the 2~ states in this new basis are linear combinations of the LS
states

(39)

In Table 4, we list the T's for the appropriate degenerate states of the
d-wave heavy meson.

Similarly in the general case one has to go to the heavy quark basis states

11

state I\,

' 3 /2

Table 4: The d-wave heavy meson reduced spin wave functions

\I*ilin ) and IL^wj ). Recall that total light quark angular momentum is
either L - 1/2 or L + 1/2. Thus

In table 5, we list the F's for the appropriate pairs of degenerate states
of the L-wave heavy meson.

Tables 2-5 are some of the main results of this paper. Notice the simplic-
ity and elegance of the wave functions. Heavy meson wave functions have
also been constructed by Falk [7] following a different route, which always
explicitly involves the heavy quark spinor and always requires projection op-
erators to go to particular states. Notice that in our construction there is no
sign of the heavy quark spinor. Our construction is directly in terms of the
appropriate polarisation tensors of the heavy meson state itself. The forms
of the wave functions for heavy mesons given in [7] can be transformed into
he forms given above.

In the above we have listed just the "pure" spin states characterized
by particular orbital angular momentum. Of course physical states could in
general be mixtures of these states preserving the heavy quark spin symmetry.

12



state T

/

r(-)1 + 1

^L-l/2

Table 5: The L-wave heavy meson reduced spin wave functions

3 Heavy Baryon Wave Functions of Arbi-
trary Orbital Angular Momentum

We repeat the procedure of sec. 2 for the baryon spin projector Xap-riPi, P2, Vz)
in eq. (6). Here Pi,pz,p3 are the quark momenta with P = Mv — Pi+p2+P3-
We construct the s-,p- and d-wave baryon projection operators in detail and
then indicate how to generalise to an arbitrary orbital excitation. Recall that
the XaSy satisfy the Bargmann-Wigner equations and that the heavy baryon
B-S amplitude is obtained from eq. (6) by substituting with the appropriate
X-

Here the infinitesimal generators of the Lorentz transformations acting
i,P3) are

where S^ are the generators of the Lorentz group acting on the space
[(i,0)©(0,i)]3or

'2Clu"
(42)

13

with the S,u, acting on the Dirac labels or,/? and 7. As before we reduce
in terms of representations of C ® 0(3,1).

Defining two independent relative four momenta as

*3=^(Pl-P2) (43)

(44)

£** is the angular momentum operator for the relative orbital angular mo-
mentum of the quark pair, (jj^j, while L^ is the angular momentum operator
for the relative orbital angular momentum between the centre of mass (cm.)
of the pair qiqi and the third quark q3. Of course, one could aiso decompose
Jfu, in terms of ki, fcj and K^Ki where

and

we can write

Here

1 f(Krt 1

fi
and

- 2pi), K2 = i

(47)

(48)

However out of the aix momenta, fci and K{, only two, plus the total
momentum P, are independent and we choose fc3 and K3. Recall that the
third quark momenta p^ is associated with the Dirac label 7.

As in the mesonic case the last term in eq. (45) describes the overall
orbital angular momentum of the cm. of the system with respect to an
external origin and drops out of the Pauli-Lubansky operator. Thus

with
Mu,

(49)

(50)

14



3.1 S-wave Baryon Projection Operators
The s-wave baryon projection operators are disposed of quite easily. The
XaBi f°r s-waves can only be functions of fc|x or K^ and must satisfy the
Bargmann-Wigner equations on each label. Thus one can in general have
two possibiiities [14, 15, 17], either antisymmetric or symmetric in the iff
indices4

XJUw = Xa0*7 (51)

or

where Xlf> = [(* + l)-ft<?]«0 and l)YC}aS with

= 0

(52)

(53)

and
(}f-1)* = (jif-1)*,, = 0. (54)

We have put the superscripts A and E because we will soon show that these
correspond to the projection operators for the A and S-type baryons respec-
tively. These are the only two independent possibilities because any other
like [(y + l)7sC]fl7'I'o, can always be recast in the forms given in eqs. (51) and
(52) by splitting into a 3 symmetric and antisymmetric pieces. Specifically

and
(55)

[(y + i j y q ^ * ^ + [
(56)

The meaning of xlg and Xajs ls obvious. Xag represents the antisymmetric
spin zero, S^*, = 0 state of the quarks 1 and 2, whereas the transverse
part of x^g, X±.a$< (B/iXi^ = 0). represents the symmetric spin 1, S,in = 1,
state of the first two quarks. Because of the relations (55) and (56) one

4FVom now on we shall often use the usual bracket notation to indicate symmetry
properties of indices. Square brackets,!], ar°und indices will represent antisymmetrisation
of the indices enclosed whereas curly brackets,{}, around indices indicates symmetrisation.

15

can always express the spin of any pair of quarks in terms of the 1,2 pair.
One notes also that xY" = [(.¥ + 1)(T" - «")<?]• But since v^^ in eq. (52)
and in subsequent wave functions, one can use interchangeably x1* or Xi"-
However it is important to remember the transversality. In summary, Xas
and Xi.aH represent the 0+ and 1+ spin states of the q </2 pair.

We can now differentiate the A<j and Eg-type of baryons by considering
flavour symmetry. The Ag-type baryons are antisymi - etric in flavour for the
first two quarks. Hence to preserve overall symmetry we see that the ,̂ A

in eq. (51) is the correct, ~+, A wave function with

*-y = u-r > ( 57 )

the usual Dirac spinor.
Similarly, xfafl}-, describes the symmetric Eg-type baryons. Here it is

easy to see that V^ decomposes uniquely as

3+
2 * Mi7 " M . T

(58)

where f±)l = 7P - jfe .̂ The particular form of the spin 1/2 in eq. (58) is
required by the conditions (54).

3.2 P-wave Baryon Projection Operators
We now proceed to construct the projection operators for p-wave baryons.
In contrast to the mesonic case, there are now two ways to get p-waves. Let
us denote by Lt3 the orbital angular momentum of the quark pair q^ and
by LK3 the orbital angular momentum between the centre of mass of the pair
giq2 and the third quark q3. P-wave baryons are obtained by taking either
(L*, = 1, LK, — 0) or (Lja = 0, LK2 = 1)- Hence we require that Xafl-r should
be of the form

with X*i,cifl7 satisfying the Bargmann-Wigner equations on all the indices
a, ff, 7. Note also that although both k3 and fC3 are of mixed symmetry

16



( under the interchange of pi,Pi,p3), fcs is antisymmetric under pi <-* pa
whereas K% is symmetric. We construct Xn.afrt using Xa» and xl$ and ensur-
ing overall symmetry with respect to flavour ® spin ® space for the quarks
1 and 2.

Without worrying about the choice of k%± OTK£±, it is easy to construct
, . With }c!U we have simply

(60)

with ty^^ satisfying

= O and (61)

Thus, typ decomposes uniquely into the | and ^ states as in eq. (58)
5. These two states arise from (£,„., = 0 ® L = 1) ® S,, = l~,?~ where
S,3 = 1/2 is the spin of the third quark (later we will identify the third
quark with the heavy quark). Since xHg ' s antisymmetric under OJ «-> (i, to
ensure overall symmetry for the A-type excitation {flavour antisymmetric)
we would have K3±X>i,[aBh> '-e- the £/cj = 1 orbital angular momentum. On
the other hand for the E-type we would have k^xXi±,[a0\y, i.e. the Lt3 = 1
orbital angular momentum.

With x]laB w e n a v e t ' l r e e possibilities. Here we combine the Sqiqi = 1
with L = 1 to give Jqin - 2,1,0 where ,/„„ is the total angular momenta of
quarks 1 and 2 with respect to the third quark. These three different sets of
states can be written as (h is either k$ or K$):

(62)

with *^,i7 a symmetric, tracetess tensor-spinor satisfying

(y-l)1 ' ( 1 1 / = O a n d / * ) U , = (l. (63)
5The negative parity is obvious from physical reasons. Also it can be seen from eqs. (59)

that since XOJT is always of positive parity, x*w>fli m u s t necessarily be odd as ^ . ( K s j j
is odd. Thus from eq. (60) we see that *B i 7 is also odd since x° & ? transforms like 0+.
The parity of the subsequent states eqs. (62}-(69) is odd for a similar reason since xlig
transforms like 1+ . We have continued to use the usual spinors u, (u^u,,,), satisfying the
Dirac equation (j/ — 1 )u = 0 but always remembering that they describe negative parity
particles. One could as well use y&v.

17

can easily be decomposed as (for normalisations see Appendix A)

3" 1
2 : "" =

(64)

(65)

Here one could also have a term like g^u. However this would annihilate
when folded into the expresssion (62) because the angular momentum tensor
of the gift pair is traceless. Such a term will be called a non-propagating
mode.

Thus the two nonvanishing structures correspond exactly to the two pos-
sibilities expected from (Jnn = 2) ® {Sg, = 1/2) = §~, |~. t v is the usual
5/2 generalised, symmetric Rarita-Schwinger tensor-spinor and uv is the 3/2
Rarita-Schwinger spinor.

2. J,1B = 1

\Y^^- (66)

Here ^^,-1 is an antisymmetric tensor-spinor satisfying eqs. (63). fy^ is
easily decomposed as

3- . 1
2 ' "" = TM

(67)

These correspond exactly to the two possibilities expected from (•/«,«, =

3.
=r, 1-.

(68)

Again ty/u, is a traceless, symmetric tensor satisfying eqs. (63). Here *M1,
decomposes uniquely as

(69)

This state corresponds to the one state expected from (./fin ~ 0) ® (5m =

18
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The Lorentz structure of the states given by the eqs. (62)-{69) is valid
for both A t t and 2 , , type baryons. Since these wave functions (62)-(69) are
symmetric under a «-> 0, to get A-type baryons we take k = k$ and for
E-type we take k = K3 in these equations to ensure overall symmetry.

3.3 Baryon Projection Operators for the First Posi-
tive Parity Excitations

There are three possibilities in constructing the first positive parity excita-
tions. In the subsequent equations of this subsection, L refers to the total
orbital angular momentum of the quark pair, q\ and <ja. By first positive
parity excitations we mean all those excitations with LK3 + L(t3 = 2.

(1) L t a = 2, Lit, = 0, L = 2
Such an orbital state is represented by the symmetric traeeless tensor

AT"1"11 (itj) as defined in eq. (37).
(2) LH = 0, LK3 = 2, L = 2
Such an orbital state is represented by the symmetric traceless tensor

(
(3)

= 2
Here the orbital state is represented by the tensor

1 2
A' '*' (K3, k3) = ~{K3±ks± + ^sx^si ~ o"3

1 6

{b)l=\
Here the orbital state is represented by the tensor

(70)

(71)

(72)

The orbital states (1) and (2) are symmetric under interchange of p \ and pj
while the orbital states in (3) are antisymmetric under the same interchange.
Using these symmetry properties we now construct the projection operators
for the A-type and E-type baryons.

19

(c)L = Q
Here the orbital state is represented by the scalar

) K

3.3.1 A-type first positive parity excitation projection operators

The A-type baryon is in a flavour antisymmetric state for the quarks labelled
1 and 2. Because of the requirement of overall symmetry, the orbital states {1)
and (2) above can only combine with the antisymmetric spin zero, 5 , i m = 0,
state of the quarks 1 and 2, i.e. with Xofl> leading to the total light quark
angular momentum of J7l,a = 2. This in turn Lads to the total baryon
angular momentum states | + and | + . The physical states will in general be
mixtures of the states arising from the two orbital states (1) and (2). We list
these projection operators below:

(1) LK, = 2, £ t a = 0, L = 2 or (2) lKz = 0, Z,ta = 2, I = 2
In both cases we have

(73)

where A"'"'3 is either N<ill">{Ki) or N^^ih). * w w decomposes into its | +

and | components just as in eqs. (63) and {64, 65),

5 +
2

7To(71"

(74)

(75)

In contrast, the orbital states (3), being antisymmetric with respect to
the interchange of pi and P2, can only combine with the symmetric, spin
one, 5 ( l f t = 1, state of the quarks 1 and 2, i.e. with Xap- These will give
rise to the states whose projection operators are discussed in the rest of this
subsection. All the *s which are about to appear are transverse with respect
to Vp and satisfy the Dirac equation. Furthermore they are traceless in the
vector labels. The symmetry of these labels will be specified as we proceed.

The total orbital angular momentum, L = 2, here combines with the
spin, 5g i m = 1, to give total light quark angular momenta Jqin = 3,2,1, for
which the projection operators are listed below.

( ')J, ,B = 3

i r
+ symmetrised in

(76)
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with *^ ! t l , ,7 fully symmetric. *M^1(ia can easily be decomposed as

7+
2 !

5+

2 : * « * •

(77)

(78)

where in the last step we have used the fact that ^^M,M is folded into a
symmetric tensor in eq. (76). (There are, of course, as usual non-propagating
modes just as in the p-wave case. From now we shall just ignore them.)
The two non-vanishing states correspond exactly to the two expected from
{./„„ = 3) ® (S<B = j) = l+, | + . uW l M and umln are the generalised \ and
| Rarita-Schwinger spinors.

(ii) Jnn = 2

(79)
with [̂(jjiijjja.̂  mixed symmetric, ^[^mĵ j can easily be decomposed as (see
Appendix B for the construction and Appendix A for the normalisation)

5+
2 :

3+
2

I

, = 1

can easily be decomposed as

3 +

2 : **
1 +

*« =

(80)

(81)

(82)

(83)

(84)
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( ) ( ) y , , . , ,
Here the total angular momentum of quarks 1 and 2 is either 2,1 or 0,

i.e. (L = 1) ® (5, l f t = 1) = (J,lW = 2,1,0). The appropriate projectors are
listed below. (See Appendix B for details of the construction)

( V 2

mixed symmetric. It can easily be decomposed as

(85)

(86)

with *

5+ .
2 :

3+
2 '

(87)

Note that these | and | + are slightly different from the corresponding
states in (3)(a)(ii), eqs. (80 and 81). For the details of this construction,
please see the Appendix B.

can easily be decomposed as

1+ 1

v3

(88)

(89)

(90)

(91)

with

1+

fully antisymmetric. This decomposes uniquely as

(92)

(93)
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In the last step we have used the fact that
antisymmetric tensor in eq. (91).

is folded into a fully

Here the L = 0 orbital angular momentum of the quarks 1 and 2 combines
with the .Sgi,s = 1 spin state to give a total angular momentum Jqin = 1 for
the quark pair. The projection operator is

xpVfi.i • (94j

(95)

(96)

t^ decomposes in the usual manner as

3+

2 4V =

*" = 757

We have now come to the end of enumerating the projection operators
for the first positive parity excited A-type baryons.

3.3.2 £-type first positive parity excitation projection operators

These are in some sense easier to write down. Here because the flavour state
of quarks 1 and 2 is symmetric, the symmetric orbital angular momentum
L = 2 states (1) and (2) above combine with the symmetric spin one state,
S<n<n = 1. X±Q0I t o preserve overall symmetry. This gives rise to the total an-
gular momenta, JVin ~ 3,2,1, of the quark pair q\ and q? with respect to the
third quark. We treat cases (1) and (2) together. In contrast the antisym-
metric orbital states (3), with total orbital angular momentum L = 2,1 or
0, arising from LKz = 1,L*3 = 1 necessarily combine with the antisymmetric
spin zero state to give total Jqin = 2,1 or 0.

= 2, Lk3 = 0, h = 2 o r (2) LKl = Q,Lkl^2,L = 2
(1) (a) Jmw = 3

3

with

) +symmetrised in w

fully symmetric.lt can easily be decomposed as

7+

(97)

(98)
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(99)

Again in the last step we have used the fact that in eq. (97) *MMlW3 is traced
into a fully symmetric tensor.

<l)(i) ./„„«> 2
i j i

3 i, £,

with *|^^,|M,7 mixed symmetric. As usual it decomposes as (see Appendix
B for construction)

5 + l

3+

(1) (<:)•/«« = !
IxLJV

with ^ ^ being written as usual as

|

(102)

(103)

(104)

(105)

(106)

with /V*('1M' as defined in eq. (70). *^ [M is symmetric and is as usual given
by

5 +

•3+ 1
'• ' ' \ (108)

(3) L y = 1,
(3)(o)L = 2,
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with as defined in eq. (71).

3+
2 :

 %M\ =

w w ] . , , (109)

is antisymmetric and is given by

2

, = 0, = 0

with ty given by
1 +
2 :

(Ill)

(112)

(113)

3.4 (-l)L Parity Excitation Baryon Projection Oper-
ators

By (—l)L parity excitations we mean all those states with LK3 + £/t3 = L.
These contain total orbital angular momenta starting from L down to 1 if L
is odd and 0 if L is even. The situation for the general L-wave resonances
becomes rather complicated because of the large number of possible states
due to the the L + 1 partitions of L, arising from the choice of the angular
momenta LK, and L^. We will not do the full construction here but just
indicate how one goes about it.

Let us take Lj, = n. Then for the {-\)h parity excitations we must
have LK, = L — n. A particular partition of L, i.e. a particular choice
of n, 0 < n < L, signifies taking the direct product of the symmetric tensor
//"•-"-(fci) with the other symmetric tensor JV""M--(/(3). This direct prod-
uct can be decomposed into the direct sum of orbital angular momenta rang-
ing from L to \L - 2n| corresponding to the various Young tableaux present
in the reduction of the product of two fully symmetric Young tableaux. All
these different irreducible, traceless product tensors will have symmetry (-)"
under the interchange pi <-> pj, i.e. they will be symmetric if n is even and
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antisymmetric if n is odd. Thus one can differentiate the states arising from
n even or odd.

(i)(a) n even. A-type baryon
In this case to preserve overall symmetry of the wave function the irre-

ducible orbital angular momentum tensors would have to be combined with
the antisymmetric spin zero, S,,^ = 0, state of the gift pair represented by
1&0. This gives rise to the following total angular momenta, J^,,, of the
quark pair, qiqa, with respect to the third quark,

Jnn = L,L- l , . . . | L - 2 n | . (114)

Then combining these with the spin of the third quark Sn = 5 gives the
total angular momentum (spin) of the baryon.

(i)(b) n even. S-type baryon
In this case to preserve overall symmetry the orbital angular momentum

tensors would have to be combined with the symmetric spin one, S,,m = 1,
state of the quark pair <ji?2 represented by XJ!Q<J- Such an operation will give
rise to the following groupings of the total angular momentum of the pair
9i?a with respect to the third quark,

Jqila = (L+1,L,L— 1); (L, L-\,L—2); ... (\L—2n| + l, \L — 2n|, |L-2n|— 1).
(115)

Again the total angular momentum (spin) of the baryon is obtained by com-
bining finally with Sn = 5.

(It) (a) n odd. A-type baryon
Now the situation is reversed. To preserve overall symmetry the orbital

tensors have to be combined with x]$ ' " the usual manner as in (i)(b) above.
(ii)(b) n odd. S-type baryon
Here the orbital tensors are combined with x% to preserve symmetry as

in (i)(a) above.
All these tensors representing the different values of J, im will have L or

L + 1 indices of various symmetry types. Now to construct the projection
operators one has to multiply them into tensor spinors *^,...^Wl7 (where JV is
either L or L+1) of the corresponding symmetry. Because of the Bargmann-
Wigner equations these must satisfy the Dirac equation and the transversality
condition
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on each index.
These are easy to construct, in any particular case, by noting that if tj>

satisfies the Dirac equation then so do 7iM7s^ and 71^71^0 plus obviously
being transverse. One then has to use appropriately symmetrised chains of
7J_M75 and/or 'njn't±la along with generalised traceless, symmetric Rarita-
Schwinger spinors u^...^ to construct the projection operators.

We have illustrated now how to construct any arbitrary orbital excited
baryonic projection operator. As usual they will come in pairs which corre-
spond to the heavy quark basis. Note that in the case L = 2, treated above,
the two partitions Lxa — 2, L^ = 0 and L^ = 0, L^ = 2 give rise to the
same Lorentz structure and to the same kind of states. Similarly from the
L + l partitions in the L-wave case only a certain number can give rise to
possible different kinds of states. When L is odd there are (L + l)/2 parti-
tions giving rise to possible different Lorentz structures, whereas when L is
even there are (L + 2)/2 possibilities.

Writing down all the projection operators in the general case is thus rather
cumbersome so we shall not pursue it further. However the highest weight
L- wave states are relatively easier to write down. We will not list them here
but will show them in the next subsection when we put everything together
in the final form of the Bethe-Salpeter amplitudes.

3.5 Heavy Baryon Bethe-Salpeter Amplitudes
The heavy baryon B-S amplitudes are now obtained from eq. (6) by sub-
stituting with the appropriate projection operators developed in subsections
3.1 to 3.3 above. The Bagy now satisfy the Bargmann-Wigner equation on
one label 7. We identify the third quark with the heavy quark. Of course,we
are listing just the "pure" spin states characterized by definite values of the
orbital angular momentum. In general the physical mass eigenstates may be
mixtures of states preserving the heavy quark spin symmetry.

3.5.1 S-wave Heavy Baryons

We define the following quantities

— XS

(117)
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S° and 5 P are the projections of the 0+ and 1+ total (•/„„) angular momenta
of the light quark pair, 91,92 with repect to the heavy quark. These are
functions of K3 and A;3. We can now write the s-wave heavy B-S amplitude in
compact notation, dropping the Dirac indices a, 0 and 7. However remember
that the light quark indices are on the S's whereas the heavy quark index 7
is always on the explicit spinor structure. Thus

A - type :

£ - type :

: S°u

3+ .
5 •

(118)

3.5.2 P-wave Heavy Baryons

For the p-wave case, we define the following quantities:

PM _ I
1 kiaP 2

±X± l A

(119)

P£,Pk 1^* and Pk are the projections of the 1~;2 , 1 " and 0" total
angular momenta respectively of the light quark pair. Of course these P's are
functions of both k3 and K3. The subscript k in the P's is to be understood
as a label indicating which k (k3 or K3) we use in the definitions (119).

The pairs of states listed below are separately degenerate because of the
heavy quark spin symmetry.

A - type:
(i) LKj - 1, SglT3 = 0, Jqin = 1.

(120)
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(ii) L t e = 1, S,lW = 1, = 2,1,0.
(a) J** = 2

8 - . pl»"
a • r*>

71^75".- + 7x^7s^) (121)

(b) J M = 1.

(c) Jnn = 0.

f : P*3«.

(122)

(123)

For the S-type heavy baryons one has to simply interchange k$ and K$
in eqs. (120) - (123).

3.5.3 First Positive Parity Excited Heavy Baryons

A. First Positive Parity Excited Heavy A
For the first positive parity excited heavy A the projections of the possible

total angular momenta of the light quark pair are represented by the following
matrices:

2+

3+

2+

0+

+symmetrised (v,vu

(124)
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With the help of these matrices, we can now write down the B-S ampli-
tudes for the pairs of degenerate first positive parity excited heavy A states.

(1) LKi = 2, L ta = 0, L = 2, S,im = 0, JqM = 2

5+ .
2 •

(2) LKi = 0, L^ = 2, L = 2, 5, l t t = 0, J,1?1 = 2

(125)

(3) (a) (0 L*. = 1, L^ = 1, i = 2, 5,1W = 1, J, im = 3

f+:
(3) (a) («) LKl = 1, Lti = 1, L = 2, S,lM = 1, Jnn = 2

(3) (a) (tit) LKj = 1, Lt, = 1, L = 2, 5 m w = 1, .

(3) (6) («) Ljr, = 1, L*. = 1, L = 1, 1, Jnn = 2

(126)

(127)

(129)
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• * • ; »

(3) (6) (ft)

1+
2

(3) (c)

(3) (6) (iij)

= 1, L = 1,

= 1, Lte = 1, L

= 1, L = 0,

(131)

1, J,in = 0

(132)

f : D$^pLli*fbu. (133)

B. First Positive Parity Excited Heavy £
For the first positive parity heavy E the projections of the possible total

angular momenta of the light quark pair are represented by the following
matrices:

3+ + symmetrised 0*. /*,,

0+
 ;w k fe±xSXff

(134)
One can now wr'te down the B-S amplitudes for the pairs of degenerate

first positive parity excited heavy £ baryons.
(1) (a) LKs = 2, Lte = 0, L = 2, 5, lW = 1, •/„„ = 3

(135)
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«*T*»t^W«K*JMK'->* r*»—

(1) (6) L , , = 2, Lta = 0, L = 2, Sqin = 1,

(1) (c) LKl = 2, Lt, = 0, L = 2, S n B = 1, J , m = 1

(137)

The states arising from the orbital angular momentum case (2), L*., =
0, Lk, = 2 are identical to the above except for the replacement of K% by k3

in the D's.
(3) (a) LK, = 1, Lk3 = 1, L = 2, S,1(ft = 0, ./„„ . 2

5+ .

j-™( (138)

(3) (6) L * - 1, L*. = 1, L = 1, S<in = 0, J f t t i =

(3) (c) LK, = 1, L^ = 1, L = 0, S , m = 0, J, im = 0

(139)

(140)

3.5.4 L-wave Heavy Baryons

Although, as we have pointed out above, the general case for any arbitrary
higher excitation is rather involved, we can easily generalise these results to
the "highest weight" states of any orbital excitation. In such a case, the
total orbital angular momentum L will be represented by the transverse,
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symmetric, traoeless product of L momenta (both fc3J. or K3J_ can appear).
This will be an obvious generalisation of eq. (37). It does not matter which
of the different, L+l, possibilities we choose as long as we are only concerned
with the Lorentz structure and not with the flavour. Let us continue to call
such a. product of L momenta, fc, as jyiM-w.. This orbital angular momenta
has then to be combined, on the light side, with the total spin of the light
quarks, which is either 0 or 1 and which is represented as before by x°^ or

Thus one will get the following states, all of parity (—l

((Sum = 0®L) = (./„„ = £))® (SQ = 1/2) =

( ( 5 , m = 1 ® L) = (</,,„ = £ 4-1, £, L - 1)) ® (So = 1/2) =

(141)
The total light angular momentum projections (^,!93 = L + 1,£,£ — 1)

arising from the orbital angular momentum, L, and the light quark spin 1 , is
obtained in the usual way by taking the symmetric, antisymmetric product
and trace of TV1""-'1' with x±'- For details of the mixed symmetric tensor,
see Appendix B. Define

1=1

(143)

33

^,4 Kf^^Ui'*'I^i-l^4+l-'-ML] A?P t-\AA\
Alv;y \&flna& \.*^*)

Vafi (Xxpi1* JtpAag. (145)

These #'s contain the "brown muck" information, or, better, lack of infor-
mation. They represent respectively the following total angular momentum
and parity of the light quarks:

)

tp^-i"- : (L - l)(->' .

We can now write down the B-S amplitudes for the L-wave heavy baryons
of parity (-1)L . Each pair of states listed is separately degenerate because
of the heavy quark spin symmetry.

(i) L = L, Sgin = 0, •/„„ = L.

(147)

(148)

This last can also be written in fully symmetrised form as in (147).
(b) Jnn = L.
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UMM-*-! )} • (149)

(c) Jnn = 1 - 1 .

F-

(150)

The uw...piin eqs. (147) - (150) are the appropriate generalised symmet-
ric, traceless Rarita-Schwinger spinors satisfying

(151)

These spinors represent bound states with parity (-)L. (See footnote on
page 13).

As already remarked, Falk [7] has followed a different route to construct
wave functions of heavy baryons with arbitrary spin. However, in his con-
struction he only has the symmetric wave functions (147), (148) and (150).
We see that, in general, there will always be mixed symmetry type wave
functions like (149). In fact, this observation has important consequences for
the decay matrix elements as we shall see in a subsequent section.

Flavour is easily accounted for as we have already discussed. If one re-
quires A-type heavy baryons, antisymmetric under flavour, overall symmetry
symmetry is assured by taking the appropriate number of fox's and K3±'a
to ensure that //»•••'"• in eq. (142) is symmetric under pi <-> pt and antisym-
metric under pt «-. pj in eqs. (143) - (145). For E-type heavy baryons we
have the opposite situation.

For the construction of the p- and higher wave baryons we were inspired by
the seminal work, [15], of Salam, Delbourgo, Rashid and Strathdee. In that
work they had constructed the mixed symmetry tensor which we have used
in describing the p-wave baryons. However, they had the wrong particle(spin
and parity) content because they did not include internal momenta. Once one
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does that it is easy to show that the mixed symmetry, C/(12) representation,
contains nothing but the set of p-wave baryons which we have constructed
above.

4 Heavy Meson Transitions

In this section we calculate the current induced flavour changing transitions
between ground state heavy mesons and ground and excited state mesons
of different flavour. Exemplary processes are the b —* c transitions B —»

We define the transition matrix elements as

Here Mi and M2 are the initial and final mesons with velocities vt and v2,
respectively. Closely following the presentation in [6] the transition matrix
element can be written in the form of a trace.

First we introduce tensor-valued reduced meson projectors Xm-fu ' n anal-
ogy to the traceless, symmetric tensors r(J1..,(ll in eq. (35). Thus using eq.
(35), on" can write the x of eq. (21) as

Specifically,

X =

X-Pl—M.
+ U

The transition matrix element (152) can then be written as

(153)

(154)

(155)

where JV1-"w(vi) is identical to the symmetric tracetess tensor JV'1 •liL de-
fined in (37) except for the replacement k± —• i>u = V) ~wv2 where u - i»i .va.
JCi is the incoming reduced spin wave function for ground state mesons, eqs.
(21, 25, and 26). The subscript L± refers to the two pairs of degenerate
states in table (5) labelled by the subscripts L + 3 and L - 5, respectively.
&•*('»') are two independent form factor functions of the variable u defined
above.
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The last two factors in eq. (155) characterize the covariance structure of
the light side transition which is parametrised according to [6]

/ •
(156)

The single covariant N<"->i'-(vi) in eq. (155) is the most general cova ant
that can be written down for the tight-side transition given by the overlap
integral on the l.h.s. of eq. (156) when taken "between the projectors" in the
trace eq. (155). At first glance one would also write down a second covariant

To avoid confusion from now on we add a subscript to the symbol _L to
indicate transversality with respect either to the incoming velocity i/i or the
final velocity Vj. The symbol ±i hence means perpendicular to the velocity m.
However, the covariant N'l>i-'"-(vi) is not linearly independent of N"1->'L(vi)
when taken in the trace eq. (155). In fact one can easily check that N'lil-''L

is linearly related to N"l-"L for the transitions to the (L - ±) states and
identical to zero for transitions to the (L+|) states. We are now in a position
to write down the trace expressions. Using the expressions for f from Table
5 in eq. (155) one can write the matrix elements for the transitions from the
ground state s-wave mesons to the L-wave mesons as (all the matrix elements
are multiplied by a common factor

(a) (O-.n-fL-lk-j

(b)
(158)

^ ; , . . ^ - M (159)
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(c)

(160)

(161)

Notice that all these amplitudes vanish at w = 1 where vx = iij. To
summarize we see that to describe all the heavy s- to L-wave transitions we
need just two form factors. This is a tremendous simplification.

As an obvious first application of our formalism we consider the contri-
butions of the current induced transitions 0" —• (L ~ l ) i_ j , (T —* L t_j
and
0~ —* LL+t, 0~ —» (L+ l ) i + i to the Bjorken sum rule [10], Technically the
easiest route to do this is to first calculate the longitudinal helicity ampli-
tude, as done in [6], and then to square it in order to obtain the contribution
of a given excitation to the Bjorken sum rule. This is an elegant device that
avoids the tedium of having to do spin sums in squared covariant matrix
elements. To this end one needs an explicit representation of the helicity 0
component of the spin j polarisation tensor in terms of products of the spin
1 polarisation vector. One has

.£^(0) + . . . , (162)

where the ellipsis stand for terms involving transverse spin 1 polarisation
vectors. A glance at the structure of the transition matrix elements eqs.
(158-161) shows that these extra transverse terms do not contribute to the
longitudinal helicity amplitudes and thus their explicit form is not needed
here. It is then rather straightforward to calculate the longitudinal helicity
amplitudes. Upon squaring the longitudinal amplitudes and dividing out the
longitudinal structure function, [
one obtains

], KL = 4MiMs[w{A/,2
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where £(w) denotes the reduced form factor function of the ground- state to
ground-state transition. Compared to [6] we no longer absorb a factor (u+1)
in the reduced form factor it,-{u>), i.e. one has £ | M = (w + l)£i_(w) where
fi(cj) is the s-wave to p-wave reduced form factor introduced in [6]. If one
identifies £(w) = £o+(w) one can rewrite eq. (163) as a single sum, i.e. one
has

1 = U+ l Y L ! tjl _ n t /Mc (w)|2 + (£, + l)!f (u)?) (164)
2 ,*.* (2i/ 4-1)!!

5 Heavy Baryon Transitions
Using the heavy baryon wave functions developed in section 3, we now cal-
culate the current induced flavour changing transitions between ground state
heavy baryons and heavy baryon orbital excitations of different flavours. The
procedure has already been outlined in the previous section in the case of
mesons. The transitions between s-wave baryons has already been treated in
[4] and [5]. We shall not repeat them here. As before the transition matrix
element can be written in terms of a trace [4], [5j.

5,1 Decay of heavy s-wave baryons to heavy p-wave
baryons

We first consider the decays of s- to p-wave heavy baryons using the wave
functions eqs. (118-123). We present separately the results for decays of A
type and £(fi) type baryons.

5.1.1 Heavy Ag to heavy p-wave AQI.

We shall first demonstrate the general structure of the matrix element for the
heavy s-wave AQ to the heavy p.wave Ag/'s. We will then see that we need
only two independent form factors to describe the decays of the AQ(^) to
all the p-wave AQ/'S (|~, |~; |W , \~\ \~, \~; \~). We list the matrix elements
according to the various final p-wave states developed in section 3.

(i) Aq,x —* p-wave , with Snn = 0.

1 +
2 •

3 -
2
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(165)

Here W is the overlap integral

(166)
where d? = rf^Vtf'V^Vtff and fc<'\ #<'>(<#>, tf<s>) are the two
pairs of initial and final relative momenta, vi, v2 are the velocities of the ini-
tial and final baryons, respectively. In eq. (166), we have explicitly displayed
the arguments of P and S. We will not display these in subsequent equa-
tions. Clearly Mp is a vector function of the velocities, Vi and ttj, satisfying
Uĵ  W = 0. Hence the most general nonvanishing covariant is v{Y leading to
just one form factor / , , so that eqs. (165) can be written as:

2 (167)

(a)

with

to p-wave AQ- with = 1.
= 1, Jqin — 2

(168)

(169)

a negative parity symmetric, traceless tensor satisfying tij^A/t'"'' = 0. Such
a tensor does not exist. Hence AQ does not decay to this pair of | and |
states.

3 -
2

r • (170)
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with
(171)

a negative parity antisymmetric tensor satisfying v^M^ = 0. Such a tensor
does exist uniquely, namely id^^VifV^, leading to one form factor, / j 1 , for
this pair of transitions. Thus the matrix elements eq. (170) can be written

§- :

(172)

On using standard e*""** identities, these matrix elements can also be written
as:

4 i n = 1, J,,,, = 0

with
• - T V / dTP.wTS

(173)

(174)

(175)

a pseudoscalar. It is not possible to construct such a pseudoscalar with the
two vectors available to us, V\ and V2- Hence the AQ, | + does not decay to
this | " .

To summarise we see that all the decays of the ground state heavy A
to p-wave heavy A's are controlled by just two form factors which we have
called /,(1) and / i " .

5.1.2 Heavy E(j(fl<j) to heavy p-wave Y,q-{£lv).

Using the B-S amplitudes developed in earlier seciions we can also imme-
diately write down the matrix elements for the semi-leptonic decays of the
E(ft) type ground state heavy baryons to the corresponding p-wave h3avy
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baryons. The initial ground state is either | + or \+. We list below, in
ous matrix form, the weak current matrix elements for the transition to the
various p-wave states.

(i) Eq(nQ)(!+ , \+) - to p-wave S y (fly) with (gf,» = 0; § ' , I") .

with
,T5" (177)

a negative parity tensor satisfying t^Af" = v ^ W " = 0. The general
unique form of this tensor is it^^VipV^ leading to just one form factor, g\l\
The matrix elements eq. (176) can then be written as

(ITS)

(ii) to p-wave with Sn9l = 1-

" 2; §",§-)

with
(180)

a negative parity, traceless and symmetric in {fi, u}, tensor satisfying

(181)

Thus there are two form factors as M^"^K can in general be written as

where
(182)

(183)
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> . * •

1; .liffi1 i-flt i

and

so that fa^siji, =

= <T - Wtf + ujuj) + uvW , (184)
i , = 0. Thus the matrix element eq. (179) becomes

with
= Tr

a [̂ i/] antisymmetric, negative parity tensor such that

The unique form for such a tensor is

Hence the matrix elements eq. (186) become

7i,OSti J

with
= Tr j

(185)

(186)

(187)

(188)

(189)

(190)

(191)

(192)
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a vector satisfying u
just one form factor

f = 0. Such a vector is uniquely t£x, giving rise to
. The matrix element can be written as

(193)

Thus all the ground state heavy E(fl) transitions to all the heavy p- wave
E(fl) states are described by just five form factors.

5.2 Decay of s-wave heavy baryons to first positive
parity excited heavy baryons

In this subsection, we present the counting of form factors for the weak decays
of s-wave heavy baryons to the first positive parity excited heavy baryons.

5.2.1 Heavy AQ to first positive parity excited AQ*.

We list the matrix elements in terms of the final states.
(1) LKi = 2, Lta = 0, L = 2, Sqm = 0, Jqin = 2

or
(2) LK, = 0, LH = 2, L = 2, Snn = 0, ./„„ = 2

r
(194)

Here Af1"1 is a positive parity, symmetric, traceless tensor transverse to W2.6

The only non-vanishing form for this tensor is M""" = / {^""" ( t i i ) with
JV"1' defined as in eq. (37), but with argument Vi±- Although the Lorentz
structure is the same, we will in general have two independent form factors

'From now on we will not write down the full expressions for the matrices M which
appear in the transition amplitudes. In the case of the transitions to the next excited
positive parity baryons they all have the general form

drtrrs (las)

n lere the D's and the S"s are as defined in subsections 3.S.3 and 3.5.1 respectively.
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arising from the cases (I) and (2). Let us call these form factors / } 2 ) and
fi'. Henoe we can write the matrix elements (194) in terms of one of these
form factors as

(196)

The same structure holds with the other form factor.
(3) (a) (t) LK, = 1, L,,, = 1, t = 2, S, i n = 1, Jnn = 3

5+ - §+ : y| f l« (197)

Here Af*""* is a positive parity, symmetric, traceless tensor transverse with
respect to vj. It is impossible to construct such a tensor with the two vectors,
tii and t?j available to us. Hence this pair of decays are not allowed.

(3) (a) (H) LKi = 1, LH = 1, L = 2, S M , = 1, Jim = 2

5+ .(198)

A/IHMIIM is a positive parity, mixed symmetry tensor transverse to V2- There
is a unique nonvanishing form for this tensor giving rise to just one new form
factor, /£", i.e.

MMn = iffkr^v^virfl. (199)
Thus the matrix elements (198) can be written as

- 7»)u

V
(200)

Using t identities one can write these matrix elements in simpler form as
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1+
3 4

vo

(3) (a) (iit) LKi = 1, L», = 1, L = 2, 5 m w = 1, J M = 1

(201)

(202)

MM is an axial vector transverse with respect to rtj. It is not possible to
construct such a vector from the two vectors at our disposal. Hence these
decays are forbidden.

(3) (6) (i) LKi = 1, L^ = 1, L = 1, Sqin = 1, J,l5a = 2

(203)

Here Af*'*"1'*3* is a positive parity, mixed symmetry tensor, transverse with
respect to 112. There is a unique non vanishing tensor, of this type, giving
rise to one form factor, fl :

(204)

Hence the matrix elements (203) can be written as

(205)

Again using e identities these can further be simplified to

(206)
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(3) (6) (it) LK% = 1, L i 3 = 1, L = 1, Sn9, = 1, Jq)in = 1

1 +
2 '

(207)

We see immediately that these transition amplitudes vanish as it is nof pos-
sible to construct an axial vector AfM, transverse to V2, from the two veh dty
vectors available to us.

(3) (ft) 1, ./„„ » 0

(208)

Here Afl^iH is a totally antisymmetric, positive parity tensor, transverse
with respect to uj. There is a unique nonvanishing form for this tensor and
hence we get one form factor, j ^ :

M!«HM] = ifl2\^ „ lynme^ , (209)

In writing the coupling (209) we have exhibited an explicit dynamical thresh-
old factor which would arise, for example, in a dynamical calculation from
the different mode structures of excited and ground state baryonf in overlap
integrals. Hence the matrix element (208) becomes

- ' r e ) « . (210)

(211)

(212)

Once more this can be further simplified to

(3) (c) LK, = 1, Lk, = 1, L = 0, 5,1W = 1, Jqi<a = 1

f

Again these transition amplitudes vanish because we cannot construct an
axial vector transverse to uj.

In conclusion, we see that that the transition amplitudes for the ground
state heavy A to the next positive parity excited A's are described in terms
of just five form factors.
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5.2.2 Heavy T.Q{UQ) to first positive parity excited

We list the matrix elements, in terms of the final states in the usual matrix
form as we have done above in the case of decays to p-wave states.

(1) (a) LK, = 1, L*, = 1, L = 2, Snn = 0, J o m = 2

Here A/'*"*"}" is a positive parity tensor, symmetric and traceless in ^1,^2,
satisfying

^ . A f l " " ! " = ̂ M ' " " " 1 " = 0. (214)

There is just one such tensor giving rise to one form factor, g1^:

Mto»)r = gfhiiXWv^vtl + ^""^ifteWfi) . (215)

Hence the matrix elements (213) can be written as

(1) (6) = 0, J,1(n =
(216)

where M^1^" is a positive parity tensor antisymmetric in ii\, /ij and satisfies

ujw Ml|JI"sl" = viv M
1^1«!" = 0. (218)

We can construct just one such tensor leading to one form factor, 57 :

M[»MW = g^i^f^v^v^^ . (219)

Hence, using t identities, we can write the matrix elements (217) as

( * < * % » . ) •
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s+ (fl
^ 2 J 2 *

= 1. L = 0, 54 i m = 0, = 0

(221)

where M* is an axial vector, transverse to i>i. It is not possible to construct
such an axial vector. Hence this transition is forbidden.

(2) (a) LK, = 2, £ * = 0, L = 2, 5 B B = 1, J M = 3

(222)

Here M^1*12}" is a positive parity tensor, symmetric and traceless in the
labels ti,[ii,ii2 and satisfying the following transversality conditions:

= 0. (223)

The general form for such a tensor is

(224)

Here N^1^3 is the traceless, transverse tensor defined in eq. (37). wu.it'sx
fl^d 5J.JJ.I a r e as denned in eqs. (183-184).

Hence the matrix elements, eq. (222), for this set of transitions can be
written as

(2) (6) LKl = 2, L*, = 0, L = 2, S , m = 1, J,Ifc = 2
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l 3 + 1

(226)
where M'*'''1''"'' is a positive parity tensor, antisymmetric with respect to the
indices /J,/JI and satisfying the conditions

^M1""11"8" = ^ M M I w i l l M " = vluM
W"]"%" = 0. (227)

It is also traceless with respect to the indices (1,113. There is a unique tensor
satisfying these conditions, giving rise to one form factor, p^5':

In this case we will not simplify the matrix element (226) further.
(2) (c) LK3 = 2, L*. = 0, L = 2, 5 , m = 1, J M = 1

+ + + +f2 1
\ 2 » 2

f2+ I

Here M1*" is a positive parity tensor satisfying

Clearly there are two such tensors giving rise to two form factors:

(228)

( 2 2 9 )

(230)

(231)

Case (3) with LKS = 0, L^ = 2 gives rise to the same Lorentz structure for
the form factors as above except that the five form factors, labelled g™ with
t = 2 . . . 6, will in general be different from the above five, s,-2), i = 1... 6,
because they will involve different overlap integrals.

Tb summarise we have a total of twelve form factors to describe the
transitions of the heavy £ to the first positive parity excited heavy E's.

Hence the matrix elements can be written as
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5.3 Decay of s-wave baryons to L-wave baryons
We now generalise the results of the previous subsections to the decays of
ground state baryons to the "highest weight" L-wave excitations using the
wave functions developed in subsection 3.5.4 .

5.3.1 Heavy Ag to L-wave Ag*.

As before we shall list the matrix elements according to the various final L-
wave states with parity (—l)L.

(i) Aq, ; + -> L-wave Aq. with 5 g m = 0.

L +

I +
(233)

•*"• an L-th rank, symmetric, traceless tensor, transverse with re-
and with parity (-l)L. Such a tensor is uniquely given by the

with M
spect to g
tensor N*1-'"-{vi) which is defined as in eq. (37) with k± replaced by
Hence there is just one form factor, here called j[L), and the transition matrix
elements, eq. (233), can be written as

(234)

(ii)
(a)

1 +
!JL_

to L-wave Ag< with 5 , l W = 1.

+ (235)

with Af <<*''|-''t} a (-1)L parity, symmetric tensor satisfying t^M1""1 - *"-' =
0. It is impossible to construct such an unnatural parity tensor with the two
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vectors available to us. Hence AQ does not decay to this pair of L + | and
L + i states.

3•••'"• a (-1)L parity, L+l index mixed symmetry, traceless tensor
transverse with respect to V2- Such a tensor does exist uniquely, namely

- («,) + . . . ] , (237)

leading to one form factor, / j for this pair of transitions. The extra terms
indicated by dots in eq. (237) are needed to make the tensor traceless but
they do not contribute to the matrix elements. Using e identities one can
then write the matrix elements eq. (236) as

i + - L + i :

(238)

• (239)

with Mw"•*''' a (L — 1) index symmetric tensor with parity (-1)L- It is not
possible to construct such a tensor with the two vectors available to us, Vi
and i>t. Hence the Ag, j + does not decay to these (L— £) and (L - | ) states.
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Prom the analysis given in this subsection it would seem that there are
only two form factors governing the transition of ground state A's to L-wave
excited A's. However this ia misleading as in the general case there are many
partitions of the total orbital angular momentum L giving rise to the same
Lorentz structure and the same symmetry properties under j>i •-> p3. For
each such set of excited A states there will be two form factors.

(ii) , ̂ + -* to L-wave Sg-(Oiy) with Snn = 1.

""

5.3.2 Heavy £<j(fi<j) to L-wave S

We now list all the matrix elements for the transitions of the ground state
§+ , | + heavy E(fi) states to the corresponding highest weight L-wave exci-
tations.

(i) SofflQ)(§+, *+) -> to L-wave Eg (fig) with 5,,M = 0, Jqin = L;L + \,L - \.

with A/'*"'1"''1^ a parity (—1)L tensor, symmetric and traceless in {fi/ii... in,},
satisfying

1 - ' " - 1 1 ' = «,„ Af lm -'"•>* = 0. (245)

Thus there are two form factors, as A/<w"-" t l" can in general be written as

(240)

with Af1-*"-" a (L + 1) rank, parity (-1)L tensor, symmetric and traceless
in the indices ft\...fii and satisfying

= 0. (241)

The general unique form of this tensor is

i

(246)

The dots in the above equation stand for terms required to make the tensor
traceless but these do not contribute to the matrix elements. Thus the matrix
elements, eq. (244), become

(247)

leading to just one form factor, g[L\ When one substitutes this in eq. (240)
we see that fhe second term does not contribute, and in fact from the first
term only the terms without the traces in the tensor N(vi) survive giving
the matrix elements as

(248)

with A/lwilW"*!* a parity (— 1)L tensor, mixed symmetric and traceless in
ti,Hi...m, such that

a" i W 1 ' = 0. (249)

53 54



« g 3!

The unique form for such a tensor is

1 L

Thus we have one form factor g\ ' to describe these transitions.

(250)

5rrT«f.i...*.i,7»7±wa /
* • • « " , (251)

with M^-*1'1 a parity (-1)L tensor, symmetric and traceless in ^•••H,
such that

^MM"S" " ^ = !)tl,JlfB"w" = 0. (252)

One can construct two such tensors giving rise to two form factors, ^ and
&\ i.e.

~ MX

(„,)} . (253)

Here too the total number of form factors is not just six. As in the AQ case
there are many partitions of the total orbital angular momentum L giving
rise to the same Lorentz structure and the same symmetry properties under
Pi *-* P2- For each such partition there will be five farm factors describing
the transitions.

5.4 Bjorken sum rule for heavy baryon decays

In this subsection we give the complete contributions of the s-wave, p-wave
and the first positive parity excitations, as well as of the highest weight L-
wave states, to the Bjorken sum rule for the decays of the heavy s-wave

baryons. Other contributions can be calculated easily given the wave func-
tions.

5.4.1 Bjorken sum rule for AQ decays

Let us now consider the contributions of the various Ag -* Aq, transitions
to the Bjorken sum rule. Again we use the same trick as in the mesonic
case in that we first calculate the longitudinal transition amplitudes. In the
baryonic case one needs the Clebsch-Gordon decomposition

where the ellipsis at the end of (254) stand for terms involving transverse
spin 1 polarisation vectors. These, however, are not needed in explicit form
since they do not contribute to the longitudinal helicity projection because
of the HQET structure of the transitions. Upon squaring the longitudinal
amplitudes, summing over the respective degenerate partners and dividing
out the /fi-factor {6] one obtains

= I/Ml3 +

(255)

Here /(w) is the single form factor appearing in the ground state to ground
state heavy AQ decay treated in [4} and [5] with /(I) = 1. In this sum
rule we have included alt the contributions up to the first positive parity
excitations. However, for the general L case we have included only one of the
many highest weight contributions. The other possible highest weight states
will give exactly the same form of contributions as in the sum above. We have
also not shown the contributions from the other types of higher excitations
i.e. other than highest weight. However our method of construction is general
enough to allow us to calculate the contribution of the decay to any arbitrary
excitation given its angular momentum structure.

5.4.2 Bjorken sum rule for £3(^0) decays

Following the same general procedure one can calculate the contribution of
any excitation to the Bjorken sum rule for the decay of EQ or SIQ. We write
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the sum rule as: 6 Conclusions

l V - I)2

V -

I V + (i + 2))

- 1) V + L{L - 1))

where the form factors
decays, [4], [5],

and parametrize the E s-wave to s-wave

(257)

As one can see in subsection 5.1.2, there is no form factor g^l\ whereas it
seems to be present in the sum above. However, this is misleading as the
factor (L - 1) always occurring with g[L] kills g^\

As in the Ag case, the above sum rule contains all the contributions up
to the first positive parity excitations if one also includes the contributions
from the form factors g?2', i = 2 . . . 6, mentioned after eq. (232). These give
the same formal structure as the p,(2), j = 2. . .6. Again, for the general
L case we have included only one of the many highest weight contributions
and have not shown the contributions from the other types of (non-highest
weight) excitations, which can of course be calculated easily, if so desired.
The Bjorken sum rule for ZQ(QQ) decays has also been studied in [21]. How-
ever, in that work the contribution of g^ is missing and further the factor
in front of the g^ contribution is ^ rather than 32.

(256)

In this paper we have presented a general method to construct wavefunctions
for arbitrary orbital excitations of heavy hadrons. In doing this we have
utilised the representations of the group C ® 0(3,1). We then used these
wave functions to calculate the form factors for the weak transitions of s-
wave heavy hadrons to arbitrarily excited heavy hadrons. Of course, given
these wave functions we can also study the form factor structure for the
transitions between arbitrary heavy excited states as the need arises. The
contributions of excited states to the Bjorken sum rule have also been worked
out in some detail. One can also use these same projection operators for
studying transitions from heavy to light hadrons. This is currently under
investigation and the results will be presented elsewhere.
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A Normalisation

In this appendix we present a general approach to the normalisation of the
projection operators for mesons and baryons. The polarisation vectors for a
meson of spin J are normalised as

(258)

and the generalised Rarita-Schwinger spinors for baryons with spin (J + 5)
are normalised such that

Recall that both the meson and baryon polarisation tensors are symmetric
and traceless in all the indices.

The meson projection operators are relatively easy to normalise because
they are alt of the form

(260)

Thus to normalise fMl...Mt we consider

^LG^^-^^ = 2M, (261)

where

and /(£,*:') is an appropriate weight function. This G"1-"L:n-''L is the
required "metric" tensor to take the trace over the Lorentz indices in eq.
(261). This tensor G must reflect the symmetry and trace properties of
JV1 -'"•. Hence it must be separately symmetric and traceless in the sets of
indices (nj nL) and (f i , . . . , vL). Also

= 0 . (263)

Of course, in general, such a tensor consists of many terms but fortunately
all our polarisation tensors have at least (L — 1) indices and are traceless so
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that we need only the first few terms in G. These are

rmiminj'L rj

^ l " " " * " 1 ' 1 ' " * " ' ' - ' * ] + • • • • (264)

The dots indicate terms which necessarily oontain g^11* plus other such terms
which annihilate on the t's. In the above equation we have used the following
definitions

L

S f 1 ) - (265)

We have a further simplification as in the normalisation equation (261) we
can drop the subscript _L from the j"*"§ appearing in the definition of the
tensor G as the velocity vector v^ will always annihilate on the F's. All
our normalisations of the mesonic wavefunctions have been done with the
"metric" tensor in eq. (264).

For the general baryonic case, the situation is very complicated. However,
in the present paper, we have only considered baryonic projection operators
which are either fully symmetric in the Lorentz indices or at most have the
form

yjlm«Jw"-city. (266)

where ^IMWIW-M. j 9 a tensor antisymmetric in fiifi2 and symmetric under
interchange of the other labels and traceless with respect to any pair of
indices. For the symmetric *'s we use the same "metric" as in eq.(264),
whereas for the mixed symmetric \t's we need the following:

- 1)! x x

L
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\9±9±

_ J*"l "(JJ-Mi-

(267)

The extra terms not shown necessarily involve 5JaHJ and generally j ^ ' with
j > t > 2. These extra terms annihilate on the heavy side spinor functions

B Mixed Symmetry Baryon Projection Op-
erators

The baryon projection operators, which we have considered in this paper,
contain tensor spinors *jii...w which are either fully symmetric in the indices
or are of mixed symmetry of the form [^ifjj]^2... ML- These spinors satisfy
the Dirac equation and the transversality condition

= 0, (268)

on each label. To construct these 'P's we note once agair,' that if (fi satisfies the
Dirac equation then 7±M75<̂ > and 7iM17±wtf> also satisfy the Dirac equation
plus, obviously, the transversality condition 268. Thus the construction of
the fully symmetric and fully antisymmetric tensors is obvious.

We now demonstrate how we have constructed the mixed tensors e.g.
eqs. {79)-(81), (87) and the generalisation to eq. (149). To construct the
projection operator (79) we need to construct a traceless, mixed symmetry
tensor from Xx" and JV^"*1* to obtain total angular momentum 2. We
decompose

(269)

Thus to construct the mixed symmetric tensor we simply subtract the
fully symmetric tensor from the direct product. The fully symmetric tensor

(270)
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and hence the mixed symmetry tensor is

We make this traceless and write the mixed symmetric, tracetess tensor as

&xL iT j J V { l " " } ] • (272)

Now for the | + case, eq. (80), we need to multiply the above tensor by a
similar mixed symmetry, traceless tensor constructed with 7i,i75U(il(i, i.e.

2 1 1
jjiU.j.'rBtw, - g7J.j«75iWa - gT±M75WWWl • (273)

Hence we obtain

• ( 2 7 4 )

We simplify this by noting that both the factors in the product are symmetric
under ft\ *-* fii, so that we can write the product as

| [ 7^75«A. , W - (275)

But now the second factor is antisymmetric under fi «-» n\. Therefore it
projects out the antisymmetric piece from the first term leading to

- (276)

This is precisely eqn. (79) combined with eq. (80) upto a normalisation
factor.

To construct the other ( | + ) , eq. (81), member of the degenerate multiplet
(|+t §+) w e Procee<l ^ follows. Here we need to construct a mixed symmetry
tensor from 71^,71^ and um. We can take either

,B (277)
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and then

(278)

(279)

Tb make contact with the other member of the multiplet and also for later
generalisation to the L > 2 case we follow the first route. We first construct
the symmetric tensor

Hence the traceless, mixed symmetry tensor is

2 1 i
gTi-C^VLCl ~ JJ7J.M1 *MM ~ o7±MJ^WH •

Following the same procedure as in the I case above the product

(280)

(281)

reduces to

(282)

(283)

which is the same as eq. (81) upto normalisation. The mixed symmetry
projection operators, eqs. (100)-(102), for the S-type first positive parity
excitations are constructed in the sa-ne way.

We now come to the construction of the projection operators (85)- (87).
Here the Jqin — 2 is represented by the mixed symmetry tensor arising from
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The fully antisymmetric tensor is

the product of the antisymmetric tensor, JVl**lW), defined in eq. (71) and
Xi''. The decomposition is

(284)

(285)

. (286)

Note that this is antisymmetric under fii <-• ̂  and annihilates on the mixed
symmetry tensor constructed earlier for the | + , eq. (273), which was sym-
metric under /ij <-• /ij. However, instead of eq. (273) we are free to choose
another mixed symmetry tensor, (change of labels only!),

The mixed symmetry tensor is then

1 1
(287)

This is symmetric under /i-z «-* ji and does not annihilate on the mixed
symmetry tensor eq. (286). Actually to proceed further we have to make eq.
(286) traceless. Doing that we can write the projection operator for the | +

as

(288)

Then using the fact that the second factor is symmetric under (i
can write the above as

+

/i2 we

(289)

Now the first factor is antisymmetric under ji\ <-» ^2 and will thus pick
out the corresponding antisymmetric piece from the second bracket finally
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leading to

(290)

which is precisely eqs. (85) and (86) upto a normalisation factor.
For the | partner, eq. (87), of this | we need to construct, as earlier, a

mixed symmetry tensor from two -y± 's and from the Rarita-Schwinger spinor,
Uy,. Following by now familiar steps such a mixed symmetry tensor is

1 1
~~ g7l^ i"«»• ~ ^j7

where

«>l« = g

(291)

(292)

Multiplying the tensor in eq. (291) into the mixed symmetry tensor in eq.
(286), appropriately made traceless, and following by now a familiar pro-
cedure we arrive at the projection operator eq. (87), for the | , upto a
normalisation factor.

We now come to the mixed symmetric tensors arising in the highest weight
L- wave states, i.e. we want to construct eq. (144) combined with eq. (149).
The fully symmetric tensor constructed from Xi." BXI<^ the fully symmetric
tensor N"1-1"- is

L

Hence the mixed symmetry tensor is just

I 1

(293)

L+l
v' iM i

For the L + ^ spinor part of the projector, we follow a similar construction of
the mixed symmetry tensor from 7i p and the fully symmetric tensor "itUlli...liL
to obtain

1
L + l r 1 , ^ (295)

65

Now making the tensor in eq. {294} traceless and multiplying into expression
(295) we can write the projection operator for L + 5 as

(296)

Both these factors are symmetric under any interchange ^ «-» /ij and thus
using the fact that these are all dummy indices we can write

' +
(297)

But now the second factor is antisymmetric under jx <— Hi and hence projects
out the corresponding antisymmetric part from the first factor leading to

t ) • (298)

Upto a normalisation factor this is just the first of the eqs. (149). For the
second L — 5 member of the degenerate pair we proceed by first constructing
the fully symmetric L index tensor

1 L

Now make the fully symmetric (L + l) tensor from combining the above with

.S . . .M<-,^+ I . . .«)- (300)

Thus the mixed symmetric ( L + l ) index tensor is

(301)
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Now we multiply this into the mixed symmetry tensor of eq. (294) and using
the familiar arguments about symmetry and dummy indices we finally arrive
at

- •*L + 1

(302)

Upto a normalisation factor this is the same as the second of the eqs. (149).
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