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ABSTRACT
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tum field is consequently described in a gauge-independent way, i.e. the algebra of
quantum observables of the theory is generated by gauge-invariant operators assigned
to zero-, one-, and two-dimensional elements of the lattice. The operators satisfy canon-
ical commutation relations. Field dynamics is formulated in terms of difference equations
imposed on the field operators. The dynamics is obtained from a discrete version of the
path-integral.
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0. Introduction

Standard difficulties of quantum field theory (renormalization, regularization of the product of fields at

the same space-time point etc.) are augmented in the case of gauge fields by the gauge-fixing problem.

Having at our disposal no satisfactory non-perturbative description, one commonly uses non-physical

objects like ghosts, bale particles etc.

In the present paper we show how to solve completely the gauge-invariance problem, at least at

the level of lattice approximation, for the theory of interacting scalar charged field described by the

vector-potential Ap. We use the real-time lattice, not its eudidean version. This way we maintain the

essential structure of the Quantum Field Theory: the local character of quantum field operators fulfilling

the canonical commutation relations, local time evolution given by a unitary transformation, the causal

(light-cone) character of field dynamics. As a result we obtain a discrete version of an algebraic Quantum

Field Theory, where, similarly as in Haag formulation (see [6]), the quantum field is described in terms

of algebras of local observables, assigned to bounded regions of the lattice. The quantum dynamics

is formulated in terms of difference equations, which have to be satisfied by the field operators. The

equations have causal character and the initial value problem ts well posed.

Of course, to remove the cut-off introduced by the finite lattice spacing and to construct an exact,

continuous model of interacting gauge-fields, is several orders of magnitude more difficult. We do not

discuss it here. But we believe that, due to its simple structure, our model may be very useful for

understanding the fundamental structures of the quantum gauge field theory.

Our construction is based on the following, heuristic point of view, which we found extremely useful as

a guiding principle. Consider two different Cauchy surfaces: Sinl-| = {i° = (,„,(] and E/jT! = {i'° = <;,„}

in the Minkowski space-time M. The classical dynamics gives the relation between the initial data

on Einii and the final data on E/i»j. We want to define its quantum counterpart by the path integral

= jf f

di(y)

(O.I)

Here, the initial (resp. the final) quantum state * is represented by a "wave function" * depending

on initial configurations A(xinit) and <j>(Xinii) (resp. final configurations A(xjin) and *(£/;,J) The

functional integral may be thought naively as being performed over three groups of variables: ini-

tial configurations (A(Xinn),<t>{i4nii)), intermediate configurations (A(y),4{y)) and the final configu-

rations (A(xiin),fj>(t/;„))• Performing the integration over the first and the second group, with the last

being fixed, should give us the unitary evolution kernel f(E/lm,E,n,,) f
rom smii t o £/ i n :

o.E....)*™! = jj f ** f "'* Vinit

x JT dA(imi,)d4,(xini,)d4,(xinil)
(0.2)

The goal of the present paper is to construct a rigorous, discrete version of the above functional integral.
For this purpose let us imagine that the region of space-time contained between £,„,, and E/>n is divided
into small four-dimensional hypercubes. This discretization induces also a partition of both £;„;, and E/in



*» *

into three-dimensional cubes. In a discretized version of the theory the quantum state on any E will be

defined as a wave function depending on a discrete number of degrees of freedom related to those three-

dimensional cubes. We define the physical quantum states as those, which fulfill the discrete version

of constraint relating the divergence of the electric induction field to the electric charge carried by the

matter field (see [3] and the discussion therein). At the level of the continuous theory this constraint

is described by equation (1.9) and by equation (3.12) in the discrete version. This requirement implies,

that the physically admissible wave functions have to be gauge-invariant on E's. Hence, they can be

considered as functions of a complete set of gauge-invariants. The first step of our construction consists

in organizing such gauge-invariant functions into a Hilbert space. This way we obtain a lattice version of

gauge-invariant quantum kinematics.

To define the dynamics of such a theory we have to pass through the following three steps:

\) We discretize the action on the lattice. Since the action does not change under gauge transformations,

it can also be expressed in terms of a complete set of gauge-invariant observables.

2) We have to remove from (0.2) an infinite factor, resulting from the integration over the gauge

parameters, and to leave only the integration over "true degrees of freedom". This has to be done

not only for intermediate configurations {A(y},<fr(y}) but also for the initial configurations. This way

the initial arguments of the evolution kernel defined !>y (0.2) match the (gauge-invariant) arguments

of the initial wave-function representing the quantum state of the system.

3) Since both the initial wave function and the Lagrangian are gauge-invariant, we obtain from (0.2) a

gauge invariant final wave function representing the physical quantum state.

It turns out that the dynamics defined this way splits in a natural way into a superposition of the

"kinetic" evolution and the "potential" evolution. When the time-spacing r tends to zero, the Trotter

formula gives us the (spatially-discretized) Hamiltonian, which is a sum of the kinetic and the potential

energy of the field.

Mathematically, our construction is based on a lattice approximation for gauge fields (see [7] and [9])

where, like in the continuum theory (and unlike in Wilson's approach, cf. [15]), the gauge potential A is

described by Lie-algebra (not Lie-group) elements assigned to the one-dimensional elements ("links") of

the lattice. As a consequence, also the electric induction field Dt becomes a self-adjoint operator with

continuous spectrum - like in the continuous version of the theory. However, the "longitudinal part" of the

electric induction field, corresponding to electric charges, should have a discrete ("quantized") spectrum.

In our construction this is due to the gauge invariance of the physical wave functions, As will be seen

in Section 4, the gauge invariance implies the compactification of some degrees of freedom of the field.

They are no longer described by a Invariable but by a U(l)-variable. This non-trivial topology of the

reduced configuration space is responsible for the quantization of the corresponding conjugate momenta,

which turn out to be exactly electric charges, carried by the matter field. Reducing consequently both

the Hilbert space of quantum states and the Feynman kernel with respect to the gauge group, we end up

with the gauge-invariant version of the theory, described essentially in terms of the same quantities as in

the continuous version of the theory.

The paper is organized as follows. In Section 1 we define the model. In Section 2 we present our lattice

approximation and reduce it with respect to the gauge group. In Section 3 we show how the classical

dynamics of the model may be completely described in terms of a complete system of gauge invariant

observables. Also, we prove the causality of the dynamics. In Section 4 we construct the Hilbert space

of (gauge-invariant) quantum states of the field i.e. we find the representation of the reduced canonical

commutation relations. In Section 5 we derive the quantum dynamics of the model from the gauge-

invariant version of the Feynman integral, with few more technical calculations postponed to section

6.

We consider the present result as an introductory step towards the construction of the exact spinor-

electrodynamics on a lattice, which we are going to present in the next paper.

1. Continuous version of Che theory

1.1. Definition of the model

We consider the theory of a complex-valued matter field 4 interacting with the electromagnetic field

represented by the potential Au. The theory is defined by the Lagrangian

where

(1.1)

(1.2)

and V is a function of a. real variable (e.g. a Higgs potential). To simplify the formulae we will denote

by g = j the electromagnetic coupling constant. Throughout this paper we adopt the metric tensor gvl, -

diag( —1,1,1,1). The gauge group U(l) acts on the space of field configurations as follows:

— Ap -(-
(1.3)

Variation of the Lagrangian (1.1) with respect to the matter field leads to the second-order, non-linear

Klein-Gordon equation

D ( ( D l > - 2 l " ^ = u (M)

for the matter field, whereas variation with respect to the gauge potential gives the Maxwell equation

(we use Gauss system of units).

with the right-hand side being the electric current j " carried by the matter field <£.

1.2. Gauge freedom reduction

Configurations which differ only by a gauge transformation are physically equivalent. To describe the

"true degrees of freedom" of the field we have to pass to the quotient space with respect to this equivalence.

This may be done e.g. by a gauge-fixing. For our purposes we use, however, a different description, namely

a description in terms of the so called hydrodynamical invariants (see [2], [10], [7])

(1.6)



Inserting these invariants to equations (1.4) and (1.5) leads to the following field equations

(1.7)

The name "hydrodynamical invariants" is justified by the fact that (1.7) may be interpreted as the

equation of motion for a charged fluid of density fl2 and velocity u1*, having a non-standard constitutive

equation which is implied uniquely by the function V (see [2]).

For field configurations with non-vanishing $, the values of the hydrodynamical invariants enable

us to reconstruct the field configuration (^,.4W) uniquely up to a gauge transformation and the field

equations (1.7) are equivalent to the original equations. For a generic configuration, vanishing of ^ along

a two-dimensional world sheet implies that the field v^ carries a voricx, i.e. the singularity of the curi

of u see [2] and [10]. The vortex has to fulfill the Dsrac's quantization condition (see [5]). Under this

condition, the reconstruction (up to a gauge-transformation) of the field configuration from the invariants

is, again, possible. There is a conservation law for the vortices. Hence, describing field dynamics, we

have to take into account the "string-like" degrees of freedom carried by the vortices. This is relatively

difficult in the continuous version of the theory, but may be done in a completely satisfactory way in its

discretiaed version.

1.3. Phase space of initial data

Given a Cauchy-hypersurface {x° = const), the initial data for the theory are described by the values of

the fields 4,^^ and their conjugate momenta

dC _ = _ D >

(1.8)

P -

on the hypersurface. The factor 2 in the definition of T° appears, because

where

Reir0 =
dC

is the momentum conjugate to Re^i and analogously for the imaginary part.

Vanishing of the momentum p00 (Dirac's primary constraint) implies the reduction of the phase

space with respect to Aa. This way we obtain the reduced phase space described by the quantities

(0,.4i,ir°,p01), k — 1,2,3. There remain, however, secondary constraints, implied by the zero component

of the field equation (1-5):

- Im (f "4,) = 0 . (1.9)

It is easy to see that the above constraint is equivalent to the statement that initial data, which differ only

by a gauge transformation on the Cauchy hyperplane are equivalent. The naive proof of this statement

consists in reparameterising the initial configurations invariants (ft, tit) and the phase of the matter

field or := arg^. This is a point transformation in the (infinite dimensional) symplectic space of Cauchy

data. The corresponding transformation for the momenta can be obtained by rewriting the pre-symplectic

form in terms of new variables (cf. [4],[8]). Using (1.6) and integrating by parts we obtain this way:

.10)

) ^ +poi6vt - -d
R 9

6a) .

The last (boundary) term vanishes when integrated over the entire Cauchy hyperplane. Hence, the gauge-

invariants (p°*, Re (f"V)) are the momenta canonically conjugate to the invariants (tit, log/t1), whereas

the vanishing left-hand side of (1.9) becomes the momentum canonically conjugate to the (completely

arbitrary) phase of the matter field <t>. The secondary reduction yields therefore the phase space de-

scribed by the gauge-invariant, unconstrained observables (p°*,Re(jf'V), vt,\ogR). Knowing them, it is

again possible to reconstruct uniquely (up to a gauge transformation) the entire non-reduced initial data

The above, naive picture may become a rigorous result if we also describe the topologkal degrees of

freedom carried by vortices (zeros of the matter field $ - see [11], [12]). In the present paper we will use

the lattice version of this rigorous result.

2. Lattice approximation

2.1. Structure of the lattice

We construct the approximation of this theory on a four-dimensional lattice A in Minkowski space. We

recall, that the metric tensor is diag( — 1,1,1,1). As A we take the Cartesian product of the three-

dimensional, cubic lattice S and the discrete time axis T. Thus, the lattice sites are the points 1 —

(rn°,an1, an2,an3) 6 R4, where r denotes the lattice spacing in the time direction, a denotes the lattice

spacing in the space directions and n = (no ,n1 ,n2 ,n3) E Z4 is a point with integer coordinates. Sites

of A will be denoted by x,..., links (jt,x-(-/i),..., plaquettes (x ;^ T £) , . . . , where ft is a vector of length

a(n) (equal T for ft = 0
* , / = 1,2,3

* , / = 1,—1,2,-2,3.—3 .

We will begin with a spatially-bounded lattice E. The evolution of the field over such a lattice is not

uniquely determined by the evolution equations unless we fix boundary condition for the field in an

appropriate way. Here, we do not impose any non-physical (e.g. cyclic) boundary conditions but we only

fix the value of the field on the external sites and links of D.

There is a natural, inductive relation between the theories obtained for Ei and E2, when Ei C K2.

Using this relation, as a last step of the construction of the field theory, we may pass to the inductive

(thermodynwnic) limit and construct this way the corresponding theory for the complete (unbounded)

lattice Z",



2.2. Field configurations on the lat t ice

We will represent the fields (<j>, A,,) on the lattice in the following way. The matter field will be represented

by its complex value $t at every site sc, The gauge field will be represented by the mean value AX:X+i E

u( l )= R1 of the component A,, of the electromagnetic potential, on the link (x,z + ji).

The gauge group of the theory is described by real-valued functions of lattice sites: Â  £ u(l)= R1.

A gauge transformation is defined as a discrete version of (1.3):

The description of the gauge potentials and gauge transformations in terms of elements of the Lie-algebra

u( l )= R1 and not the Lie-group U(l), has been proposed in [9]. Heuristically, such a description for the

gauge potentials was motivated by their geometric nature, for each lattice link ( r , z + /i) it is possible

to choose an internal gauge transformation (i.e. a gauge which is trivial on the link's ends) which makes

the corresponding A,, constant on the link. In the lattice approximation of the theory we want to keep

this information about the gauge field, instead of replacing it by its truncated value e
l'a^A'.

To have consistency with the above picture, gauge transformations on the lattice have to be consid-

ered as restrictions of continuous gauge transformations to the lattice. Therefore, it mates a difference

whether we gauge the field at the point x by 0 or by 2T , because, after interpolation of the transformation

to the entire link (x,x + ji), the resulting value of AI:X+jl will be transformed in a different way.

We define the following lattice expressions for the covariant derivative D^ of the matter field and

for the curl /,,„ of the gauge field:

-r , r T
(2.2)

It follows immediately that / , being the lattice curl of A, is invariant with respect to gauge transformations

(2.1) and that [D<t>)xx+f, behaves like 4>x under these transformations.

2.3. Reduc t ion of gauge freedom

Physical field configurations are described by the space of gauge orbits, i.e. the quotient space of the above

field configurations modulo gauge transformations. We will use different, equivalent parameterization? of

this quotient space. Below we give a list of four such parameterizations. In fact, we need only the first and

the last of them. The first parameterization is closely related to the gauge-dependent parameters (ij>, A).

The last one gives the final set of parameters, which we use to describe the theory. The easiest way to

pass from one to the other (e.g. in the functional integral) is to use the remaining two parameterizations

as intermediate steps.

PARAMETERIZATION I. ("tree-gauge") If there is a gauge-condition such that each class of gauge-

equivalent configurations contains one and only one representative fulfilling this condition, the entire

class can be parameterized by this particular representative. A convenient way to fix a gauge consists in

fixing the values AXI+z of the gauge field for all the links ( i , x + ft) belonging to a set T of links which

has properties of a free (see [11]). By a (ret we mean a pair (x o ,T ) , where xa e A is a lattice site which

we call a root of the tree and T is a subset of links of the lattice, having the following property: for any

site i € A there is one and only one path connecting x with the root i 0 and composed of links belonging

to the tree. We denote this path by {ZQ,X}J-.

By a tree-gauge we mean fixing the value of all the gauge potentials along tke tree (e.g. putting them

equal to zero). Now we may use all the remaining parameters (i.e. the values of the matter field $r and

the values of the gauge potential AXiX+^ on all the links which do not belong to the tree) as parameters

in the space of gauge orbits. There is, however, a residual gauge which still remains: the global gauge

transformation which rotates all the values ^ in the same way and does not change the values of the

gauge potential. To remove this freedom we may fix the phase of the matter field at the root (assuming

e.g. that $,„ is real).

A most simple example of a tree can be obtained as follows. Choose any root and take as T the

following collection of links

1) all the links ( I , I + 3) belonging to the z3-axis passing through the root,

2) all the links (x,x + 2), belonging to the two-dimensional plane ( z ! , x 3 ) passing through the root,

3) all the links [x, x + 1) belonging to the three-dimensional plane (x1, x*, x3) passing through the root

and, finally,

4) all the time4ike links (z ,z + 0).

In particular, fixing AQ is called a temporal gauge. This is however not a complete gauge condition, since

any gauge transformation, which is time-independent leaves the condition unchanged. Fixing also gauge

fields on the remaining space-like links of the above tree and fixing the phase of the matter field at the

root, removes this residual gauge-freedom.

A three-dimensional tree defined by 1) - 3) can also be used to fix completely a gauge in the space

of Cauchy data on a fixed three-dimensional lattice-layer {x° = const}. This is a generalization of an

axial gauge-condition.

PARAMETERIZATION 2. ("improved tree gauge") KKeeping a tree gauge, we may parameterize the

electromagnetic degrees of freedom by the values of the field strength / . However, not all the values

of f*,p.,v we independent, because / is a closed form. This means, that the sum of / over all the plaquettes

belonging to the boundary of any three-dimensional cube vanishes. To find independent parameters we

take for every off-tree link (x, x + ji) the closed path composed of 1) the tree-path ( I O , I ) T 2) the link

(xrx + ft) itself 3) the inverse tree-path (x + fi,xo)r- The above closed path is the boundary of a surface

composed of a finite number of "along-tree-plaquettes". Take the value J i , r + j ( T ) of the electromagnetic

flux through it, i.e. the sum of all the values /«;£,» corresponding to this surface. The collection of

fluxes ^r , i+p(T) corresponding to alt the off-iree links contains the complete, independent information

about the gauge field. To prove this we observe that Tx^+p.(T) is equal to the sum of a(fj)AtiX+^ and

all the along-iree values of the gauge potential A (multiplied by the length of the corresponding link),

corresponding to (xa,x)r and (r + /i,xo)T- The latter being fixed by the tree gauge, we see that the

information contained in ^"r ii+,i(T) is equivalent to the information about Ax^+p, We conclude that the



values of / on the plaquettes containing tree-links ("along-tree-plaquettes") can be chosen as independent
variables.

PARAMETERIZATION 3. ("long hydrodynamicai invariants") FFor a given field configuration (^x, A, r + j i ) |

on the lattice, we define the lattice analog of hydrodynamicai invariants (1.6):

R, = 14*1 ,
«+* - o* (2.3)

were ax is a phase of ^ , i.e. any real number satisfying the equation;

(2.4)

Since the phase is defined up to 2mr, the above quantities are defined only up to a residual gauge

transformation

with the gauge function assuming discrete values only: \± G 2xZ. The value of the electromagnetic field

is equal to the curl of v:

*lti'" a{ji)a(f) V X'T M ** ** /

Sometimes it is useful to exclude from the configuration space the zero-measure set of configurations

with vanishing values of R. To parameterize the remaining configurations we may use all variables p and

v describing the initial data is topologically equivalent to Rw + 1 , where N is the number of sites and L

is the number of links contained in E. We stress however that there is still the residual (discrete) gauge

transformation (2.5) acting in this space. The corresponding group is topologically equivalent to z "

The space of initial configurations can be obtained as the quotient with respect to this- group action,

ie. iV-dimensional torus. On the classical level this fact has no specific consequences. We will however

see that in the quantum version of the theory this non-trivial topology will be responsible for the electric

charge quantization.

PARAMETERIZATION 4. ("short hydrodynamicai invariants") DDue to the above transformation prop-

erties of t I | I + j ; , the following U(l)-valued object is a genuine gauge invariant:

(2.7)

Obviously, we have

Passing from u's to W's we partially have lost information about the electromagnetic field. Indeed,
due to equation

[Y - . \Y • - . . W . - - • • W 4.' — £iSatil)a('f)/r:il^ (2 g)

we are able to reconstruct fi;/i,i oniy up to .au)a(v)- ^ n e complete gauge-invariant information about
the field configuration is therefore given by the following set of invariants: (Hx, H'x.r+ji. /.;*,»), where
RxQ, IWzx+p] — 1 and / is a closed two-form, fulfilling (2.8).

To choose a maximal set of independent parameters among all the above ones, we may again use
any tree T and to select the set composed of the following invariants:

1) all the values ft,,

2) all the "along-tree" values lVilT+^

3) all the fluxes ̂ "i,i+(i(7") corresponding to all the "off-tree" links.

We see that the compactined degrees of freedom are now described by the quantities WSI+il, whereas

the remaining degrees of freedom have trivial topology.

A similar parameterization may be used to describe in a gauge-independent way the space of Cauchy-

data on a three-dimensional layer of the lattice given by {x° = const}, but here oniy space-like /i's are

necessary. The electromagnetic field on space-like plaquettes reduces to the magnetic field: f^,^ ,- = flr, j ,-

and we have:
ry' . . VU . . , M/ . . . . yw . e '^ a ^*;S,[ I1? Q l

Since B is a closed form, for any three-dimensional cube the following combination vanishes identically:

Again, as independent variables we may take only "along-tree" values of Wf I+j and only "off-tree"

values of the magnetic flux ^I:c+j.(T), for any fixed three-dimensional tree T.

2.4. Reconstruction of the field configuration from invariants

To reconstruct the field configuration (^r, J4T | I+J) from the "long hydrodynamicai invariants" (Rr, n I i I + , ; ) |

we choose any tree [xo,T) and put an arbitrary value of AI:Z+il along the tree. We may choose also the

phase a l0 at the tree-root in an arbitrary way. Moving along the tree and using the definition (2.3) of

v we may now reconstruct all the phases aT at all the sites. Then, we reconstruct uniquely the matter

field <j>t from (2.4) and the remaining gauge potentials <4,,i+^ from (2.3).

To reconstruct the field configuration from the "short hydrodynamicai invariants" it is, therefore,

sufficient to reconstruct the long invariants v. Choose first any values i satisfying (2.7) and define / as

the lattice curl of ti. The lattice two-form (/ - /) is closed and integer-valued (more precisely, equation

(2.8) implies that it takes values in the set af
 a wA^ )L Using the lattice version of the Foincar-i lemma

we see that there exists an integer-valued one-form /? on the lattice, such that curl/J — f — /• Hence, the

one-form v := v + 0 fulfills (2.6) and may be taken as a possible representative of long hydrodynamicai

parameters.

10



3. Classical field dynamics

3.1. Lagrangian formulation of dynamics

To obtain the difference equations describing the dynamics of the field on the lattice we use the following

approximation of the Lagrangian (1-1)'

where we sum over positive axes directions only. The action for a given region V of space-time is given

by

Sy = Y, ™3jC- • (3-2)
XEV

where we sum only over the internal sites, As we already mentioned, the fields on the boundary sites

and links have to be fixed. They are used as the boundary conditions for the dynamics. The dynamics is

deduced from the above action and is given by the following system of second-order difference equations:

0 = = -9""ra3 (g 1m

Introducing the canonical momenta, analogous to (1.8),

4 = -g

the same equations may be written as a system of first-order difference equations

(3-3)

(3.4)

(3.5)

3.2. Canonical momenta

Initial data for the theory consist of field configurations and the corresponding momenta in a single three-

dimensional lattice layer E,, given by {z° = (}. Because momenta (3.4) are always attached to the lattice

links, we may choose between the future-directed and the past-directed momenta. In the first case the

complete Cauchy data are given by the collection (<pi,Ax I + j , 5T°, pj l). To keep the future orientation of

the momenta, we will describe the Cauchy data in the second case by ((fiI,AI ^ , - 1 , , —p~ ). We will

call the first collection "the Cauchy data on EJ1"' and the second one "on E,~ ". We may imagine E+ (re-

spectively £,"") as the hypersurface obtained from E, by a tiny translation in the positive (resp. negative)

direction of the time axis.

11

Jit.

To simplify the notation we will denote

_-&

where by D we denote the electric components of the electromagnetic field (the magnetic components are

already denoted by B). Notice that, similarly as in the continuous version of the theory, the momentum

canonically conjugate to the gauge potential At is given by minus the electric induction field. This means

that the momentum conjugate to Ax 1 +j onE* (resp. E~) is given by —D*x j (resp. — D~ , j)•

There is, however, an additional factor a3, which appears in the canonical structure of the Cauchy

data. Indeed, in the continuous version of the theory the canonical structure is given by the following

Poisson bracket:

and similar formulae for the remaining degrees of freedom. Integrating the above formula over a domain

V C S with respect to the variable 2 we obtain

In the lattice version of the theory the discretized observables represent their mean values over elementary

cubes. Hence, we should choose as V such an elementary cube and replace the integral by a3Re 7r This

way we obtain the canonical Poisson bracket:

We conclude that the momentum canonically conjugate to 4t is equal to a3Jrr, and the momentum

canonically conjugate to At f+i i3 equal to — a3D r x +^.

3.3. Initial value problem

The transition from S," to Ej" will be called potential evolution. The transition from Ŝ " to Et~+r will be

called title lit' evolution. The global evolution of the field is given by the successive composition of the

potential and kinetic- evolution operators.

As a result of the potential evolution, the field configurations (4I,AI j) remain unchanged and

the momenta change their value from (ir~, D~^ -k) to (w*, D* ^ according to formulae (3.5). We have

therefore:

and

During the kinetic evolution the momenta remain covariantly constant:

12

(3.6)

(3-7)

(3.8)



and

D~ ~ D+ (3.9)

whereas the configurations undergo the linear evolution according to formulae (3.4). This implies for the

matter field the following evolution:

Hence, the kinetic evolution is given uniquely up to a gauge transformation. Indeed, fixing in an arbitrary

way the value of the gauge field on time-like links we may derive uniquely the final data from the initial

data. Putting e.g. obtain from (3,4):

4>x+t> = <!>* + * * i ,

whereas the momenta remain constant due to (3.8) and (3.9).

We stress that both the potential and the kinetic evolution are local: to find the final data in a

bounded portion V of the lattice we do not need to know the entire initial data on £, but only a portion

of ith contained in the discrete causal shadow of V.

On quantum level the potential evolution wilt be generated by the potential part of the action (i.e. the

sum of all the terms assigned to the lattice sites and to the purely space-like lattice links and plaquettes),

whereas the kinetic evolution will be generated by the kinetic part of the action (i.e. the sum of the terms

assigned to the time-like links and plaquettes). Jn the r -* 0 limit we obtain, due to the Ttotter action

(i.e. the sum of all the terms assigned to the lattice sites and to the purely space-like lattice links and

plaquettes}, whereae the kinetic evolution will be generated by the kinetic part of the action (ihe. the sum

of the terms assigned to the time-like links and plaquettes). In the r ^ O limit we obtain, due to the

TVotter formula, the continuous evolution generated by the sum of the potential and the kinetic energy.

3.4- Gauge-invariant description of initial data

Due to the gauge properties of ^ and x, their combination x^ is gauge invariant. Dividing it into the real

part K and the imaginary part M we observe that the later has to fulfill a constraint analogous to (1.9),

implied by the zero component of (3.5):

(3.12)

where we denote

Similarly as in the continuous theory, we may reduce the phase space of Cauchy data on every £< with

respect to these constraints. As a result we obtain a formula analogous to (1.10) with the continuous

divergence operator replaced by its lattice analog. We conclude that K (with the index "+" if we are

on £^ and M—" if we are on £~) is the momentum canonically conjugate to p = log i£, whereas the

electric induction field D is the momentum canonically conjugate to the long hydrodynamical variable t.

The vanishing left- (resp. right-)hand-side of (3.12) have to be considered as the momenta canonicalty
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conjugate to the (completely arbitrary) phase of the matter field. Knowing (R,v,K,D) on E we may

first reconstruct the configuration (<f>,A) (uniquely up to a, gauge transformation). Then, we obtain

the missing information M about the momentum IT from the lattice divergence of the electric induction

field D, according to (3-12). This way we reconstruct (uniquely up to a gauge transformation) the

complete initial data (<j>, A, ir, D).

Splitting the matter field into 2 degrees of freedom corresponding to its real and imaginary part: 4> —

4i + '#3, 'he corresponding momentum decomposes accordingly into *• = TTI + in2. Thus

K = 0iffj 4- 4*2*3 ,

are the generators of the two-dimensional dilatations and rotations respectively.

(3.14)

3.5. Time evolution in terms of gauge invariants

Both the potential and the kinetic evolution may be rewritten in terms of the invariants. During the

potential evolution the configurations (R, W,B) remain unchanged whereas the following equations for

the momenta may be immediately deduced from (3.6), (3.7) and the definition (3 13) of A":

K* =

*iIm
(3.15)

The last equation is the lattice version of the Maxwell equation D = — j + cutW.

The simplest way to rewrite the kinetic evolution in terms of invariants is to fix the temporal
gauge j4Ir,+o = 0- With such a choke the kinetic evolution of the matter field over each time-like link
becomes a free evolution of the two degrees of freedom described by ^. The evolution may be thought of
as generated by the free Kamiltonian a3//, where

is the Hamiitonian density and the factor a3 comes from the integration over an elementary cube. It is

obvious that H remains constant during the kinetic evolution. This implies that its value on both ends

of the link is the same. Abo the "angular momentum" M remains constant in agreement with formula

(3.12) (remember that M is not an independent variable but has to be treated as the divergence of the

electric induction field).

Calculating the Poisson bracket of various quantities with the above Hamiltonian we obtain their

evolution along the link ( I , I + 0). Hence,

implies

Moreover,

= IK

(3.16)

(3.17)

(3.18)
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implies the evolution of R, compatible with (3.10):

(3.19)

The lattice curl of equation (3,11) implies the evolution of the magnetic field, analogous to the

Maxwell equation B = - cur ]0 :

To derive the kinetic evolution of W let us observe, that the definition of D implies:

Using the evolution of ij> written in polar coordinates

we may express 14^ ^ g in terms of Cauchy data on on

+ iM 2rA'+ (3.22)

Finally, substituting (3.22) to (3.21) we easily find the evolution of the "short" hydcodynamical variables:

(3.23)
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4. Quantum kinematics

4.1. Hilbert space of physical states

Let us take the standard Schrbdinger representation of a quantum state * as a wave function of field

configurations:

on our finite three-dimensional lattice E. The momenta canonically conjugate are represented by deriva-

tives with respect to configurations:

(similarly as in the classical case, the factor a3 appears because of the integration of the densities of the

above momenta over elementary cubes of the lattice). The above definitions may again be shortened as

follows:

0V = 2*-i-. (4.1)

Similarly,
3 n ft 9

~a *,.+* - ~idAzx+j[ •

This implies that the generator of two-dimensional rotations M = 4>i^i ~

problem here!) is represented as the derivative with respect to the phase ax of <f>f:

I . , h d

(1-2)

(there is no ordering

(4.3)

To distinguish between the momenta on E + and S" we will mark them, when necessary, with + or " ,

respectively.

The Gauss constraint (3.12) means that the physical wave functions are those annihilated by gener-

ators of the gauge transformations:

8a, go. 4 -
(4.4)

i.e. functionB constant on gauge orbits. They can not be square-integrable with respect to all the gauge

parameters because gauge orbits are not compact. To define their scalar product we have to integrate

over the quotient space, i.e. to take each orbit into account only once.

DEFINITION. The Hiltert space"Hz, describing quantum states on £ consists of gauge- -invariant func-

tions of field configurations, with the scalar product given by the formula:

(*]=) = — / « 2 TT dA . iW dixdix , (4.5)
(r,r+t)rr *

when T is any three-dimensional tree in £•

It is easy to see that the above definition does not depend upon the specific choice of the tree

1 and the choice of a gauge on it (i.e. the choice of the values of the "along-tree gauge potentials").
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This choice of the scalar product is motivated by the simplicity of the quantum theory we obtain. An

invariant definition of this scalar product has been given in [16] and [17]. Other methods of quantization

of constrained systems related to different choices of the scalai product have been discussed e.g. in [1],

[13] and [14],

4.2. Algebra of quantum observables

The gauge-invariant functions of configurations can be used as multiplication operators acting in WE.

This way we define quantum operators {Rx, Wxx+x, Bx % /), where all /£x are self-adjoint and positive,

Wx r + j are unitary and BI.-t j are self-adjoint. All these operators commute with each other. Not all of

them are independent because they fulfill the constraints (2.9) and (2.10).

Among the momenta, the electric induction field operator Dr t + ^ given by (4.2) and the generator

of the two-dimensional dilatation

(4.6)

(symmetrized version of the classical quantity (3.14)) produce a gauge-invariant function when applied

to a gauge-invariant function. Hence, they may also be considered as self-adjoint operators in W.% The

following commutation relations between the above operators may be immediately checked:

[RI,a
3KI] = ihR, ,

[W, .« + i . - « a 0 , , , + *] = - « * « W ; i l [ + i l (4.7)

with al] the remaining commutators vanishing.

DEFINITION. The charge operators art defined as the lattice divergence of the. electric induction field

operator:

Qz = a3divrD = a' Y, OII+t = ga3M, . (4.8)
k

The commutation relation

follows immediately from the above definition of Q and from (4.7).

LEMMA. The operator U^ :— e1^1^* commutes With aM the observables in O%. Hence, it ts the unit

operator up to a scalar phase factor:

Ux = e>"e' • 1 .

PROOF. The operator Q r is built of the operators D. Therefore, it commutes with all the observables Ry

and Ky. Hence, we have to check the commutation of U with W and B. The commutator [divtD, Bt j ,]

vanishes, because it is a sum of the term [DT ̂ +^,8,^ ;] = ~r and the term [Dxt.+!, BI,j. ,•] = - $ (B is

antisymmetric in k,l). To check the commutation with W consider a one-parameter family of operators

wui = <-ix Jw,
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equals

and contains the commutator of a3divD and W equal to

Hence,

and consequently

thus, for An = ^f • ti with n g Z we have Wx- — W = W. This implies, that the operator

commutes with all the observables, which ends the proof of the lemma.

The electric charge quantization is an immediate consequence of the above observation. Jndeed, the

spectrum of Qx covets the set {ghn + BI,n€ Z). Hence, e := ah plays the role of the elementary charge.

In the Schrodinger representation WE defined in the previous section, the charge quantization follows

immediately from the gauge invariance of wave functions- Indeed, the constraint (4-4) impSies that Qx

is given by the "two-dimensional angular momentum" operator (4.3) whose spectrum is \gh n,n £ I).

Hence, we have

9*=0. (4.9)

This condition is not implied by the commutation relations (4.7).

Take the collection of all the operators (Rt, W I | I + ( ,Bxi j , Dx t+-t,Kt), which fulfill constraints (2.9),

(2.10) and the canonical commutation relations (4.7). Consider the algebra OE generated by them. We

will prove in the sequel the following

THEOREM. For a finite three-dimensional lattice S, there exists only one (up to unitary equivalence)

representation of the algebra Os, which fulfills the condition (4 9).

PROOF. Let us choose any three-dimensional tree T in E. To each site I different from the root xD we

assign the following unitary operator:

n w.s.v+t ' (4.10)

Take the following collection Os{T) of operators:

1) (pr, Kt) at all the lattice sites

2) (Wx, i«3 r) at all the lattice sites different from the root x0

3) {fx I + i (T)i .D r I + i ) on all the off-tree links.

18



It is easy to see that O^(T) may be chosen as the minimal Lie-subalgebra generating the entire algebra

OK and that the commutation relations (4.7) are equivalent to the canonical commutation relations

between pairs of operators 1), 2) and 3):

(4.11)

,1

with alt the remaining commutators vanishing. All the representations of such a Heisenberg algebra
are equivalent to the Schrodinger representation in terms of the wave functions n4f" depending on the
parameters [pTiWti Jt^rr+tC'")) ( t ' ie 9O "dkd 0-representations of Qx are excluded by the condition
(4.9)). The wave functions are square-integrable with respect to the Lebesgue measure on the first and
the last group of parameters and with respect to the standard measure {Wx)~

ldWx on the circle. The
momenta (a3A±., -Qx, o?Dx x+js) are represented as differentiations with respect to the above variables.

To see that the above Schrodinger representation is equivalent to the one constructed before, it is
sufficient to observe that in the tree-gauge A = 0 on T we have

outside of the tree root and
1

on the off-tree links. We stress that the phase of 4>i<, a t the tree root is completely arbitrary and the

corresponding momentum jQI0 is not an independent variable: its value is equal to the value of the total

electric charge contained in £ (determined by the boundary condition which we imposed) minus the sum

of the remaining charges -Qx outside of the tree root.

Hence, the formula

defines a square-integrable function with respect to the Lebesgue measure d<jididA which we used in the

definition (4.5), i.e. an element of our Hilbert space HE The transformation is obviously unitary which

ends the proof.

4.3. Unbounded lattice

There is a natural inclusion O^, C Oz, when Ei C Si. Hence, the algebra OT. for the complete, un-

bounded lattice £ = Z3 can be immediately obtained as the inductive limit of the algebras corresponding

to bounded S's. Unfortunately, the representation of the commutation relations (4.7) for the unbounded

lattice can not be unique, because the representation of the Heisenberg commutation relations (4.11)

is not unique for infinitely many degrees of freedom. The theory splits, therefore, into separate, non

interacting sectors. Different sectors of the theory may be constructed e.g. from different vacuum states.

The space of all the (mixed) states (TE, for a bounded lattice Ei can be treated as a dual of 0£,.

The inclusion of O-^i into C?E3 defines in a unique way the projection

19

The space of quantum states o-j on the unbounded lattice can thus be constructed as a projective limit

of the spaces corresponding to bounded E's. Choosing a single state t £ <TE as a vacuum, enables us

to reconstruct the entire sector of the theory via the standard Gelfand-Naimark-Segal procedure. The

physically correct choice of the vacuum will be discussed in the sequel. We stress, however, that each

Hilbert space obtained this way corresponds to a fixed value of the total electric charge and the "supers-

election rules" are automatically satisfied. Hence, for describing the interaction of charged particles, the

non-vacuum sectors will be also important.
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5. Quantum dynamics

5.1. The Feynman path integral in terms of gauge invariants

To define the evolution of the quantum system defined above, we begin with a discrete version of formula

(0.2). Both the left and the right-hand-sides are functions of the fields ((>,,As l+t) on the surface

£/,„. To compute the value of the right-hand-side we have to integrate over initial and intermediate

configurations, with the final configurations ($,,Al J+j) being fixed. But, since the integrand is constant

on gauge-orbits, the integration over all intermediate configurations will aiways be ill defined. Similarly

as in the definition of the Hilbert space Wj, we have to define the integral in such a way that each gauge

orbit is taken only once.

DEFINITION. The quantum evolution on the lattice is given by

n n
its,-.i

n < (5.1)

where 1 is any four-dimensional tret, covering the intermediate region {tinn < y® < t/in] between ^init

and Trjin, together with the initial surface Jlin\i, and the corresponding tree-gauge has been chosen in on

arbitrary way. The action S corresponding to the region {tinn < yQ < tfin) is given by formula (3,2).

definition
Similarly as in the case of formula (4.5) it is easy to check that the result does not depend upon the

specific choice of the tree and the choice of the gauge. Moreover, because of the gauge invariance of the
initial wave function and the action S, the result is a gauge-invariant function of final parameters, i.e. it
describes a physical quantum state on £/,„. Hence, we have defined an operator (/(Ey.-,E,,,i) ""om "Hzi.u

to WE,, . . We will show in the sequel, that the normalization factor N may be chosen in such a way,
that U is unitary.

5.2. Factorization of the evolution

The simplest way to compute the vatue of the integral (5.1) consists in choosingthe four-dimensional tree

T which is composed of a three-dimensional tree 7init in £mii &nd all sum of kinetic terms

assigned to each elementary time-interval of the discretized time axis, and potential terms

»,*,'

assigned to each surface {y° ^ const). Hence, the kernel
sition of the kinetic kernels

E/,,,,£,*,,) is equal to the successive superpo-
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and the potential kernels

Observe that the kinetic kernel is equal to the resolvent kernel corresponding to the linear Schrodinger

equation:

The kinetic evolution consists., therefore, in the free Schrodinger evolution during the time interval r

of all the degrees of freedom (c\ , A y+jl) on E. Such an evolution kernel is obviously unitary when

applied to any square~integrable function of initial configurations l^I,AXI+jc), Applying this kernel

means integrating over all the parameters (^i ,-4 I r + i) . The normalization factor equals (2inr)~i for

each degree of freedom.

In our case we are going to apply the kernel to gauge-invariant wave functions only. This means

that, according to formula (5.1), we are going to integrate over the off-tree parameters only. We stress,

however, that this difference does not produce any problem, because both integrals give the same value

when applied to a gauge-invariant wave function. This is due to the oscillatory (Fresnel-iike) character

of the kernel. The integration of Utdn with respect to the gauge parameters over each gauge orbit will

give us the value 1, so only the integration over the space of orbits remains. The situation is similar to

the following example: we may apply the three-dimensional free Schrodinger evolution to wave functions

which do not depend upon the s-variable. The integration over dz does not produce any difficulty due

to the oscillatory character of the Fresnel kernel.

The potential evolution, consisting in multiplying the wave function by L\lvl, is obviously unitary

because \UpM\ = 1.

5.3. Quantum evolution in the Heisenberg picture

It is very instructive to reconsider the above evolution in the Heisenberg picture, where the quantum

state remains constant in time and the quantum observables evolve according to the formula O —• 6 :=

U~iOU. It is obvious that the potential evolution leaves the configurations {II, W, B) invariant. The

evolution of momenta {K, D) may be easily obtained. Indeed,

A'+* = £/->"(/,,„, 9 .

It is easy to obtain for the potential evolution the following formulae, analogous to the classical equations
(3.15);

r v I *
' • —

(5.2)



In a similar way we may obtain the potential evolution of the electric charge M given by (4.3):

M* = U;O\M~UP,, =
_ I _

h

This equation is the lattice version of the continuity equation: the value of the electric charge M changes

only by the divergence of the electric current carried by the matter field.

The corresponding formulae for the kinetic evolution may be easily obtained due to the discussion

presented in the last Section. For this purpose we take the free Schrodinger evolution of all degrees of

freedom {4>, A,it..D) in the temporal gauge and then we compute the evolution of their gauge invariant

combinations (R, W,B,K, D). The calculations will be performed in the next Section- Here we give only

the final results. To simplify the notation we introduce the following quantity analogous to the classical

one given by (3.22):

IV
(5.3)

It will be proved in the next section, that the same quantity may be expressed in terms of the Cauchy

data on E^ :

W
r,* + 0

-TR:U{K,t-iM:,t)KU]R*+
Furthermore, we denote as usually:

and

h

on both E+ and E~

The kinetic evolution now reads:

(5.4)

= D+

Notice that the quantum evolution is given by the same field equations as in the classical case.

However, the evolution for W is given by the product of non-commuting operators. Changing the ordering

changes the result completely. In (5.4) we have chosen an ordering, which formally reproduces the classical

equation (3.23)-
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Field equations (5.2) and (5.4) contain the complete set of Maxwell equations. In fact, d ;vB = 0

is an identity. The kinetic evolution reproduces the equation B - -cur lD. The potential evolution

reproduces D - -j + curlB, and the last equation divD = q is the definition or the electric charge

density.

We stress that, similarly as in the classical version of the theory, the quantum dynamics is causal-

Indeed, the evolution of a momentum at the site i depends on variables at the nearest neighbors of x

only. This way, knowing the quantum observables in a bounded region of E, we can compute the time

evolved operators in an entire causal shadow of this region.

5.4. Self-consistency of the evolution

In the evolution formulae (5.2) and (5.4) we have applied a potentially dangerous operation, the square

root, to a time-dependent operator. To prove, that our formulas are formally correct we have to show,

that this operator is non-negative for all times.

THEOREM. The operator fia + 2TK + 2T2H is a posiiwt, self-adjoini operator for all values of T.

P R O O F . The operator in question is equal to the square of the modulus of the following operator:

N = R + rR-1(K + iM + ih}. Indeed, we have:

/V'/tf= [rt+r(A'-(iW-ifi)fl-'] {R+rR-'iK + iM + ih)] =

= fl2 + 'ITK + T\K -iM - ih)R-2(K + iM + ih) =

= R2 + 2TK + 2r1H -

We also have the following

THEOREM. The operator W, given by the right-hand sidt of (5-4) remains unitary ;/ W was unitary.

PROOF. Unitarity of the evolved Wt x+-k follows from formula (5.4), if we prove unitarity of WII+i;

+ 2TK+

= 1

This proves, that equations (5.2) and (5.4) define a self-consistent quantum dynamics of our algebra

of observables.
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G. Kinetic evolution of observables

6.1. Kinetic evolution of matter fields

According to the picture developed in the previous Section, we begin with the temporal gauge A^ I + j = 0

and compute the free Schrodinger evolution of all the degrees of freedom (ij>clAI I+j.). Then, we derive

the evolution of their gauge-invariant combinations. This way we obtain results, which are already gauge

independent.

We stress that the "free evolution of <j> and A", which we use in this Section, is only a convenient

way of calculating the evolution of gauge invariant quantum observables, having no physical significance.

In fact, in our approach there is no way to give any reasonable meaning to quantities $ and A on the

quantum level.

The free Schrodinger evolution of the two degrees of freedom (Re ĉ j,, I m ^ ) carried by 4>c niay be

rewritten in terms of the operators (R,F,K,M), where 4 = F • R is the polar decomposition of the

normal operator <t> — <t>\ + i^2- These operators fulfill the following commutation relations

[R,K] = iBo-3 / t ,

[F,M] = -ha'3F ,

all other commutators axe equal zero.

The free Hamiltoniaii (equal to the two-dimensional Laplacian in the variable 4>) may be written as

follows:

// = -LA, = !(,»+ »!) = Is->(7<J + M>)R-> ,
a3H being the generator of the time evolution. The evolution of the field operators in the Hetsenberg

picture is given by equations:

K = '-[a.3H,K] = 1H
h

M = Ua3H,M] = 0.

The Hamiltonian H and the angular momentum M are constant in time. Hence, the evolution of K is

linear

K[t) =

Moreover, for C — H2 we have

which implies

C= -\

C(t) = C(0) + 2A'(0)( + 2H{0)t2 .

We already proved that the above operator remains always positive. To find R(t) we have to take its

square root.
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To find the evolution of F let us consider the product RF. We have

(RF]= U^H.RF] = R-l{K + iM)F .
h

Observe that the right-hand-side commutes with the Hamiltonian and, therefore, is constant in time.

Hence, we have

Summarizing, after the time r we have

H(r) = H(0)

K(T) = K(0) + 2TH(0)

ft(r) = (fl(0)! + 2rA'(0) + 2r !

M(T) = Af(0)

\R(0) + F(0)

6.2. Kinetic evolution of gauge fields

In our temporal gauge each degree of freedom / l r r + ( undergoes separately the one-dimensional, free

Schrodinger evolution and its canonical momentum D = — J J I J J remains constant. Hence, after time r

we have

Taking the lattice curl of both sides we have

= B(0)-rcurlD(0) ,

reproducing the free Maxwell equation.

6.3. Kinetic evolution of physical observables

Using the evolution of gauge-dependent fields, we may finally find the evolution of the gauge-invariant

quantity

(no order-ing problem because the operators on the right-hand side commute). Moreover, according

to (5.3), we have

1

Using the previous results it is easy to compute:

W - - r — F'1 e '^aj4*+fi.*+B+t F - - —
VKr+D.r+O+t — r

I+oe ri+0+t ~

which immediately implies (5.4).

26



T. Second order field equations

Field equations may also be rewritten as second order difference equations for the configuration vari-

ables (R ,W i - • / • jj) only. At every lattice site we will have an equation analogous to the Klein-

Gordon-like equation (1.7) for the matter field R and at every lattice link an equation analogous to the

Maxwell equation (1.7) for the electromagnetic field. Moreover, the latter will be expressed in terms of

the electromagnetic potential W<

First notice, that the fourth of equations (5,2) is already in a form very similar to the classical expres-

sion. We will express the momentum ft' in terms of the configuration variables using the definition (5.3)

of W + j . Indeed, we have:

Taking the real and the imaginary parts we get:

A'+ = -

and

2i

(7.1)

(7.2)

In the same way we obtain

ft'" = - -

and

M' =

Substituting the above expressions for K to (5.2), we have

-R1 = 0 , (7.3)

which is the lattice version of the first equation of (1.7) for the quantum observables (notice, that W on

a space-like link commutes with R on its both ends).

To obtain the analog of the second of equations (17), let us choose a space-like lattice link (x,i + k).

The last equation (5 2) is completely analogous to the classical expression, so we merely rewrite it in

another form:

(7.4)

.a- ik, „. . . . . ,•.. f . .

To do the same for time-like links, we substitute (7.2) to the definition (4.8) of M:

Summarizing, we may write the expressions (7.4) and (7.5) in one formula:

(7,5)

analogous to the second equation of (1.7).

Finally, the value of the field / ,^ r o may be expressed in terms of W (up to JJJ—JJJ^T) For both ^

and v being space-like, this is given simply by the constraint (2.9). If one of them is time-like, this is

given by the second of equations (5.4):

or, equivalently:

8. Conclusions and perspect ives

Each step of the kinetic evolution is given by the unitary operator e t 7"k l n , where

Similarly, each step of the potential evolution is given by the unitary operator elT""", where

«,*

, - 2 H fl
W

Passing to the limit r —* 0 we obtain a finite dimensional quantum mechanical system with the degrees

of freedom described by the algebra OY, Due to the Trotter formula, the dynamics of the system will be

defined by the total Hamiltonian

The Hamiltonian is manifestly positive. For a finite lattice one should first find its lowest-energy stale,

which plays the role of the physical vacuum. Because of the high non-linearity of the theory, only

numerical analysis will probably be possible. The physical vacuum has nothing to do with the pertvrbative

vacuum, which may be defined as a tensor product of the free-electromagnetic-vacuum and the free-

matter-vacuum. For the sake of convenience one can subtract the vacuum energy from the Hamiltonian.

Then, one has to renormalize the mass and possibly other physical parameters in the original po-

tential V, i.e. to relate them with their phyaic&l valuea. To calculate the physical row of the particles
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in OUT theory we can not use the one-particle states as in the perturbative approach. Indeed, there is no

"creation operator" in our theory, because of the super-selection rules, which are automatically fulfilled.

Instead, the operator I V I I + J creates a particle carrying the charge —e at x and an antiparticle carrying

the charge +c at i + k. Therefore, one has to proceed as follows. Fix a pair of sites (x,y) £ E. In the

subspaces of all quantum states, such that Q r = +e, Qv = —e, and Q = 0 elsewhere, we find the state

of the lowest energy E(x,y). The maximal value of the function E[x, y) with respect to x and y will be

identified with twice the physical mass of the particles we want to describe. This value has to be fitted

by the parameters of V •

Having chosen appropriate parameters of the theory, one may further investigate the properties

of the Hamiltonian, possibly by numerical methods. In particular, dynamical problems may be solved

discretiiing again the time and using the unitary evolution developed in this paper.

Finally, one has to check, whether or not the physical properties of the above system depend con-

siderably on the volume and the spacing a of the lattice used.

A similar proganime for Quantum Electrodynamics with spinoria! matter is now under investigation

and will be presented in the next paper
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