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ABSTRACT

In this paper we report the dynamical study of a coupled diffusive map lattice with

the coupling between the elements only through the bifurcation parameter of the mapping

function. The diffusive process of the lattice from an initially random distribution state

to a homogeneous one and the stable range of the diffusive homogeneous attractor are

discussed. For various coupling strengths we find that there are several types of spatio-

temporal structures. In addition, the evolution of the lattice into chaos is studied and a

largest Lyapunov exponent is used to characterize the dynamical behavior.
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1 Introduction

Phenomena with spatio-temporal complexity are common in nature and can be

observed in the fluid, chemical, optical, and solid-state turbulence, pattern formation,

neural networks, parallel computation problems and so on. For example, turbulent

flows, chemical reactions with diffusion, spin wave turbulence and biological networks

are some complex phenomena which can display chaotic dynamics. These systems must

be described by taking into account spatial variables, and in recent years exciting studies

on spatio-temporal chaos have been performed [1-9]. Spiral waves are also presented

in some interesting biological phenomena as morphogenesis or in brain dynamics [10].

In some cases they become unstable giving rise to turbulent (chaotic) behavior from

an initially well defined spatially ordered state. A strange attractor can be obtained

then by calculating the time evolution of the given variables in concrete points of the

space domain. On the other hand, many dynamical properties have been explored with

coupled map lattice models. Phase transitions, chaotic strings, intermittency, turbulence

and other phenomena have been particularly well characterized [6, 7, 8, 11, 12, 13].

It is well known that some nonlinear continuous models based on reaction-

diffusions can give spatial structures through Turing symmetry-breaking instabilities

and it seems an evident step to consider an equivalent approach based on the coupled

map lattice theory [14]. The coupled map lattice which has been studied intensively

during the tast years is a dynamical system with a discrete time, discrete space, and

continuous state. There are many one dimensional models which can be given by

(«)),/(*»(• + l))./(*n(l " 1)))

where the function g can, for instance, be chosen as the diffusive coupling

(2)
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also, models with global coupling have been studied,

(3)

0')) (4)

and so on. For the logistic mapping function, f — 1 — Ax1, a complex dynamical be-

havior has been found which contains: period-doubling of kink-antikink pattern; zigzag

patterns (or antiferro-like structures); spatio-temporal intermittency: burst and lam-

inar regions from complicated spatio-temporal patterns; spatial amplification of noise

[6, 7, 11]. However, all of these models are too simple to discuss the dynamical behavior

of a real system although one still hopes that some of the novel features are useful to

understand the behavior of many different systems [7].

In this work, we present a dynamical study of a coupled diffusive map lattice where

the coupling between the elements is chosen only through the bifurcation parameter of

the mapping function. Our aim here is to discuss the diffusive process of the coupled

diffusive map lattice from an initially random distribution state to a homogeneous one,

and to study the spatio-temporal structures and the dynamical behavior of our system

when the coupling parameter varies over some ranges. In addition, we are also interested

in finding how the system develops into chaos when the coupling is increased. The

organization of this paper is as follows. In section 2, we present the model as Well

as a simple analytical treatment of the diffusive process. Then we demonstrate the

spatio-temporal structures of the lattice in section 3. In section 4, to characterize the

dynamical behavior of the lattice, we calculate the largest Lyapunov exponent. Finally,

the discussions and conclusions are given in the last section.

2 Spatio-temporal structures of the coupled diffu-
sive map lattice

2.1 Model of a coupled diffusive map lattice

The state of any element with discrete coordinate j at the time moment n of the

coupled diffusive map lattice (here we only consider the one-dimensional case) is char-

acterized by the variable xn{j). Evolution of the state of the lattice as a function of the

discrete time step n is specified by the map

where Dn(xn(j)) = Do + Dd2xn(j) represents the bifurcation parameter of the mapping

and the coupling between the elements ia given by

+ xn(j - 1) - (6)

and Do is the bifurcation parameter in the absence of coupling, i.e., Do corresponds to

the bifurcation parameter without spatial correlation, and D is the coefficient of the

coupling between the elements [15].

As in many studies, we choose the mapping function f(x) to the logistic map for

simplicity

(7)f{x) = Mx(l - x).

Thus, the model becomes

) = [Do + Dd2xn(j)}xn(j)[l - xn(j)}, (8)

with the coupling parameter defined by Eq.(6).

From Eq.(8), we can see that if the correlation in space is zero (D = 0), the dynamical

state of the lattice depends simply on the single logistic map with the well known period-

doubling route to chaos as the parameter Do is increased. It means that the lattice



consists of a set of independent elements. This is a trivial case in the present study.

However, as long as D ̂  0, the state of the lattice not only depends on the coupling,

but also on the value of Do. In this paper, we restrict ourselves to the case 1 < A> < 3,

for example Do = 2.9, for which value the logistic map xn+f = Doxn(\ — xn) has only a

stable fixed point x* = 1 — l/D0. However, in our coupled lattice, we will have several

types of spatio-temporal structures for different values of D due to the coupling between

the elements as discussed in Sec. 2.2.

This coupled diffusive map lattice might be used as a simple model for the reaction-

diffusion process. It can be considered as a coarse discretization of the reaction-diffusion

equation, which governs the growing phase

— = / |-V(JI) (9)

where the coefficient / = f[x(r,t)} depends on the state of the system z{r,t) and, thus,

varies both in space and time. When v(x) = 0 Eq.(9) describes the crystal growth for

a supercooled liquid [16]. In a recent paper Ben-Jacob et al[l7] studied the interfacial

pattern formation during diffusion-limited growth of Bacillus subtilis, they proposed a

phase-fieldlike model (the phase being the bacterial concentration and the field being

the nutrient concentration) to describe the growth. The bacteria-bacteria interaction is

manifested as a phase dependent diffusion constant, D(4>), in their model:

Which is a higher-dimensional version of Eq.(9). In addition, such type of coupling could

appear in cellular automata models of some chemical and biological systems. Such as

the biological populations with and witiout generation overlap if we consider a coupled

model of multi- subsystems. One should be aware, however, of the fact that the dis-

cretization of these continuous equations introduces new phenomena. In particular, the

chaotic states found in a lattice mapping may not have the conuterparts in the continu-

ous space-time models. Also, it should be noticed that the analysis of stability based on

a minimum wavelength, which will be presented in the next section, will not work for a

continuous space dimension.

2.2 Diffusive homogeneous attractor and frozen phenomenon

Suppose an initial state with a random distribution, i.e., £o(j) € (0,1) for (j = 1, N)

where N is the size of the lattice. In the case of 1 < Do < 3 after a number of iterations

of Eq.(8), the lattice may reach a homogeneous state (or diffusion homogeneous state),

xn(j) — xm for (j = 1, N) with the value of D changing over some ranges. This entire

stable diffusive homogeneous state is an attractor since it is a fixed point of the lattice.

However, one can expect that as the coupling parameter | D | increases, the local small

deviation may destroy the stable state due to the influence of the coupling between the

elements. Now let us consider the range of D and the stability of this state. For certain

element, »-th, the stability is determined by its small deviation c!
n from the fixed point

x*> X*U) = x" + &„• Then by substituting this equation into Eq.{8), we have

with

= D0(l-2x')-Dx'(l-x') B = ̂ -x'{\ - x') .

(11)

(12)

In getting Eq.(ll), we have only taken the first order of t^. In order to discuss the

stability for various perturbations (all the wavelengths), we introduce a Fourier transform

and

(13)

(14)
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with the normalization condition

1 N *-»'

N 1=1

Then we have

(15)

= [A + 2B«w(^)ffliJ .

Thus the stability condition for the state x* = 1 — I/A) reads

^f <1 .
N

(16)

(17)

From Eq.(17), we know that the stability is governed by the two extreme behaviours:

cos(2irkfN) = —1 when k = JV/2, the short wavelength case, and cos(2irk/N) = 1 for

k = N, the long wavelength case. For the short wavelength behaviour we have

|A-2fl|< 1 .

That is

and for long wavelength case we get

\A + 2B\<1

which finally becomes

1 < Do < 3 .

When Do is chosen to be 2.9, we have

Dt < D < A

(18)

(19)

(20)

(21)

(22)

with Di = 0.2213 and D2 = -8.41. In addition to the stability condition Eq.(17), there

is another implicit one:

1 < Do + Dd2xB(j) < 3 (23)

since we only discuss the diffusive homogeneous state of the lattice. For 0 < D < Di,

Eq.(23) is always true. But for D2 < D < 0, in some ranges of D Eq.(23) fails. It

will be shown that the lower limit value of D, D3, for the existence of this diffusive

homogeneous attractor is equal to —2.9 i.e., D$ = —2.9 (see following discussion). In

our numerical iterations, we find that there is an excellent agreement for Dt = 0.2213,

the upper limit value for the lattice with a diffusive homogeneous attractor with the

analytic result given by Eq.(22). When D$ < D < Di the state of the lattice converges

to the attractor xn(j) = x" with (j = 1,N). However, when Dj < D < D3, some

sites have zero value of iti(j), ^n(j) = 0. We call this state the frozen phenomenon

which is related to the breaking of Eq.(23), Da + Dd2xn(j) > 1. The onset value of

D of the frozen phenomenon is just the lower limit value of D for the existence of the

diffusive homogeneous attractor. The mechanism of this frozen phenomenon can be

understood as follows. In order to determine the onset value of D of the freezing or the

lower limit value of D for the diffusive homogeneous attractor, we assume that there is a

freezing of certain site i to zero, x»(j) = 0, while the neighbors are still on the diffusive

homogeneous attractor, that is, xn{j + 1) = xn(j - 1) = x' and xn{j) = 0. This gives

d2£n(j) = ** and from Eq.(14), then we have

Do + Dd1xn{j) = Do + Dx" = 1. (24)

Eq.(24) gives the condition of the onset of xJJ) freezing to zero, xn(j) = J- From

Eq.(24), one gets

D3 = -Do = -2.9. (25)



Finally, we conclude that the stable range of the diffusive homogeneous attractor is

£>3 < D < £>i and when D < D3, the attractor is no longer stable and there is a

frozen phenomenon, Borne sites attain zero value. On the other hand, when D > D\, the

attractor is also unstable and there will be a multi-stable state of xn(j) since Eq.(23)

changes into Do 4- D92in(j) > 3 and this corresponds to the case of bifurcation of the

coupled diffusive map lattice.

3 Numerical iterations and spatio-temporal struc-
tures

We have made a numerical iteration of Eq.(8) by using an initially random distribu-

tion of xo(j) € (0,1) with j = 1,N. The size of the lattice is N - 1000 and a periodic

boundary condition xn(yV+l) = #n(l) is also used in the present paper. In Fig.l, we have

shown the time steps or the number of iterations, n, with which the lattice reaches the

diffusive homogeneous attractor, xn(j) = x', (j = 1, N) versus the coupling coefficient

D and the stable range of this attractor. The criterion for the diffusive homogeneous

attrar.tor was such that the attractor was reached with | xn(j + 1) — xn(j) \< 10~4 for all

sites of the lattice. From Fig.l, we can see that when -2.64 < D < 0.2212, the finally

stable state of the coupled diffusive map lattice is a diffusive homogeneous attractor,

while D < -2.64 and D > 0.2212, there exists no stable attractor for n up to 104. On

the bottom of this curve, the attractor is reached only after n •— 30. In Fig.l, we only

study the spatio-temporal structures for -4.0 < D < 3.2 since we kept Eq.(8) to be in

(0,1).

In our iterations, we found that there are several types of the spatio-temporal struc-

tures, or patterns: (I) When -2.64 < D < 0.2212, the stable state is an attractor

*n(j) = x", the diffusive homogeneous attractor. Here we found that there is an excel-

lent agreement with the previous discussion for the upper limit value, Dt = 0.2213. But

8

the lower limit value of D is not equal to —2.9. This is because there is a more sensitive

effect of the fluctuation of the system when D approaches D$ = —2.9 and the fluctuation

makes the onset of the frozen phenomenon to occur earlier. An example of the diffusive

homogeneous pattern is shown in Fig.2. (II) For -4.0 < D < -2.64, there exists a frozen

phenomenon which is showed in Fig. 3. We have seen that there are many sites frozen to

zero. The zeros divide the lattice into many domains or subsystems and correspond to

placing many insulating walls in the lattice. These walls block the occurring of diffusion

in the lattice since the boundary conditions for these domains are fixed to zero. In a

larger range of D values, the number of the zeros, M, is stable, unchanged. For small

values of | ZJ |, M, becomes stable within a short number of iterations. However, when

I D I is larger, the number of zeros stabilizes with a very long transient. The relation of

the number of zeros with the coupling coefficient D is almost linear, M ~ D. In addi-

tion, we have seen that within the domains, the dynamical behavior is complex. Some

domains are still on the attractor xn(j) = x', some are chaotic. For example, a small

part of the attractor is shown in Fig.4. To get the figure, we have discarded 5000 times

of iterations and plotted 1000 points for each site. From Fig.4, we can see that the sites

within a domain equally distant from the boundaries, zeros, undergo the same dynamical

behavior. This means that the interaction model is spatially symmetric. In Fig.5, we

have shown a first return map for site j = 511. We can see that the dynamical state for

this site is chaotic. The situation are the same for other sites either stilt on the diffusive

homogeneous attractor or on the chaotic state. (Ill) When 0.2212 < D < 1.215, the

pattern is a period-2 state. A bifurcation diagram for site j = 456 is shown in Fig.6(a)

(we have the same diagrams for the other sites too). The period-2 state is stable over

a large range of the D values. For 1.215 < D < 3.2, the pattern undergoes a transi-

tion from a quasiperiodic to a chaotic state {see Fig.6(a)). We will discuss this in the

following section. In addition, in Fig.6(b) we have also shown the same diagram for the

9



coupling of lattice Eq.(8), Dd^x^j) for j = 456. From this diagram, we can see that

due to the symmetry of the coupled map lattice Eq.(8), Fig.6(b) is also symmetric about

zero. The bifurcation structure of this figure is the same as Fig.6(a). Therefore, we can

conclude that the complex dynamics of the coupled map lattice, when Do = 2.9, results

from the term of diffusion, or the coupling Eq.(6).

Furthermore, we have also checked the fluctuations of the coupled map lattice for

different system sizes. We consider the mean-square deviation of the fluctuations of the

mean field

MSD =<hl>-<hn >2 (26)

where hn = jjJ2^ f[xa(j), Dn(xn(j))} is the mean field. The reason to study these

fluctuations is the following: when the system settles in a "turbulent" regime, its vari-

ables behave as a chaotic and seemingly uncoordinated way, and it may be possible that

it mimics an ensamble of independent random variables. If this were so, then ha should

converge to a fixed value h' as N —t co, with fluctuations around this limiting value nor-

mally distributed (Central Limit Theorem), and with a dispersion that decays as 1/vN

(Law of Large Numbers). That is, the mean-square deviation MSD would decrease as

the system size N increases. In Fig. 7, we showed the results for several different value

of D. It shows that as the system size increasing the mean-square deviation decreases

firstly (except that of D = —1.0 which is independent on the system size N) and then

they become saturated as jV increases. This implies that an ensemble of the maps does

not behave statistically [9], For the case of D = -1.0, because the dynamical state of

the coupled map lattice is a period-1 one and this state is not quasirandom, the result

remains almost constant as TV changes. It is noted that for Fig.7, we have only use 50

runs for the statistical averaging for each value of D. If we use more runs, the curves

are smoother, but the conclusion remains the same.

10

4 Dynamical characterization

In order to characterize the above mentioned spatio-temporal structures, we have

also calculated the largest Lyapunov exponent of our map lattice. We made ;uch a

calculation by considering that the state of the coupled diffusive map lattice at time n is

given by an Af-dimensional vector yn = (xn(l), xn(2), • • •, xn(N}). Then the sequence of

states jit for k = 0,1,- • •, is generated by the deterministic, discrete-time map, Eq.(8).

We calculate the largest Lyapunov exponent A of this trajectory (the sequence) by using

the method described in Ref.[18]. In Fig.8, we showed the largest Lyapunov exponent A

against D. From this figure, we found an excellent agreement with the above discussion.

When -2.64 < D < 1.215, the largest Lyapunov exponent A is smaller than zero, A < 0,

and the attractor corresponds to a period-1 state, i.e., the diffusive homogeneous state,

and a period-2 state, respectively. For 1.215 < D < 1.42, A ~ 0, the dynamical state of

the coupled diffusive map lattice is a quasiperiodic one. While A > 0 for 1.42 < D < 3.2

and —4.0 < D < —2.64, with these D values the lattice has a chaotic behavior (except

there are some periodic windows where A < 0). However, for —4.0 < D < —2.64

the state relateB to a so-called "weak chaos" or local chaos for which some sites are

chaotic and some sites frozen to be zero, as well as some sites are still on the diffusive

homogeneous attractor.

In Fig.9, we showed the transition from a quasiperiodic to chaotic for site j = 411.

We call these attractors (also Fig.5) the local attractors or the first return map which is

plotted by using xn+l(j) versus xn{j) for certain site. However, under the same condition

we have also seen that the local attractor of other site, say j-th, is the same as that of

the site i under equal iteration conditions (for those attractors with D > —2.64). For

the quasiperiodic attractor, the points construct a continuous close curve while for the

chaotic attractor there are some points out of the close curve or some points wrinkled

11



together. To make sure this does not result from the transient, we have discarded

very long iterations for these figures. From our previous discussion, we have seen that

the dynamical state is first a period-1 state. As D is increased, this period-1 state is

unstable, and bifurcates into a period-2 state, and then develops into a quasiperiodic

one (see Fig.6 and Fig.9(a)). Furthermore, this quasiperiodic state evolves into chaotic

when D is further increased (see Fig.9(b) and Fig,9(c)). This chaotic behavior is clearly

occurring via the transition from the quasiperiod. It is the route described by Ruelle and

Takens [19] and has been observed in many systems such as in fluid dynamics and also

in our previous study for a coupled dissipative oscillator, a Josephson junction system,

as in Ref.[20].

5 Conclusion

In the past, most of the work on chaotic dynamics has been concentrated on the tem-

poral behavior of low-dimensional systems. Many physical systems of interest, however,

as fluid flows, require the study of very high-dimensional systems which have intricate

spatial and temporal evolution properties. Models which might reveal, therefore, some of

the fundamental properties of spatially extended nonlinear systems are of great interest.

Compared to partial differential equations they have certainly the drawback that they

cannot in general be associated to realistic systems. But if one is interested in general

mechanisms rather than in specific realizations, then they have the essential advantage

of being much easier to simulate due to the discreteness in space and time. One such

model is studied in this work.

In this work, we are interested in exploring the diffusive process of a model sys-

tem from an initial random distribution and in finding the spatio-temporal structure.

Actually, diffusive homogenization gives rise to numerous processes in solids, such as

the onset of mechanical stresses, formation and growth of phases, chemical reactions,

12

change of the electric conductivity, etc. These processes are usually described by us-

ing the macroscopic characteristics of the diffusive homogenization pictures, that is the

concentration profile and motion of plane having a constant concentration.

In conclusion, we presented a study of the coupled diffusive map lattice with the

coupling between the neighboring elements only through the bifurcation parameter of

the mapping function in this paper. From an initially random distribution, we found that

there are several types dynamics for the spatio-temporal structures of the lattice: (I) the

diffusive homogeneous attractor, (II) the frozen phenomenon, (III) period-2 to chaotic

state via quasiperiodic transition. We have discussed the dynamical and statistical

behavior of the system for such structures. To characterize the dynamical behavior, we

have used the largest Lyapunov exponent for such a high-dimensional system.

It is worth to compare the coupled diffusive map lattice with the "noisy" logistic

map [21]. For the later case, the bifurcation parameter is ft = na -¥<r for the logistic map

xn+i = fixa(l — xn). The noise makes that the bifurcation point is widened and chaos

appears only after two or three bifurcations. It has recently been shown by Sinha [22] that

the effect of introducing parametric noise in an array of maps is twofold: when the maps

are uncoupled, and fluctuations are spatio-temporal, i.e., the maps evolve under noise

which varies randomly from site to site at every step of time, they observed statistical

behavior in the mean field; on the other hand when all the elements are subjected to the

same temporal random fluctuations, the mean field exhibits clear nonstatistical behavior.

Notice that although the coupled diffusive maps could be interpreted, in the chaotic

region, as an array of maps with spatio-temporal parametric noise, our results also nhow

nonstatistical behavior in the mean field. Therefore, it is completely different as we

have seen above for the coupled diffusive map lattice where the bifurcation parameter

depends on a diffusive term related to the states of three sites within the lattice. It is

this term that makes the dynamical behavior and the statistical behavior of such map

13
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lattice very different.

In addition, the self-modulated diffusive process within the coupled diffusive map

lattice showed us a special frozen effect by which the system is divided into many do-

mains. The appearance of the frozen obeys a linear scaling with the diffusive parameter

D. Within a domain, the dynamical state is either chaotic or fixed depends on how

many lattice the domain has.

Finally, a more interesting extension of the present work might be to generalize

into a two-dimensional case. We expect that the self-modulated diffusion process would

result in some interesting patterns such as the frozen zeros will construct some closed or

nonclosed walls for the domains, and also the system can behave the turbulent phase.

It certainly deserves for the future study.

Acknowledgments

The authors would like to thank Dr. G. Perez for valuable discussions. H.A.C. ac-
knowledges support from the Istituto Nazionale de Fisica Nucleare (INFN). W.W. would
like to thank Professor Abdus Salam, the International Atomic Energy Agency and UN-
ESCO for hospitality at the International Centre for Theoretical Physics, Trieste.

References

[I] A. R. Bishop, K. Fesser, P.S. Lomdahl, W. C. Kerr, M. B. Williams and S. E.

Trullinger, Phys. Rev. Lett., 50, 1095 (1983);

[2] Y. Kuramoto and S. Koga, Prog. Theor. Phys., 66, 1081 (1981);

[3] A. Arueodo, P. Coullet, C. Tresser, A. Libchaber, J. Maurer, and D. d'Humieres,

Physica D, 6, 386 (1983).

[4] A. R. Bishop, G. Gruner and B. Nicolaenko, eds, Spatio-temporal coherence and

chaos in physical systems, Physica D 23, 1986.

[5] T. Bohr, G. Grinstein, Y. He, and C. Jayaprakash, Phys. Rev. Lett., 58, 2155

(1987).

[6] K. Kaneko, Physica D 37, 60 (1989).

[7] K. Kaneko, Physica D 41 , 137 (1990).

[8] M. H. Jensen, Phys. Scrip. T 38, 22 (1991).

[9] G. Perez, S. Sinha, and H. A. Cerdeira, Physica D 63, 341 (1993).

[10] A. T. Winfree, The geometry of biological time (springer, Berlin, 1990) in:

"Biomathematics, Vol.8"

[II] J. P. Crutchfield and K. Kaneko, Phenomenology of spatio-temporal chaos, in: "Di-

rectors in chaos" (ed By Hao Bai-lin, World scientific Singapore, 1987).

[12] P. Grassberger and Thomas Schreiber, Physica D, 50, 177 (1991).

[13] Sanjay Puri, Rashmi C. Desai and Raymond Kapral, Physica D 50, 207 (1991).

15



[14] T. S. Akhromeyeva, S. P. Kurdyumov, G. G. Malinetskii and A. A. Samarskii, Phys.

Rep., 176, 189 (1989).

[15] O. A. Druzhinin and A. S. Mikhailov, Phys. Lett. A 148, 429 (1990).

[16] J. S. Langer, Rev. Mod. Phys., 52, 1 (1980).

[17] E. Ben-Jacob, H. Shmueli, O. Shochet, and A. Tenenbaum, Physica A, 187 378

(1992).

[18] L. F. Olsen and H. Degn, Chaos in biological systems, in "Chaos II" (ed by Hao

Bai-lin, World scientific Singapore, 1990).

[19] D. Ruelle and F. Takens, Commun. Math. Phys., 20, 167 (1971).

[20] Wei Wang, A. L. Thomson, Xixian Yao, Phys. Rev. B 44, 4618 (1991).

[21] J. P. Crutchfield, J. D. Farmer, and B. A. Huberman, Phys. Rep., 92, 45 (1982).

[22] S. Sinha, Phys. Rev. Lett., 69, 3306 (1992).

16

Figure Caption

Figure 1:
The stable range of the diffusive homogeneous attractor in D parameter space for Do =

2.9 in Eq.(8).

Figure 2:
The diffusive homogeneous attractor with Do = 2.9 and ZJ = —1.0.

Figure 3:
A snapshot of the frozen phenomenon with Do = 2.9 and D = —3.0.

Figure 4:
A part of the attractor for sites i = 480 540 of the lattice with Do = 2.9 and

D = —3.0. 5000 times of iterations have been discarded and following 1000 points have

been plotted for each site of the lattice.

Figure 5:
A first return map for site i = 511, Xn+i(511) vsXn(5ll), with Do - 2.9 and D = -3.0.

3000 points have been plotted and 5000 iterations have been discarded as transient.

Figure 6:

Bifurcation diagrams for site » = 456 and Da = 2.9 with (a): Eq.(8); (b): Dd2xn(i).

For each D values 200 points have been used and 5000 iterations have been discarded

as transient. In Fig.6(b), the dotted line in the middle is due to the software of the

plotting.

Figure 7:
Mean-square deviation of the mean field against system size JV, lo&iMSD) vs

for five different D values. 50 runs have been used for the statistical averaging.

17



Figure 8:
The largest Lyapunov exponent A against D for Do = 2.9.

Figure 9:

The first return map for site i = 411, A'n+i(411) vs Xn(411). 3000 points have been

used for the figure and 5000 iterations have been discarded as transient with Do = 2.9

and: (a) D = 1.3; (b) D = 1.44; (c) D = 1.6.
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