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ABSTRACT

The surface kinetics with diffusion of two kinds of particles {A and C) deposition

models, randomlike and ballistictike depositing on a (1 + l)-d:mensional substrate, has

been studied in this paper. The scaling behavior of the surface width for these two models

is obtained for various deposition probability P of particle C (the probability of particle

A, being 1 - P). We found that both models have a scaling behavior: the surface width

growth only depends on the time, W ~ tai-p) for the early stage and W ~ t"(p) for

the intermediate time, as well as W ~ Lz for the later time with different exponents

a(P) and /9(P) and z for two models. In addition, there is a phase transition when

the saturation surface widths are scaled to the deposition probability P for both models

W{t = oo) ~ P1: before and after the transition the scaling exponent 7 is different.

This transition is interpreted as that there are different morphologic structures when the

depositing probability for one kind of particle, particle C, is larger than a critical value

Pc

MIRAMARE - TRIESTE

October 1993

'Permanent address: Physics Department, Center for Nonlinear Dynamical Systems,
Nanjing University, Nanjing 210008, People's Republic of China.

"Permanent address: Universidade Estadual de Campinas, Instituto de Fisica, 13081
Campinas, SP, Brazil.

1 Introduction

Recently, there has been considerable interest in the study of the morphology of grc !ing

surfaces or interfaces, not only because of its potential technological importance, but

also due to its manifestation of interesting nonequilibrium statistical physics at funda-

mental levels [1]. Most of these studies contain rough surfaces and stochastically growing

interfaces in the context of ballistic deposition [2], the Eden model [3, 4], and the solid

on solid model [5, 6], as well as the molecular-beam deposition [7, 8] and the continuum

stochastic equation of Kardar, Parisi and Zhang (KPZ) [9].

A novel feature of this phenomenon is the existence of scaling [10], i.e., if we start at

t = 0 from a flat surface of length L, we have

W{L,t) = Laf{t/L>), (l)

where W(L,t) is the rms roughness of the surface, or the surface width

(2)

Here k(r, t} is the height of the surface at position r and time t, k(t) is the average height

at time t, and <f' = d— 1 is the substrate dimension in rf-dimensional space. The roughness

exponent a characterizes the self-affine fractal nature of the surface represented by the

scaling W ~ La, in the long-time limit. At the early stage of growth, t « L', the

scaling function f{t/Lz) is such that W ~ (", where /S = ajz and z is the dynamic

exponent.

A phenomenological equation, which applies to a large class of surface growth models,

is the KPZ equation [9]

— = i/VJ/i + (A/2)(Vft)J + n(r,i), (3)

where the noise r)(r, t) satisfies < t](r, t)»f(r', i') >= 2D6{r - T')S(t - t'). It is a nonlinear

equation for the time dependence of the interface height h{r, t) in a d-dimensional system,
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above a (d — l)-dimensional plane. The KPZ equation has been quite successful in

describing a wide variety of growth models, including ballistic aggregation, Eden model,

and vapor deposition [1].

The diffusion-limited-aggregation model produces a self-similar fractal structure [11],

The Eden model and the ballistic-deposition model give rough surfaces that are self-aftine

but not self-similar. Various models that are used for the study of surfai • phenomena

only concern the growing of one kind of particle [1). However, in the growing of real

materials one may take into consideration that difFerent particles are deposited on these

structures (i.e. alloys or impurities). Thus, in the growing system, there may exist

different interactions for different particles. The growing mechanism will also be changed.

In a previous work [12], we have proposed two models, (1) randomlike; and (II) ballis-

ticlike depositions, for the kinetic growth of the deposition of two kind of particles on a

d-dimensional substrate. Two different kind of particles, particle A (the active particle)

with a probability 1 — P, and particle C (the nonactive particle) with a probability P

are involved. These two models can be used to describe the chemical reactions which

take place in the surface of the growth of materials, or a growing interface of a material

with low concentration of impurities. However, in the cases we discussed in Ref.[12],

the diffusion of the particles is not included. As a matter of fact, this diffusion is very

important for the study of the surface growth. Many examples show that the diffusion

will change the structures of the surface and make the kinetics very complex.

As a continuing study of our models for the kinetic growth of the surface, in the

present paper, we discuss the effects of the diffusion by means of the dynamical scaling

behavior of the surface width. The arrangement of this paper is as follows. In section

II, we describe two cases of the diffusion of our models. In section III, we present

the dynamical scaling behavior of the surface width. In the final section, we give the

discussion and conclusion.

2 Models

We follow our previous studies considering the deposition of two different kind of par-

ticles, particle A (the active particle), and particle C (the nonactive particle), onto a

rf-dimensional substrate. In the initial configuration all sites on the substrate are occu-

pied by particle A. The particles are allowed to fall straight down randomly, one at a

time, onto a growing surface and stick where they land or diffuse to another position

according to the models described below. In both models, first a site is chosen randomly,

and then with probability 1 — P (or P) a particle A (or particle C) is deposited on the

surface of the aggregation depending on the conditions:

Model I. Firstly, the deposition occurs when the particle on the top of the chosen

site is particle A, or if the particle on the top of the chosen site is particle C and one

of the nearest neighbors is particle A (one unit heigher than the top of the chosen site).

Secondly, after this deposition, if the deposited particle is particle C, it is allowed to

diffuse to its neighbors until it is located at a minimal height. However, there is no such

diffusion for particle A.

Model II. The deposition occurs once the dropping particle first encounters a particle

A wherever it is on the top, or on the two neighbor columns of the chosen site. For

instance, if the dropping particle falls down along column t, and it first meets a particle

A which is on the column t + 1 (no matter whether this particle A is covered by a

particle C or not), this dropping particle will stick to this particle A and the falling

stops. Obviously, if the dropping particle first meets a particle A which is just on the

top of column i, it stops and deposit there.

The rules are depicted in Fig.l(a) ajid Fig.l(b) for both models, respectively. Com-

paring to the model I we used in Ref.[12], the difference with the present model I is the

introduction of the diffusion of particle C, The effect of the diffusion for particle C is



that particle C is always deposited at a local minimal height. Such kind of diffusion have

been used for many deposition models and it mimics the actual process of the growth of

the film or some other growth models (see Ref.[l] and therein). Obviously, when P = 0,

the deposition process of model I is just the same as the random model [10] which is a

trivial surface growth model in which a particle simply falls until it reaches the top of a

column. Since there are no correlations between the columnB these grow independently;

however, the surface IB rough. When P ^ 0 once a particle C is deposited on a column,

its growth will strongly depend on the local structure of the surface, and it does not

like model 1 in Ref.[12] in which the correlation is only related to two nearest neighbors,

it relates to a large numbers of neighbors. Thus, the correlation is more strongly and

widely.

For model II, since the deposition is not only happened on the top of a column, but

also beside a column. When the falling particle first meets a particle C on a neighbor

column, it can fall continuous until it meets a particle A if it has not reached the top of

the on-site column. These processes might be considered as a kind of diffusion. When

P = 0, model II is the usual ballistic model [2]. When p ^ 0, this model is a ballistic-like

model: the deposition process will be affected by the existence of the particle C.

3 Dynamical scaling behavior

In the present paper, we report on the simulations of a (1 + l)-dimensional case. The

substrate is a strip with the width L (in the X direction). The aggregation is in the Y

direction. At the beginning, all sites aiv occupied by particle A for Y < 0. A periodic

boundary condition is used in the L direction (in the X direction). The typical size of

system, L, used in our simulation is L = 100. Some runs on smaller and larger L have

also been performed.

3.1 Results for model I

Fig.2(a) shows a plot of the surface width W as a function of time for various deposition

probabilities for model I. The system size is L = 100 and the statistical average is found

by averaging over 100 or 250 runs. Curve (a) shows the case of the random deposition of

only one kind of particles (particle A), i.e., with P = 0 for particle C. In this case there

is no diffusion since the diffusion is only for particle C as defined in model I. As there

are no correlations between the columns, the height of the columns follows a Poisson

distribution [10]. The width of the surface is proportional to the square root of time

(, W ~ t1 > i-e., /? = 1/2, independent of dimension [10]. There is also no saturation

width, tnat is no steady state. For P / 0, the scaling behavior changes. From curves

(b-f), we see that there exists a steady state for various deposition probabilities of the

particle C. After a very long time the surface width saturates. The growth of the

aggregation is divided into two stages. Firstly, at early times, the width grows as a

power of time, W ~ f"(F' where a(P) represents the exponent a as a function of P, as

listed in Table I. For P < 0.25, this exponent a changes slowly with the increasing of

the probability P, and then it becomes large as P is increased from P > 0.25. Secondly,

the width grows with a power of time W ~ t0 for p < 0.25, 0 ~ 0.21 and for p > 0.25,

fi ~ 0.23 as listed in Table I. Finally, there is a saturation values of the width, i.e., the

width does not change when time increases.

Figure 2(b) shows a plot of the surface width of the deposition for the randomlike

growth with diffusion of particle C, model I, as a function of time for different system

sizes and for the same probability P = 0.15. From this figure, we see that the surface

width depends on the size of the system and the scaling behavior is the same for different

sizes but only with a different value of saturation for the surface width. From a plot

(not shown) of logarithms of W(t = oo) versus the system size L, we get a scaling



W{t = oo) ~ I 0 4 3 .

In Table I, we present the relationship between the deposition probability F, and

the exponents a, 0, as well as the saturation values of the surface widths W{t = oo).

We see that there exist two different behaviors for different a and /? for P smaller or

larger than P = 0.25, aiii also the saturation values of the surface width W(t = oo)

first decreasing and then increasing. This two distinguished behavior can be interpreted

as a phase transition of the surface growth. Before discussing this transition, in Fig.3,

we plot the saturation values of the surface width W(t = oo) against the probability P

for the system size L = 100. From this plot we can see that there is an evidence of the

transition from the scaling behavior: before P = 0.25 the saturated surface widths can

be scaled as

W{t = oo) ~ P" 4 / i ;

and after the transition they can be scaled as

W(t = oo) ~ FS.

(4)

(5)

However, there is a very wide transition region of P = 0.25 to P = 0.30 within which

the points can not be scaled both as Eq.(4) and Eq.(5). Actually, we have already seen

this transition from the values of exponents a and j3 which are obviousiy different before

and after P = 0.25. Therefore all of these results are consistent with each other.

Comparing the above mentioned results to our previous work in Ref.[12] where we

studied the same model, a randomlike deposition model but without the diffusion, the

seating behavior is very different from each other. In that work, we found that in the

early time of the deposition the surface width is scaled as W ~ I1'2, i.e., a = 1/2,

and W ~ t&(p) for the intermediate time, as well as the saturated values of the surface

width are independent of the system size (see Ref.[12j). Differently, when there exists a

diffusion for the deposition, the exponents a and 0 are smaller than that of the results in

Ref.[l2] with the same probability F, especially for exponent f}\ and also the saturated

surface width depends on the system size. The smaller exponent 0 means the growing

of the aggregate is slowed down due to the diffusion. In addition, in the absence of

diffusion, the growth will stop for a deposition probability, P ~ 0.25 (see Rcf.[12])

because all the surface sites might be covered by particle C. However, in the presence

of diffusion, the probability that the surface sites are covered by particle C, increases

to a very high deposition probability, P ~ 0.55. The physical reason for such a high

threshold probability is due to the special diffusion processes: the nonactive particle C

tends to aggregate together. It is that this diffusion gives rise to a phase transition as

a function of the deposition probability P. For small F, the depositions of particle A

occurs more frequently and the particle A's form a lot barriers, i.e., enables the surface

to be locally rougher. This rough surface makes the diffusion of particle C more limited

and only within a small range of the X direction. However, for large F, particle C is

more easily to diffuse and can travel to a large distance, which makes the surface more

smoothly. Thus, morphologically, in the region P < Pc the surface appears rough down

to short length scales. For P = Pc the surface is smoother than that of P < Fc, and

when F > Fc, the surface is dominated mainly by relatively large terraces. This kind of

phase transition is somewhat like that found by Family et al in a restricted solid-on-solid

surface growth [13].

3.2 Results for model II

In Fig.4(a), we show the surface width for model II, a ballisticlike deposition model with

some kind of diffusion (different from that in Ref.[l2]), with various values of probability

P but the same system size fixed with L = 100. For each curve the statistical average

is obtained by averaged over 400 runs. Curve (a) showB the results for P = 0, the

case of ballisticlike deposition with only one kind of particles (Particle A), which gives



the exponents a = 0.53 and /3 = 0.29 that are different from the standard ballistic

deposition mode! with a = 1/2 and fi = 1/3 [14], and are also different from the model

studied in Ref.[12]. There is a saturated value of the surface width following a long

time, i.e., the growth of the surface will be saturated. This behavior differs from model

I and it is a general character of the ballistic deposition growth. However, when P ^ 0,

the exponent a and /? are changed from 0.53 to 0.64 for a and 0.29 to 0.95 for /? as P

increases from 0.05 to 0.35 as listed in Table II. Just like the same situation as model I,

the randomlike deposition with diffusion, there is also a transition for these exponents:

Before the transition, the exponents a and f) increase slightly and, after the transition

they increase more rapidly.

In Fig.4(b), we show that the surface widths change with time with the same prob-

ability P for different system sizes. From this plot we can see that as the system size

increases the saturation widths become large. From a plot of the logarithm of W(t = oo)

versus the logarithm of the system size L, we obtain a scaling as W(t = oo) ~ L0M. This

dependence on the system size is almost the same as model I since the scaled exponents

are very close to each other.

In Table II, we list the relationship between the deposition probability P and the

exponents a and 0, as well as the saturation values of the surface width W(t = oo).

Again, we see that they also exhibit two different groups for the exponents a and /?,

as well as the saturation values of the surface width W(t = oo), first decreasing and

then increasing when the deposition probability P is smaller or larger than Pc ~ 0.25.

Therefore, there exists a phase transition at Pc. In Fig.5, we have plotted the scaling

behavior of the saturated values of the surface width W(t = oo) with the deposition

probability P. The scaling feature is different when the deposition probability P is

larger or smaller than Pc

W(t = oo) for

S

f><0.25; (6)

and

W(t = oo) ~ P130 for P > 0.25.

This transition point of Pc = 0.25 is also consistent with the different characters of

exponents a and ft listed in Table II. There is also a transition region, however, this

region is very narrow and is not as large as that of the case for model I. The present

ballisticlike deposition model is slightly different from that we studied in Ref.[12] where

there is no such transition. As the same reason we concluded for model I, this transition

results from the diffusion process when the surface grows. The nonactive particle tends

to aggregate together, and the morphologic structure is different when the deposition

probability P is below or above the transition value Pc = 0.25. However, a complete

understanding of such transition is difficulty. It appears to be a nonequilibrium analog

of the roughening transition as for model I. Finally, it is worth to note that in Fig.5, we

did not include the points for P = 0. But as we can see from Table II that the saturated

value of the surface width is W(t = oo) = 3.35 for P = 0, it is just on the scaled line

shown in Fig.5 from extrapolation.

In addition, from our results we have found that the deposition will be stopped when

the deposition probability P > 0.35 since the surface sites are all covered by particle

C's, the nonactive particles. In our simulations, we have also found that there is an

oscillation of the surface width W(t) with time around the saturated surface width before

the deposition is saturated completely while the deposition probability 0.25 < P < 0.35.

That is, the surface width decreases for some time and then increases, and this process

is repeated several times while at the same time the amplitudes become smaller and

smaller as long as the time goes on. We interpreted this kind of oscillation phenomenon

as follows: each oscillation of the surface width corresponds to the addition of a single

monolayer to the aggregate, and the maximum in W(t) corresponds to a half-integral



number of layers and the minimum to an integral number of layers. For a more detailed

discussion see Ref.[15].

4 Discussion and summary

In this paper, we have presented a study of the surface kinetics with diffusion, for a

two kind of particles deposition models, randomlike and ballisticlike depositing on a

(1 4- l)-dimensional substrate. The scaling behavior of the surface width for these two

models is obtained for various deposition probability P of particle C (the probability of

another particle, particle A, being 1 — P). We found that both models have a scaling

behavior: the surface width growth only depends on the time, W ~ iQ<p> for the early

stage and W ~ ts^ for the intermediate time, as well as W ~ L' for the later time with

different exponents a{P) and 0(P) and z for two models. In addition, there is a phase

transition when the saturated surface widths are scaled to the deposition probability P

for both models W(t = oo) ~ f: before and after the transition the scaling exponent

7 is different. This transition is interpreted as being different morphological structures

when the depositing probability for one kind of particle, particle C, is larger than a

critical value Pc.

The physical motivations of the models presented in this paper might be twofold as

follows. Firstly, our models may represent the chemical reactions which take place in

the surface of the growth of materials. For example, we model the following reaction

process:

A + B = C. (8)

Particle A and particle B are active, and once particle A is touched by a particle B the

combination produces a reactant C which is no longer active. The particle A is chosen

with a probability 1 — P, and the particle B with P, i.e., the reactant C is produced

10

with the probability P. Thus, in these systems, some of the surface sites continue to

react while some sites do not. We introduce naturally the diffusion only for particle

C'a since they have less interactional "bonds" with other particles and they can move

more freely to a place with lower height just like moat of the diffusion processes studied

by other authors (see Ref.[l] and refs therein), The initial flat substrate placed with

particle A is for the reactions. Secondly, these models can also represent a growing

interface of a material with low concentration of impurities. Our models mimic the role

of the impurity atoms as follows. An impurity atom (particle C) is introduced with \

probability P while it has less active bond for other atoms (particle A).

In Ref.[16], Keefer and Schaefer developed a variation of the Eden model to study

the growth and structure of fractally rough silicate particle cluster by considering the

details of the silicate chemical process. In their model the active bonds (n) and non-

active bonds (4 — n) of each monomer are modelled by a random functional. Our models

are different from theirs since we only consider the deposition process of two kinds of

particles with different bonds.

Finally, we note that it would be interesting to build a stochastic differential equation

for describing the growth process found in the present paper, and the extension of the

system to higher dimensions for examining whether there still is such a phase transition

deserves further work.
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Tables

Table I: The relationship between the probability P and the exponents a and 0, as well

as the saturated values of the surface width W(t = oo) for model I.

p
a

0
Log2W(t = oo)

0

1/2
1/2
oo

0.05
0.47
0.20
4.30

0.10
0.44
0.20
3.49

0.15
0.45
0.20
2.93

0.20
0.45
0.21
2.73

0.25
0.44
0.21
2.55

0.30
0.49
0.22
2.60

0.35
0.49
0.22
2.65

0.40
0.50
0.23
2.80

0.45
0.53
0.23
2.98

0.475
0.57
0.23
3.95

0.5
0.58
0.23

-

Table TI: The relationship between the probability P and the exponents a and /?, as

well as the saturated values of the surface width W(t = oo) for mode! II.

p
a

0
Log2W(t = oo)

0
0.53
0.29
3.35

0.05
0.54
0.30
3.21

0.10
0.55
0.30
3.10

0.15
0.56
0.30
3.05

0.20
0.57
0.30
3.04

0.25
0.58
0.31
3.16

0.30
0.62
0.59
3.45

0.32
0.63
0.68
3.70

0.35
0.64
0.95

-
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Figure Captions

Figure 1

Two deposition models: (a) Model I; (b) Model II. The circles represent the falling

particles (particle A or particle C), the squares represent particle ,4's and the squares

with a cross denote particle C's. The down arrows show the falling and the right and

left arrows show the positions where the falling particle will stick.

Figure 2
Log-Log plots of the surface width W(t) against t, the numbers of the deposited particles,

(a) with different probability P and same system size L = 100; (b) with the same

probability P = 0.15 and different system sizes.

Fig.l(a)

Figure 3
Log-Log plot of the saturation value W(t = oo) against the probability P.

Figure 4
Log-Log plots of the surface width W(t) against t, the number of deposited particles per

site, (a) with different probability P and same system size L = 100. (b) with different

system size L and same probability P = 0.2.

Figure 5
Log-Log plot of the saturation value W(t = oo) against the deposition probability P.

Fig.Kb)
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