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ABSTRACT

Employing Biot's theory for wave propagation in porous solids, the propagation of
waves at the loosely bonded interface between two poroelastic half-spaces is examined
theoretically. The analogous study of Stoneley waves for smooth interface and bonded
interface form a limiting case. The results due to classical theory are shown as a special
case.
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1 Introduction

Wave propagation in elastic media is of great interest in seismology and geophysics, and
a substantial literature on this subject is available in Ewing et al. [1]. Several detailed
accounts of wave propagation is given by Kolsky [2] and Miklowitz [3].

Surface waves will appear on the plane where two half-spaces of different elastic prop-
erties are joined, and such waves were usually referred to as Stoneley waves. It is usually
assumed that the two half-spaces in contact with each other along a plane interface is
one of bonded contact. This assumption implies that the displacements and stresses are
continuous across the interface. The other case is of two half-spaces in smooth contact
implies that the shearing stress vanishes at the interface while the normal displacement
and normal stress are continuous. The continuity of displacement parallel to the interface
cannot be imposed in view of the fact that a smooth interface will allow a finite amount of
slip for the material motion. Stoneley waves were possible only if the material properties
of two solids satisfy certain restrictive conditions [4]. The acoustic behaviour of loosely
bonded interface of two elastic half-spaces is proposed by Murty [5] under an additional
assumption that the slip at the interface is proportional to the local shearing stress.

In the present analysis, the study of propagation of waves at the loosely bonded
interface of two poroelastic half-spaces is examined analytically following Murty [5]. The
investigation is useful in non-destructive testing and in the study of dislocations in solids.
This model is formulated using the basic formulation of stress waves in a liquid-filled
porous media due to Biot [6]. Biot's model consists of an elastic matrix permeated by a
net work of interconnected spaces saturated with liquid. An account of further researches
based on this theory is given by Paria [7]. A historical review of the formulation of porous
media theories is given by Boer et al. [8j. Using this theory, Tajuddin [9-13] examined
some aspects of surface waves in porous solids, for example, Rayleigh waves, Stoneley
waves and the dynamic interaction of a layer and a half-space.

In the considered problem, it is assumed that both the half-spaces are homogeneous,
isotropic and linearly elastic. The frequency equation is derived and discussed in the
limiting case. The analogous study of Stoneley waves for bonded and smooth interface
form a limiting case of the present study, each for pervious and impervious surface [12].
Throughout our analysis, we show how the results of some earlier works follow as particular
cases of the more general results presented here.

2 Governing Equations

The field equations of a poroelastic solid in the presence of dissipation b are [6]

= ~(Pnu + Pl2U) + b^-t(u-U),

In (1), V2 is the Laplacian operator, u(u, w), U(U, W) are solid and liquid displacements;
e, € are the dilatations of solid and liquid; A,N,Q,R are poroelastic constants; and /3tJ

are mass coefficients following Biot [6], The relevant solid stresses <T,J and liquid pressure



s are

+ (Ae + Q e) $y, (*, j = 1,2,3)
s = Qe + R € , (2)

where S^ is the Kronecker delta function.

3 Solution of the Problem

Consider the waves on the plane where two homogeneous, isotropic poroelastic half-spaces
are joined. Let the half-spaces be separated by a horizontal plane z = 0 of rectangular
coordinate system with the origin at the interface, x-axis in the direction of propagation
and 2-axis into the interior of the lower half-space. The solid displacement functions
u(u,w) which can be readily evaluated from (1) representing the plane harmonic waves
travelling in the x-direction, are

u = -ik [Bep* + De-p! + Eeqz + Fe-" - iS^e1* - MeT"")\ c'M"**),

w = k[a(B<?'-De-pz) + 0(e'>*-Fe-<*)-i(Le1z + Me-TJ\jlut-k*\ (3)

where w is the frequency of wave, k is the wavenumber, 5 , D , E , F , L , M are all constants
and a, /?, S are

a=pk-l = {l-<?c]2)l<*, 0 = qk-1 = {l-<?c2)l*t S = ik-1 = (1 - cV) 1 / 2 , (4)

where c = wfc"1 and c/j, c,j, c3 are dilatational wave velocities of first and second kind
and shear wave velocity, respectively [6]. By substituting the displacement solutions u,w
in (2), the relevant stresses are

axx = k2\G{Bepz + De-") + S(Eeqz + Fe~9') - 2Ni6{Le1" - i [ k \

azx = -Nik2[2a(Bepz - De~pz) + 2/3{Eeqz - Fe~"z) - «(1 + 8

s = k2[4>(Bepz + De~pz) + X{Ee^ + Fe-qz)}ei{uJt~kx\ (5)

where G, S, 4>, x, ^2 a n ( l T?2 a r e

G = 2Na2 + (a2-l)(P-2N + QZ2), S = 2N02 + (02 ~ 1)(P-2N
4> = (a2 - 1)(Q + R^2), x = (J^ - 1)W + ^ a ) ,

Q') -c*d(RMn -
} i a - QM22) ' ' c2rf(i2M12 - QM22)

(6)

In the above, P(= A + 2N) is a poroelastic constant and Mn,Mi2, M22 are

, M13 = P12 + i&uT1, M22 = P22 - ifiw"1 . (7)



4 Boundary Conditions - Frequency Equations

In (3)-(7), the subscripts 1 and 2 are used for dependent variables and material parameters
in the upper and lower half-spaces, respectively. Further, the displacements and stresses
must decrease with increasing distances from the plane z = 0 in the lower half-space. Thus
the equations relating phase velocities and wavenumbers can be obtained using (3) and
(5) with aforesaid conditions to write the equations of both half-spaces into the boundary
conditions. For simplicity, a case of a non-dissipative medium (b = 0) is considered, then
the phase velocity c will be u>k~l.

Following the analogy of Murty [5], the boundary conditions at the loosely bonded
interface are as follows:

at z = 0,

(86)

where the subscripts 1 and 2 relate to the upper and lower half-spaces, respectively.
Eqs.(8a) and (8b) are to be satisfied for a pervious surface, while Eqs.(8a) and (8c) are to
be satisfied for an impervious surface. Employing (3) and (5) along with the prerequisite
conditions to write the equations of both half-spaces into the boundary conditions relating
to a pervious surface gives six homogeneous equations in six constants B, E, L, D, F, M.
These have a nontrivial solution only when the matrix of the coefficients of these constants
are singular. This determines the frequency equation to be

|4y| = 0, i , ; = l , 2 , . . . , 6 (9)

where the elements of the determinant are

A u = G2 + 4>2, A 1 2 = S2 + V>2, A 1 3 = 2N2S2, A u = -(Gt

= 2iV2a2, A22 = 27V2&, A 2 3 = JV2(1 + 8\),
A24 = 2NiaiiA2S = 2N^UA2& = -Nx{\ + «?),

An = "2 , A32 = & , Aw = A36 = -l,A34 = au A35 = @\,

A j 4 = A45 = -N2ii>ccJ2\A46 = - £ i A i 4 , A51 = fo, A52 = X2, A64 = 4>\, A65 = Xi,
A53 = i4 M = A55 = Aje = A61 = A62 = A63 = Am = 0 .

(10)
In case of an impervious surface, we can write the frequency equation in the form

|5o- | = 0, t , j = l , 2 , . . . , 6 (11)

where the elements of the determinant are



Bu = An, B12 = A12, -613 = A13, Bi4 — An, Bi5 — Ai5, B16

Bn = A2uB22 = A22, B2$ = A23, ̂ 24 = ^24> 52s = A25, B26

B31 = A31, B32 = A32, -^33 = B36 = — 1 , i?34 = ^34) ^35 = ^ 3
B41 = A41, S42 = A42, B43 = A43, ,644 = 5 4 5 = A44, B46 = A

5 5 3 = B54 = 5 5 5 = fi56 = J?61 = 5 6 2 = i?63 = -̂ 66 = 0.

(12)
The frequency equations (9) and (11) are nondispersive.

5 Results and Discussion

The frequency equation for the case t}? = 0 correspond to smooth interface while if? = 1
for bonded interface. In these limiting cases, the frequency equations (9) and (11) reduce
to the analogous frequency equations, each for pervious and impervious surface studied
by Tajuddin et al. [12]. Also these equations allow real values of phase velocity satisfying
conditions for interfacial waves. Setting liquid effects to vanish in (9), the results of
classical theory due to Murty [5] are obtained as a special case. When 0 < ij? < 1, the
frequency equations gives attenuated interfacial waves which will be studied separately.

Acknowledgments

The author would like to thank Professor Abdus Salam, the International Atomic
Energy Agency and UNESCO for hospitality at the International Centre for Theoretical
Physics, Trieste.



References

[1] E.M. Ewing, W.S. Jardetzsky and F. Press, Elastic Waves in a Layered Media
(McGraw-Hill, New York, 1957).

[2] H. Koisky, J. Sound Vib. 33 , 88-110 (1963).

[3] J. Miklowitz, Appl. Mech. Rev. 13, 865-878 (1960).

[4] J.D. Achenbach and H.I. Epstein, Proc. ASCE, Eng. Mech. Div. 5, 93, 27-42 (1967).

[5] G.S. Murty, Phys. Earth and Planetary Inter. 11 , 65-79 (1975).

[6] M.A. Biot, J. Acoust. Soc. Am. 28, 168-178 (1956).

[7] G. Paria, Appl. Mech. Rev. 16, 421-423 (1963).

[8] R. de Boer and W. Ehlers, Acta Mech. 74, 1-8 (1988).

[9] M. Tajuddin, Indian J. Pure and Appl. Math. 13, 1278-1282 (1982).

[10] M. Tajuddin, J. Acoust. Soc. Am. 75, 682-684 (1984).

[11] M. Tajuddin and A.A. Moiz, J. Acoust. Soc. Am. 76, 1252-1254 (1984).

[12] M. Tajuddin and S.I. Ahmed, Acta Geophys. Polon. 38, 395-405 (1990).

[13] M. Tajuddin and S.I. Ahmed, J. Acoust. Soc. Am. 89, 1169-1175 (1991).


