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ABSTRACT

In the theory of dense liquids, one usually introduces various correlation functions for
describing properties of such systems. It has proved impossible to solve these correlation
functions exactly and as such one often resorts to some meaningful approximations for
their solutions. It is well known that unless proper precautions are taken, the approximate
solutions will violate some useful sum rules and thermodynamic consistency conditions.
Here the general rules for generating thermodynamically consistent approximate corre-
lation functions are discussed. The role of triplet correlation is elucidated further by
calculating a residual correction to the vacancy formation energy via three-particle cor-
relation in rare gas solids.
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1 Introduction

In the statistical mechanical theory of liquids based on tractable integral equations, the
correlation functions will continue to play important roles as the knowledge of these
quantities are essential for the determination of the structures and thermodynamics of
such systems. For dilute fluids, one is permitted to introduce the concepts of one- and
two-particle distribution functions in a rather simple and intuitive manner. However, to
tackle more complicated problems i.e. the real liquids, one needs more powerful tools that
allow systematic dicussions of the statistical behaviour of many particles.

If one attempts to explain the properties of real liquids from a microscopic point of
view, on principle, one should begin with exact integral equations of statistical mechanics
relating pair potential and other correlation functions; but this will necessitate solving
the whole heirarchy of equations for some unknown successively higher order correlation
functions. The lack of necessary mathematical techniques hampers these attempts to
treat them exactly. On the other hand, one starts from the exact integral equations
involving pair potential, v?(r)> direct correlation, c(r), pair correlation, g(r), and three-
particle correlation, <?3(r, r'), functions and close the heirarchy by some form of decoupling.
Unfortunately, most of these approximate solutions do not satisfy l the well known sum
rules. Conservation laws, sum rules, thermodynamic consistency conditions etc. are very
important in theoretical physics as they provide a very useful test for any approximate
evaluation of the properties of the interacting many-body system and as such a measure
of the validity of any approximation, therefore, will be the extent by which these laws are
satisfied.

As mentioned earlier, in general one cannot solve exactly the integral equations con-
taining potential and correlation functions and hence cannot obtain exact correlation
functions. But as is well known, many of the important properties of the system can be
found in terms of two- , three- (and higher- ) particle correlation functions. One will thus
have nothing more than approximate correlation functions and the proper evaluation of
these functions is of considerable and continued interest 2 in liquid state theory. Here
we have studied in detail how one can generate correlation functions compatible with
sum-rules and other thermodynamic consistency conditions for various situations.

2 Decompositions of Direct Correlation Functions
and Role of Triplet Functions

Liquid theories for direct correlation, c(r), involve pair potential, <p(r), pair function,
<;(r), and three-particle or triplet correlation function, g3(r, r'), and it was shown * that
approximate solutions will suffer from varying degrees of thermodynamic inconsistency.

For reasons of consistency between virial and long wave compressibility results, direct
correlations, e(r), can be divided 3 into two parts i.e.

c(r) = cp(r)+cc(r) (2.1)

The potential contribution 2li, cp(r), of the direct correlation function for an arbitrary
dimensionality d,

(r)] (2.2)cn r = - kBT 2dprd~l dpdr1
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is responsible
the sum rule

entire compressibility and decays as -j?~f at sufficiently large r implying

jcc(r)d'<r = (2.3)

The correction cc(r) to cp(r) is entirely due to the cooperative effects arising from the
many-body forces and makes an important contribution to the properties of various dense
systems, kg, T and p are the Boltzmann constant, temperature and density respectively.

From equation (2.2) one can see that a'^'"^ enters the theory now. From the statistical
mechanical approach, one knows 5 that the density dependence of the pair correlation
function is related to the triplet correlation function g3(r, r') i.e.

pj{93(T,r') - g(r)} dt'} (2.4)

where the long wavelength limit of the structure factor, 5(0), connects thermodynamics
via the relation,

5(0) = kBT
\dp)T

pkBTKT (2.5)

and KJ is the isothermal compressibility. This is physically appealing because the exact
integral equation of classical statistical mechanics * relates <fi(t) and g(r) through <?3(r, r').
It could be mentioned here that interaction between the particles in dense system will
play a very complicated role and one has to take into account not only the direct inter-
action between two particles, but also the effects mediated by the rest of the particles.
Nevertheless, a little thinking indicates that these effects involve higher powers of density,
thus, in a dilute system with short-range forces, these become negligible i.e. properties
are density independent. An explicit microscopic expression for cc(r) for general case is
yet to be established.

We shall now discuss the results in connection with the decomposition of c(r) in three
different situations and would like to see how the many-body effects are playing their role
in such cases.

In overall neutral plasma, the charge-compensating background obeys equation (2.2).
For the state F = 2, the pair function, g(r), of two-dimensional Coulomb plasma has the
closed form r :

g(r) = 1 - ^ p ( - T ^ ) (2.6)

Introducing an independent variable x = r(jp)1^7, cp(x), cc(x), c(x) for the state F = 2
of two-dimensional Coulomb plasma are given by ( see Refs. 4 and 7 ),

= 2/n* [l - «p(-x2){l - 2x + j}] (2.7)

Using the Ornstein-Zernike convolution relation between g(r) and c(r), one obtains,

(2.8)

and employing equations (2.7), (2.8) and (2.1), one obtains the correction term, cc(r), in
the following form :

cc(x) = - - 2*' + j}\ - 27 - (2.9)

Here 7 and £ are Euler's constant and Riemann's function respectively. The plots
of c(x), Cj,(x) and cc(x) for two-dimensional Coulomb plasma for the state F = 2 are
presented in Fig.l.
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Fig. 1. The plots of the direct correlation function, c(x) , the potential part ,
cp(x) — . — . — and the correction cooperative part, cc(x) for two dimensional
Coulomb plasma with F = 2 .

From the argument given above, one can develop 8 the direct correlation function,
c{r), for systems of low densities in power of series expansion in p, i.e.

c(r) = f(r) + O(p)

and

S(r) = f{v) + 1 + O(p)

where the Mayer function f(r) is defined by

(2.10)

(2.11)



f(r) =

For d = 3

and

+ 0(p)

Cr(r) = /(r) - /(r)

(2.12)

(2.13)

(2.14)

and it can be shown explicitly 9 that equation (2.14) does indeed satisfy the sum ru/e(2.3).
c(r), cp(r), cc(r) for Kr at 297K using the potential of Barker et al 10 are presented in
Fig.2.
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Fig. 2. Plots of c(r), , cp(r) — . — . — and cc(r) for dilute Kr fluid,

The X-rays diffraction data n of fluid Ar near triple point is used to estimate ^ j "
numerically to find many-body effects for such systems. Fig.3 represents the plots of c(r),

-16

Fig. 3. Plots of c(r), , cp(r) - .
using experimental data " ,

— . — and cc(r) for a dense Ar fluid

cp(r) and cc(r) for dense Ar fluid based on measured experimental data n .

3 Vacancy Formation Energy and Role of Triplet
Function

Recently 13 the vacancy formation energy, Ev, in units of kBTm, has been expressed in
terms of thermodynamic variables and jftfr,!-') at melting temperature, Tm, i.e.

kBT~

where cv and cv are specific heats at constant pressure and volume. Using experimental
data one can find (see Table below) that the first term of the R. H. S. of equation (3.1) is
the main contribution to j ^ . We have used the measured X-rays data " for fluid Ar,
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Fig. 4. The plot of the nature of the density derivative of the pair correlation function,
22p^, for Ne using experimental data 13 .

neutron differation data by de Graaf and Mozer 13 for liquid Ne and simulation data of
Ram et al '* for dilute Kr to estimate the density dependent structural term i. e. term
containing ^ ~ - It is clearly evident from Table 1 that the density dependent term is
small (compared to the thermodynamic contribution to the vacancy formation energy) for
insulating solids. In fact, the structural contributions in Ar and Kr are very insignificant
in comparison to the thermodynamic contributions.

1 CLL{_ 1 l-dl

Ne
Ar
Kr

0.021
0.055
0.077

F Ik- T i '

(experimental)

9.95
7.60
7.64

•<:,/c-i)(£,,/
P B m Tn

6.45
7.53
7.64

Up7 m

1.04
0.07
0.06

Table 1: Experimental and calculated values of various quantities of interest

Howewer, for Ne the ^§f^ term is largest for such solids implying t6 that the three-
body effects are important in Ne.

4 Conclusions
From our study one sees that for the 2-d Coulomb plasma outside the core cp(c) is dom-
inant and here the contribution of cc(r) to c(r) decreases rapidly with distance though
cc(r) contribute entirely to c(r) near r=0.

For the case of dilute Kr in our study both cF(r) and cc(r) contribute equally to c(r).
One feels that the present method of decomposition of c(r) is useful only for dense state
where cooperative effects are expected to play a role. This has clearly been demonstrated
(Fig. 3) in fluid Ar , bill more accurate data from diffraction experiments or from com-
puter simulations will surely be useful for decisive conclusions.

The present study has demonstrated that the triplet correlation g3(r,r') contributes
insignificantly (compared to the thermodynamic contributions) to vacancy formation en-
ergies for insulating solids like Ar and Kr. However, the inclusion of the three-particle
correlation, g3(r, r'), in our theory allowed us to find that for the case of Ne the calculated
monovacancy formation energy are in better agreement with experiments.

The present calculation may be extended to include superfluid He and liquid or solid
metals having density dependent pair potential where many-body effects are important.
Then ^(r) will dominate cv(r) at large r in equation (2.1) and the term containing ^
will contribute significantly to Ev in equation (3.1).
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