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0 Introduction

During the last 25 years, since Moishezon introduced the special spaces in his famous
1966 paper, these spaces now called Moishezon spaces have been extensively studied
and investigated by several mathematicians. The differential geometric understanding of
these spaces was reasonably complete after Siu's (and Demailly independently) solving
the Grauert-Riemenschneider conjecture in 1985-86. The state-of-the-art on this was
systematically summarized in ray earlier article [89] with a slight bend towards complex
analytic geometry-like 1-convexity, (p, ^(-convexity of spaces etc. In this article I want to
summarize the developments during the last 7 or 8 years on the geometry of Moishezon
and 1-convex spaces, specially the projectivity problem of Moishezon spaces and nbd-
structure in a 1-convex space and the presence of a Kaehler metric on the exceptional set
or on its nbd. This is a topic common to algebraic geometry, differential geometry and
complex analytic geometry. The treatment will be reasonably complete and upto date on
the topics treated here.

The material is arranged as follows. In Sec. 1 we recall the preliminary facts on
Moishezon spaces. Sec. 2 deals with the place of Moishezon spaces among other related
geometric categories. In Sec. 3 the characterization problem of Moishezon spaces has
been discussed and an upto-date account was given. Sec. 4 concerns with cohomological
positivity of coherent sheaves and Moishezon property. In Sec. 5, 1-convex spaces have
been introduced and their relation with Moishezon spaces discussed. Sec. 6 deals with
the important topic of projectivity of Moishezon spaces (manifolds) especially Grauert's
example of a 2-dimensional Moishezon space which ia not projective wilt be interpreted as
a special singularity and its generalization as hypersurface singularity wiil also be given
by a 1-point blowdown technique. In Sec. 7 in the non-singular case, the Hironaka-
Moishezon example will be interpreted as a result on obstructions for projectivity of a
Moishezon manifold and we give some more information on such obstructions in terms of
special currents of biodegree (1,1). Finally this section also interprets these obstructions as
special inclusion (strict) relations between some special cases of 1-convex spaces, regarding
them as non-compact version of obstructions. Sec. 8 deals with the differential geometry
of 1-convex spaces by studying the influence of a Kaehler metric g on the local nbd
structure of its exceptional set. In Sec. 9 the geometry of 1-convex manifolds (X, S) with
1-dimensiona! exceptional set S was studied and also the presence of a Kaehler metric on
them.

Some comments are in order. Firstly in the first 5 sections the treatment is upto the
point at a fast pace as these were treated in greater detail in [89]. Sections 6-9 we have
treated rather in reasonable detail and up-to-date. Nevertheless, it shouM be pointed out
our knowledge on obstructions of projectivity of Moishezon objects is /ery scanty and
incomplete. A lot remains to be investigated. A!so in Sec. 8 the geometric picture of
the nbd structure of 5 in a 1-convex space {X, S) is incomplete as our understanding of
compactifications of C and of Stein spaces in general is of recent origin and is at the
beginning and this should first give a clear picture (geometric) of the Artin's algebriza-
tion theorem of formal moduli. There is no pretence at the comprehensive nature nor
completeness of references at the end. In two sections (10, 11), a very brief and sketchy
account of cohomotogy vanishing theorems and compactifications of C3 was outlined at
crash speed later on.



1 Preliminaries on Moishezon spaces
Definition 1 Let X be a compact complex manifold (space) of complex dimension n. X
is called a Moishezon manifold (space) if X admits n algebraically independent meromor-
phic functions over C. All spaces are reduced and irreducible throughout.

Theorem 2 (Siegel [86]) If m(x) denotes the meromorphic function field on X with
transcendence degree d over C then d < n = dim X.

Definition 3 By a desingularization of a complex space X we mean a, pair (A\TT) of a
complex manifold X and 7r : X —* X is a proper surjective holomorphic map such that
there exists a closed complex subspace E of X outside which IT is a biholomorphism and
this E is called the exceptional set of X.

Theorem 4 (Hironaka [32]) Every compact complex space admits a desingularization.

Theorem 5 (Moishezon [55]) (a) Every compact Moishezon complex space X admits
a projective algebraic desingularization. That is, there exists a pair (AT, ir) desingulariza-
tion with X as a projective algebraic manifold.

(b) Moishezon property is preserved under holomorphic surjections.

Definition 6 (a) Let X be a compact complex manifold. Let L be a holomorphic line
bundle on X. We say L is positive if its first Chern class Cj(L) is positive, That is, there
exists a hermitian metric ft on L such that the (l,l)-form Kh = tefV'log \\h\\ is positive,
i.e. Kk(v,v) > 0 for each v <E T+(X)

(b) A compact complex manifold A' is called projective algebraic if X can be embedded
holomorphically as a closed subspace of some projective space

Theorem 7 (Kodaira [42]) Let M be a compact cplx manifold. Then M is projective
algebraic if and only if M admits a positive holomorphic line bundle L,

This theorem was generalized to compact complex spaces by Grauert as

Theorem 8 (Grauert [24]) Let A" be a compact complex space. Then X is projective
algebraic iff X admits a positive holomorphic line bundle L.

The notion of a Kaehler metric on a complex manifold can be generalized to a complex
space as follows:

Definition 9 Let A" be a complex space and let {(/,} be an open cover for X. We say
X admits a Kaehler metric if there exist strongly pluri-subharmonic functions {^} such
that on U<(~\Uj, <p, — <Pj is pluriharmonic, i.e. locally it is the real part of some holomorphic
function. We say X is a Kaehler space if X admits a Kaehler metric. If A" is non-singular,
this definition is the usual one.

Remark 10 In view of Theorems 5, 7 and 8 it is a natural problem to characterize
"Moishezon property" of a compact complex space in terms of "some geometric object"
(analogous to holomorphic line bundles) and "certain notions of positivity on them" in a.
differential geometric way.

2 Categorical relation of Moishezon spaces
Let A denote the category of projective algebraic spaces of complex dimension n.

Let M_ denote the category of Moishezon spaces of complex dimension n.
Let K_ denote the category of compact complex spaces oi c-d-n admitting a Kaehler

metric.
Let Q denote the category of compact complex spaces of c • d • n.
Then (a) every projective algebraic space is Moishezon (b) Every Moishezon space

is in Q_ (c) Q_ strictly contains M_ because there exist complex tori Tn with arbitrary
transcendence degree d over C. In fact there exists a complex torus Tn with d = 0 (Siegel
torus), (d) there exists a Moishezon M which is not algebraic.

In summary we have

Theorem 11 A % M C £ ([75], [89])

Remark 12 We note that in 3 special cases A, and M_ coincide; namely: (i) when n = 2,
every Moishezon manifold of dim 2 is projective algebraic [12]. In fact for n = 3 there
exists a 3-dimensional Moishezon manifold which is not algebraic (Hironaka, Moishezon
[28], [84]).

The situation is different in the singular case, namely, there exists a 2-dimensional
Moishezon space which is not algebraic (Grauert [24]).

We return to these examples with details in Sec- . 6 and 7.
(ii) Consider a complex torus T" = C / L with period matrix £ and L is a lattice

in C . we say P is a Riemann matrix if there exists a 2n x 2n non-singular integral
skew-symmetric matrix Q such that (a) PA'P = 0(6) - iPAl~P is positive definite with
A = Q~^. Then we have

Theorem 13 (Lepschetz[110]) Let Tn = C/L be a Moishezon torus with Riemann
period matrix. Then 71" is projective algebraic.

AaillLflCExample 14 (Siegel torus) Consider T2 = C2/L with period matrix

0 1 /!T^ /—7 ] 's ""' a'ffe^r("c a s P is n°t a Riemann matrix and hence is

not Moishezon by Chow-Kodaira. For T2, d = 0 [86]. Thus T2 is a Kaehler manifold
which is neither Moishezon nor projective algebraic.

(iii) Note that every projective algebraic space is Kaehler as well as Moishezon i.e.
AcK. and A C M_. On the other hand Moishezon proved a deep theorem.

Theorem 15 ([55]) A Moishezon manifold M is projective algebraic if and only if M
admits a Kaehler metric. Thus A = K_ n M in the non-singular case.

Theorem 16 A C ]£ C Q, We see that Siegel torus gives first strict inclusion and the
Hopf surface S = CJ - {0}/{2Q |Q £ Z\ or its generalizations give the 2nd strict inclusion.

Between K_ and M_ all the four possibilities exist:
(a) X is both Kaehler and Moishezon, namely projective (algebraic) spaces.
(b) X is Kaehler but not Moishezon: Siegel torus, /^-surface ([96], [99]), and T" with

d < n; elliptic surfaces (d = 1) are examples.



(c) X not Kaehler and not Moishezon: Hopf surfa e.
(d) existence of non-Kaekler Moishezon spaces: There exists for each positive integer

n(> 2) a. Moishezon space which is non-Kaehler. In the non-singular case such one exists
in dimension 3. We describe these latter in Sees. 6 and 7. There are standard ways
of constructing non-Kaehler manifolds by violating some topological or other invariant
conditions which a Kaehler manifold has necessarily to satisfy such as

(i) Hopf surface and Eckmann-Calabi manifolds ([40])

(ii) Atiyah's parametrized family of complex tori ([7],[10])

(iii) Hironaka's parametrized family {w} by C ([33])

(iv) Modified Thurston manifolds X with bi{X) is odd ((52])

(v) Lichnerowicz's spin manifold (W,g) of dimension n > 3 admitting a non-trivial
Killing spinor ([49])

These are 5 important classes of non-Kaehler manifolds. On the other hand Siu [94]
and Rama ([75], [76]) gave sufficient conditions for certain cohomology vanishing to ensure
Moishezon property,

Theorem 17 (Siu, Rama) On a compact complex manifold if there exists a hermitian
holomorphic line bundle L with its curvature form fljj is semi-positive everywhere and
positive definite at least at one point. Then M is a Moishezon manifold.

We call such line bdle L a "Siu bundle". If we can put Siu line bundle on each of the 5
above classes of non-Kaehler manifolds then we get examples of non-Kaehler Moishezon
manifolds.

Remark 18 By a blow up technique on Hopf surface one gets a Moishezon manifold
which is not Kaehler (see [48]) and it should be noted that it is not easy to check that siu
data in general cases. This we summarize as in

Theorem 19 ([75],[89]) Let A/ be a compact complex manifold belonging to above 5
types admitting a Siu line bundle. Then M is non Kaehler Moishezon. The proof depends
on the following.

Theorem 20 ([76]) Let X be a compact complex Epace with a holomorphic line bundle
L such that there exists an x0 e X satisfying H^(X, L ® mj,) = 0 for r = 1,2 where mI0

is the sheaf of holomorphic functions vanishing at xa. Then X is Moishezon.

3 Characterization problem for Moishezon spaces
There is a vast literature on this spread over 20 years culminating in Siu's proof of Grauert-
Riemenschneider's conjecture for almost positivity. We keep ourselves to the main path
allowing no diversions in this section.

Definition 21 Let X be a connected complex space and 5 be a coherent sheaf on X.
Then we have 0 where Qx is the structure sheaf of X and a is
given by an n x m holomorphic matrix on X whose transpose A defines a homomorphism
A : X x C" -» X x Cm and let 1(5) be the kernel of A, called the linear fiber space over
X associated to the coherent sheaf S.

We now define various notions of positivity on coherent sheaves S over a complex
space X (we assume X always reduced, irreducible, normal).

Definition 22 By a hermitian form on L(S) we mean a collection of hermitian forms
h = {hx} on each fiber Lx, x € X satisfying: if for Vi € X, 3 a nbd Ux and an isomorphism
ip : L\U -+ U X C and 3 a hermitian form h on U x C such that ~h\Lx = hx for ail x € U.

Definition 23 Let R = R(X,S) — {x € X\S is locally free at x and x is a regular point
of X} and A = {x € X]S is not locally free at i } . Then A and X — R are both lower
dimensional analytic subsets of X and L(S)\R =: £R is a holomorphic vector bundle over
the manifold R of rank r which is the rank of the locally free sheaf S\R.

Definition 24 (Griffiths) A coherent sheaf S over X is called semipositive (resp. Grif-
fiths quasipositive) if 3 a hermitian metric h on L{S) such that the vector bundle LR
with the hermitian form hn := h\Ln is seminegative (resp. negative) at each point of
R. That is, for each x € R, 3 a nbd Ux C R and an isomorphism \j> : L\UX —> U x C
such that in local coordinates Z\,-,in at x in U, we have (hij(x)) = (6;J) dkij(x) = 0
and J^l/llij(d'1hjj(x)/dzl,dzl,)wil,wJndzi,dz)i is seminegative definite (resp. negative defi-
nite). This may happen on an open dense subset R° of R, in which case we have almost
positivity.

Definition 25 (Kobayashi-Ochiai [41]) (a) Let X be an irreducible complex space
and E be a holomorphic vector bundle over X of rank r. Let E" be the dual bundle of E.
Let W(E') = E"-{0}/C and regard E'-X -> W(E') as C'-bundle and let L(E) ~> W(E")
be the associated line bundle, called the tautological bundle of E. We say E is positive if
L(E) is a positive tine bundle.

(b) Analogously, we say E is almost positive if 3 a c^-hermitian metric h on L(E) and
a dense open subset R° C Reg(tP(£")) such that the curvature form A'/, is positive definite
at all points of R°.

Definition 26 (Hironaka-Rossi[35j) Let X be a complex space, S be a coherent sheaf
on X. By a monoidal transformation of X we mean a pair (X,ip) of a complex space X
and a proper modification <p : X —• X such that (i) the torsion-free pre image <j>*(S) is
weakly free on X (ii) (X,<p) has the universal property in the usual way.

Recall that for a pair (X,A) of a compact complex space X and an analytic subset
A of X, a proper modification is a pair (X,f) with <p : X —> A' a proper holomorphic
surjection, which is biholomorphism outside A and X is a reduced compact complex space
and A is called the centre of y. If in addition X is non-singular, then we call (X,ifi) a
dtsingularization of X.

Remark 27 Such monoidal transformations always exist for pairs {X, A) by a theorem
of Hironaka-Rossi [35] and hence we can transfer the concept of almost positivity from
holomorphic vector bundles to coherent sheafs via these monoidal transformations.



Definition 28 We say a coherent sheaf S on X is ah >ost positive if the vector bundle
E(<j>'S) is almost positive on X.

For quasi positive and almost positive cases we have the following.

Theorem 29 ([25], [80]) (a) Let X be a Moishezon space, S be a torsion free coherent
sheaf over X. Then there exists a projective algebraic manifold X and a proper mod-
ification T : X —> X such that S = S o it is locally free. If S is quasipositive, so is
S.

(b) Let X be an n-dimensional Moishezon space. Let S be a quasipositive torsion-free
coherent sheaf over X. Then H"(X, S • K(X) = 0 for q > 1, where K(X) is the canonical
sheaf of X.

(c) Every Moishezon space X admits a quasipositive torsion-free coherent sheaf of
rank 1.

(d) Every Moishezon space admits a torsion-free almost positive coherent sheaf of rank
1 which is positive outside an analytic subset of X of codimension at least 2.
Grauert-Riemenschneider Conjecture 30 Let X be a compact complex space ad-
mitting an almost positive (quasipositive) torsion-free coherent sheaf of rank 1. Then X
is Moishezon.

This conjecture leads to a lot of investigations on many other positivity concepts and
finally was solved by Siu [95] and Demailly [16] by some elementary methods. (For the
detailed ideas involved see [89]).

Definition 31 Let X be a compact complex space, S be a coherent sheaf on X and let
L(S) be the associated linear fiber space and LR(S) denotes its reduction. Let A be the
analytic subset of X on which 5 is not locally free.

(a) By fhe primary component of L(S), denoted by L'(S), we mean the closure of
LR(S) restricted to X - A in LR{S).

(b) Let P = P(S) = L(S) - {0}/C* and let L be the tautological line bundle associated
to the principal C"-bundle L(S) - 0 -» P and let H = L' be the dual bundle. Thus
corresponding to coherent sheaf S or its associated linear fiber space L(S) one can associate
the triple (P,L,H).

(c) Similarly, corresponding to the primary component L'(S) (resp. reduction LR($))
we can attach the geometric triples (P', L\ //') (resp. PR,LK,HR). In terms of these we
can define various primary positivity notions.

Definition 32 (a) A coherent sheaf S on X is positive (resp. primary positive) if L(S)
admits a metric inducing a metric of positive curvatuie in HR over PR (resp. in H' over
F').

(b) S is called Finsler positive (resp. primary Finsler positive) if HR over PR (resp.
H' over P') admits a metric of positive curvature.

(c) S is called weakly positive (resp. primary weakly positive) if the zero section of
L(S) (resp. of L'(S)) is an exceptional set

(d) 5 is called cohomologically positive (resp. primary cohomologically positive) if for
any coherent sheaf T on X there exists n0 € N such that Hk(X, 5" ® T) = 0 (resp.
Hk{X,(S" ® T)#) = 0) for all n > n0 and Vfc > 1 where G# denotes the torsion-free
sheaf GjTor(G). ([74]). Then analogous to Grauert-Riemenschneider's result we have
the following fundamental result.

Theorem 33 (Rabinowitz [73],[74]). For a compact complex space the following are
equivalent.

(a) X is Moishezon
(b) X carries a primary positive coherent sheaf of rank 1.
(c) X carries a primary weakly positive coherent sheaf of rank 1
(d) X carries a primary Fins'er positive coherent sheaf of rank 1.
We have also a cohomology vanishing theorem as

Theorem 34 Let X be a compact complex space, S be a primary positive coherent sheaf
of generic fiber dimension one. Then Hk(X, S ® K(X)) = 0 for all k > 1 and hence X is
Moishezon.

We close this section with a remark giving some relations between positivity notions.

Remark 35 We that each positivity notion defined above implies the corresponding pri-
mary notion. Theorem 33 is not the best characterization because S positive (of any
kind) =*• S is primary positive (of that kind) => S is Griffith's quasipositive => S is al-
most positive. In this sense Grauert's notion of "almost positivity" on a coherent sheaf
is the mildest positivity notion and hence it is all the more important to settle the G — R
conjecture.

For the justification of the name "Finsler positivity" of a coherent sheaf refer ([39],
[89], Sec. 7, p. 25-27).

4 Cohomological positivity and Moishezon property
We continue the characterization problem further in this section also, but from more
algebraic geometric (than differential geometric) point of view.

Let X be a compact complex space, let xa G X and let mxo be the ideal sheaf of
holomorphic functions on X vanishing at x0.

Definition 36 (a) A coherent sheaf S on X is said to be generated by its global sections
if for each x € X, the natural map: H°(X,S) —> Sx/m^Sx is surjective.

(b) A line bundle L on X is called ample if for each coherent sheaf 5, there exists
no € N such that for all n > n0, S ® Ln is generated by its global sections.

(c) A coherent sheaf S over X is called araplt if for each coherent sheaf F, there exists
n0 € N such that for a!l n > n0, F® Sn(S) is generated by its global sections (here S"(E)
denotes nth symmetric power of E).

(d) Let S be a coherent sheaf over X. We say S separates points of X if for any two
distinct points x, y € X, the natural map: H°(X,S) -+ Sx/m^S^ © SyjmySy is onto.

Remark 37 Let S be a coherent sheaf on X and let L and H be the associated line
bundle and its dual (for L(S)). Then S is ample iff H is ample iff H is cohomologically
positive iff S is cohomologically positive. Note that this is a very useful result as it ties up
the cohomological positivity of a coherent sheaf S with the ampleness of its hyperplane
bundle (cf Hartshorne [28] for details, and [75]). We have the coholomological positivity of
a coherent sheaf preserved under direct images of holomorphic maps upto suitable powers.



Theorem 38 ([2],[75],[89]) (a) Let. / : .V -> Y be a holomorphic map with X, Y com-
pact complex spaces and let 5 be a cohomologically positive coherent sheaf over X. Then
f.S"(S) is also cohomologically positive over Y for n sufficiently large.

(b) A compact complex space X is Moishezon **• X admits a coherent sheaf S such
that for every coherent sheaf F, H\X,F® S") = 0 for all n sufficiently large [76].

(c) If X is a compact complex space admitting a primary cohomologically positive
coherent sheaf 5" then (by (a)) X admits a cohomologically positive coherent sheaf.

Using this result with the basic result of Rabinowitz one gets

Theorem 39 ([74],[2],[75,89] characterization theorem) Let ^ b e a compact com-
plex space. Then the following are equivalent:

(1) X is Moishezon
(2) X admits a torsion free positive coherent sheaf of rank 1
(3) X admits a torsion free Finsler positive coherent sheaf of rank 1
(4) X carries a torsion free weakly positive coherent sheaf of rank 1
(5) X carries a torsion free cohomologically positive coherent sheaf of rank 1

Remark 40 (a) In view of the Differential Geometric importance of Finsler negativity
in vector bundles [39] it will be interesting to give a dirpct proof relating the existence of
a torsion-free coherent sheaf on X and Moishezon property of X.

(b) In view of Theorem 29 (d) and conjecture 30 as almost positivity is the weakest
notion among all positivities, Theorem 39 is not a very satisfactory characterization of
Moishezon property. However reducing the Grauert-Riemenschneider conjecture 30 to the
case of a manifold Siu [95] and Demailly [16] proved

Theorem 41 (Siu-Demailly) Let M be a compact complex manifold and let L be a
holomorphi line bundle with a hermitian metric h whose curvature form K\ is positive
semidefinite everywhere and is positive definite at least at some point x0 € A/. Then M
is a Moishezon manifold.

Thus combining Theorems 29, 39 and 41 we have the complete characterization for
Moishezon property, In summary we have

Theorem 42 For a compact complex space X the following are equivalent:

(a) X is a Moishezon (b) X admits a torsion-free coherent sheaf of rank 1 (c) X admits
a torsion-free Finsler positive coherent sheaf of rank 1 (d) X admits a torsion-free weakly
positive coherent sheaf of rank 1 (e) X admits a torsion-free cohomologically positive
coherent sheaf of rank 1 (f) admits a torsion-free almost positive coherent sheaf of rank
1.

Remark 43 Even though Demailly proved G-R conjecture using special vector fields
called Magnetic vector fields, Siu announced his solution of GR conjecture in Arbeitsagung
(1987) (LNM 1111) but the details were never written down. For some details on this
proof and other results on other positivity, especially Finsler positivity and (p, q>)-convex
space see [89] Sec. 9 and Sec. H.

5 Geometry of 1-convex spaces

Having understood the characterization problem of Moishezon spaces from Differential
geometric point of view in Sees. 3, 4 above we now proceed to study the geometry of
1-convex spaces and its relation to that of Moishezon spaces. As usual ,.11 spaces are
reduced, irreducible and normal.

Definition 44 (a) Let X be a complex space of complex dimension n. We say X is
holomorphically convexiftoi V compact subset K of A" its holomorphic convex hull Kx —
{z € A"||/(z)| < sup | / |} is compact for all / in Hol(X)

(b) X is a Stein space if (1) X is holomorphically convex (ii) Hoi (X) separates points
of X and (iii) for each z £ X there exist holomorphic functions / j , / j , . . . , / „ forming a
complex analytic coordinate system at J on X.

Remark 45 In contrast to Kodaira's embedding theorem for compact complex manifolds
into IP^C), every Stein space of complex dimension n can always be embedded holomor-
phically in a complex number space CN for N sufficiently large ([62], [9], [11]). In the
smooth case, JV = 2n + 1 will do. (This is a consequence of Cartan-Serre's Theorems A
and B).

Definition 46 (a) Let V be an open subset of Cn and let «:£/—» [-co, oo) be a function
of class c1. We say u is plurisubharmonic (resp. strongly plurisubharmonic) if the Levi
form L{u) = £j,*=i a,dit

w<''"k is positive semi-definite (resp. positive definite) at each
point z of u and w € C .

(b) U is called psevdoconvez (resp. strongly pseudo convex if U admits a plurisubhar-
monic (resp. strongly pt, Subhar) function u such that Uc = {z e U\u(z) < c} is compact
in U, for each c in &.

(c) A complex manifold X of complex dimension n is said to be pseudoconvex (strongly
pseudo-convex) if there exists a smooth real-valued function <p on X such that its Levi
form L(tp)x = Ej,t=i a^all ̂ fi ' s positive semidefinite at each point of X (positive definite
on X — K, for some compact subset K of A') and the level sets <pc are all compact in X.
We call such function <p a strongly plurisubharomonic exhaustion function on X.

Theorem 47 (Grauert [23]) A complex manifold is Stein iff X admits a c2 strongly
plurisubharmonic exhaustion function.

Remark 48 (i) In fact, Grauert [24] proved that a complex space A' is s'-ingly pseudo
convex implies that there exists a maximal compact analytic subset A in A outside which
the Levi form is positive definite and this A is called the exceptional set of X which
corresponds to the compact subset K in the definition 4G (c) and we usually assume the
function u takes the value —oo on this exceptional set A.

(ii) More generally a ((-convex complex manifold X is one which admits a Levi form
L(ip) for suitable <p having at least [n ~ q + 1) positive eigenvalues at each point of its
domain. It should be pointed out in the literature some authors used n — q only and
hence for us q = 1 gives 1-convex spaces (which are 0-convex spaces for them) which are
precisely Grauerts' strongly pseudo convex spaces as defined above.

(iii) These 1-convex spaces were studied extensively from the aspects of (i) Differential
geometry (Grauert) (ii) Algebraic geometry (Vo Van Tan, Hironaka, Rossi, Artin etc.)
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(iii) complex analytic geometry (R. Narasimhan, Fornaess, Coltoiu etc.) starting with
different definitions by them for 1-convex spaces and Grauert's definition was already
explained above.

Definition 49 (a) Let X be a complex space, let S be a compact analytic subvariety
in X. S is called an exceptional set if dim Sx > 0 for each x € S and there exists a
complex space Y and a proper holomorphic surjection q : X —> Y such that q induces a
biholomorphism between X — S and Y — T where T is a finite subset of Y and q,Ox = Oy.

(b) Let (X, 5, Y,T,q) be the exceptional set data of (a). Then X is called 1-convex if
Y is a Stein space.

Remark 50 Thus 1-convex spaces (X,S) are obtained topologicatly from Stein spaces by
attaching compact complex varieties. This definition coincides with that of Narasimhan-
Foornaess [IS] that a 1-convex space is obtained by blowing up Stein space at a finite
number of points and the resulting spaces are sometimes called Remmert modifications

Definition 51 A 1-convex space X is cailed embeddabte if X can be realized as a closed
analytic subvariety of some CN x Pm.

An important example 52 Consider C2 x P1 with the points (z,l) where z = (ii,zj)
and i = (li,tt). Then X = {(z,f) € C* x Pli* 6 I i.e. z^ - txz% - 0} is a closed
submanifold of C2 XP1 of complex dimension 2. Let ir : X —* CJ be the natural projection,
x(z,£) = z. Then (X,ir, T ' (0 ) = P1) is called the blow up of C2 at the origin. Then
S — jr](O) aj P1 is the exceptional set and (X,S) is a 1-convex space since V = C5 is
Stein. We also note that in this example (X,S) is embeddable in C2 x IP1 and that S is
projective algebraic.

The Kodaira analogue for the 1-convex space in the non-singular case is

Theorem 53 (Eto, Kazama, Watanabe [17]) (a) Let X be a 1-convex manifold. Sup-
pose L h- a holomorphic line bundle on X which is positive on X. Then X is embeddable.

(b) {Vo Van Tan [102], Schneider [83]): Let (X,S) be a 1-convex space, suppose
that there exists a holomorphic line bundle L on X such that L/S is positive. Then X
is embeddable. (Note that as the Stein part always get embedded in some CN, this is
natural)

Remark 54 Suppose (X,S) is an embeddable 1-convex space into CN x p* by <p. Then
S is necessarily projective algebraic and also X gets a Kaehler metric from c " x P*.

We have the following natural questions: 1. Characterize the exceptional seta S of
1-convex (resp. embeddable) spaces {X,S)1

2. Does there exist a non-Kaehlerian 1-convex space?
3. Does there exist a 1-convex space with non-projective algebraic exceptional set?
In answer to question 1 we have

Theorem 55 (a) (Moishezon [5fi]). Let (X,S) be a 1-convex space. Then its exceptional
subvariety S is a Moishezon space.
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(b) (Hironaka [34], Vo Van Tan [102].). Let S be a compact complex space. Then S
is an exceptional set for some 1-convex space (X, S) if and only if S is Moishezon.

(c) (Vo Van Tan): Let 5 be a compact complex space. Then S can be realized as an
exceptional set of some embeddable 1-convex space (X, S) iff 5 is projective algebraic.

Remark 56 Using the Moishezon 3-fold which is not algebraic or oi.e of the other 5
types of non-Kaehler Moishezon m> nifolds of Theorem 19 we see that there exists a non-
Kaehlerian 1-convex space giving an affirmative answer to Question 3. Thus the class
of embeddable 1-convex spaces is strictly included in the class of 1-convex spaces. We
reinterpret this in terms of certain obstructions later on in Sec. 7.

Remark 57 As noted above we have 3 definitions for 1-convexity (a) Vo Van Tan (b)
Narasimhan-Fornaets (c) Grauert. We have seen (a) O (b). The relation with (c) is given
in the following

Theorem 58 (Narasimhan-Fornaess-Coltiou ([18], [15])) (a) Let X be h. complex space
admitting a strongly plurisubharmonic exhaustion function ip : X —> [—00,00). Then
X is holomorphically convex and X is obtainable from a Stein space Y as a finite point
blow-up.

(b) Let (X, S) be a 1-convex space. Then X carries a strongly plurisubharmonic
exhaustion function \p : X —> [-00,00) and p will take the value —00 exactly on the
exceptional set S. We close this section with a characterization theorem for 1-convex
spaces putting together above lesults as

Theorem 59 Let X be a complex space. Then the following are equivalent.

(a) X is a 1-convex space (b) X admits a strongly plurisubharmonic exhaustion func-
tion if : X -* [-00,00) (c) dim//«(X, F) is finite for any q > 1 and for each coherent
sheaf F on X ([3]).

Remark 60 There are generalizations of 1-convex spaces to (/-convex spaces, g-concave
spaces and (p,q)-type spaces and there are cohomolgy vanishing theorems, finitude the-
orems, embedding theorems due to several authors (for details see [89] Sees. 12, 13, p.
44-59 and references given there).

6 Obstructions to projectivity of Moishezon spaces
General Problem 61 One can formulate the general projectivity problem as follows.
Let X be a compact complex space. Let JT : X -» X be a desingularization of X. That is,
X is a compact complex manifold such that x is biholomorphic outside the singular locus
of X. Now put conditions on X such that X is projective algebraic. Since Moishezon's
basic theorem says that every compact complex space X is Moishezon iff X admits a
projective algebraic desingularization 7r : X —> X and hence Moishezon property is a
natural solution to the general projectivity problem. Then it is natural to ask when a
Moishezon space (manifold) fails to become projective? and if so what are the obstructions
on the way?
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We have noted earlier in 3 cases there are no such obstructions, namely (a) when
dimX = 2, every Moishezon 2-fold is projective algebraic (b) Moishezon complex tori Tn

having Rjemann period matrix is algebraic (c) Moishezon manifolds admitting a Kaehler
metric are projective algebraic.

Thus we expect in general to have obstructions foi a Moishezon object to become
projective algebraic. We divide th problem into two cases (i) singular case (ii) non-singular
case, we discuss the singular case in this section.

In view of (a) above, we have Ai = M.i for 2-folds. However for 2-dimensional com-
pact complex space X there may be obstruction preventing it from becoming projective
algebraic as in the following example.

Example 62 (Grauert [24]) Let M be a compact Riemann surface of genus g > 2 and
let F be a positive holomorphic line bundle over M with HX{M, F) ^ 0. Let a = (Q,J)
be a representative cocycle with respect to an open covering {(/,•} of M of a non-trivial
cohomology class in H1[M,F). For example, take F = K(M) as the canonical bundle
of M. Construct a holomorphic fibre bundle G over M with fiber C and the structure
group the affine group by defining (p, z) e Ui x C is equivalent to (p, z') € Uj x C if
z' = fij(p)x + ctij(p) where (/;J) are the transition functions of F with respect to {Ui}.
completing each fiber of G by adding the point at infinity we get a compact complex
manifold G over M of complex dimension 2. Then the section A of G through infinity
which is biholomorphic to non-singular M has its normal bundle N(A) in G isornorphic
to F' the dual bundle of F, which is negative and hence by a theorem of Grauert, A can
be contracted to a point x0. Then there exists a compact normal complex space X of
complex dimension 2 and a proper holomorphic surjection w : G —• X which is biholo
outside A with ir(/l) = x0- By our construction, A" is a 2-dimensional Moishezon space
because G has enough meromorphic functions. But this X is not projective algebraic,
suppose not. Then there exists a 2-dimensiona! compact analytic subset B C X — xo
such that its preimage V = xl(B) which is a compact analytic subset of G cuts each
fiber Gx of G infinitely many points by Nakai's criterion and hence we can produce a
non-trivial section 5 of G over M and hence G is a trivial bundle which is a contradiction

Thus there exist 2-dimensional compact complex spaces which are Moishezon but are
not projective algebraic.

63 Generalization of Grauert 's Example For each n e N (n > 2) there exists an
n-dimensional Moishezon space X which is not projective algebraic. For this, again start
with a compact Riemann surface M of genus g > 2. Let F = K{M) be the canonical line
bundle of M. Let Mn — MXM x ... x M be the product of n copies of M. Let pt : Mn -+
Mi = M be the ith projection map. Let Fn = p\F®plF... ®p*F. Then Fn is a positive
hotomorphic line bundle and by Riemann-Roch, dim Hl(Mn)Fn) = n(n - l)g > 0. Then
as in above Grauert's construction, construct a holomorphic fiber bundle JT : Y —> Mn

with fiber P1 isomorphic to Yx U VIiOO for each x 6 MH, YX:Oa denoting the point at infinity
attached. Then Y is algebraic and the set A = Ur€M.KIilB is isomorphic with Mn which is
non-singular analytic subset of Y and the normal bundle Ny(A) of A in Y is isomorphic
to the dual bundle F* of Fn which is negative and hence by a theorem of Grauert, A
can be blown done to a point p0. Hence there exists an n-dimensional normal compact
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complex space X and a holomorphic surjection a : Y —> X wiLh <r biholo outside A anil
<J{A) = p0. This X is Moishezon n-space but is not algebraic again using Nakai's criterion
as in example 62 (cf. [90]).

Remark 64 If we analyze these two examples it is clear that by considering certain
projective algebraic manifolds M of complex dimension n + 1 and then by blowing down a
special codimension 1 hypersurface A to a point po one obtains a compact complex space
X of complex dimension n which is Moishezon with an isolated singularity at po, but A' is
not algebraic. We can call this Grauert's one-point blow down (or modification technique
{cf. [90]).

We can further generalize this technique as in

65 Special Hypersurface Singularities Let A' be a compact complex manifold of
complex dimension n +1. Let A be a hypersurface in X. Assume A admits a non-singular
nM in X. Further let the line bundle [A] restricted to A be positive. Then imitating above
Grauert's method we get a compact complex space Ao of complex dimension n + 1 having
an isolated singularity p0 which is obtained by collapsing the section through infinity
of the projectivized normal bundle of A m X, denoted by N(A) and XQ = N{A) is a
Moishezon space which is not algebraic.

We call such singularities p0 as special hypersurface singularities (for details see [90]).

Definition 66 Let A' be a compact complex space with an isolated singularity at p<j in
X. Let T : X —* X be a desinguiarization of X. Then p0 is called an analytical rational
singularity if R}T;.O% vanishes at p0 (where R1TT, denotes the first direct image map);
otherwise po is called a non-rational singularity.

Remark 67 Even though we do not recall the definition of iVir,, we can expect the
rational singularities to behave well in projectivity problems because by their definition
certain cohomology group vanishing is guaranteed. In fact we have

Theorem 68 (Zariski, Mumford, Rossi, Morrow, Artin, etc.) Let A" be a normal
compact 2-dimensional complex space with only isolated rational singularities. Suppose
X is Moishezon. Then X is projective algebraic.

Outline of Proof Let 3 = aing(A') be the singular set of A' and let T : X -+ X be a
resolution of S. Then X is algebraic by Moishezon theorem. Then T~1{S) = £//_,£,, <:_, are
irreducible curves in A\ We can assume these c, are smooth cutting transversally but no 3
curves pass through the same point. Then there exists a positive holomorphic line bundle
F on X and a holomorphic line bundle G on X such that F = x'{G) ® (®j=1[

cj]n') where
[CJ] denotes the line bundle defined by Cj and n, are integers. Since each of these curves
Cj are contractable to a point p} € S by ;r by Mumford's criterion [29], the intersection
matrix (a • Cj) is negative definite. Since F is positive, each of these n, is a negative
integer. Now let Y be any irreducible subvariety of X of positive dimension. Then there
exists a positive integer (. such that GtjY has a non-trivial section a with some zeros in
V. For, first note that such a section exists for F1 ® ®k{c,f', for Jt sufficiently large on
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3T~'(V) and then lift this section cr back to G' over >' for this i (This technique is due to
Narasimhan-Ramanan-Mumford). Hence the holomoiphlc line bundle G on X is positive
and hence X is projective algebraic. (For details see [5], [90]).

Corollary 69 The 1-point blowdowns of Grauert or the special hypersurface singularities
which are non-'rationat singularities are obstructions for a Moishezon space to become
projective algebraic in the singular case.

Remarks 70 When sing (X) = S is empty theorem 68 of Artin is simply Chow-Kodaira
theorem.

(b) There is a variation of Grauert's construction by NORI [63] in terms of homological
intersection.

(c) It may be noted that in dimension 2, all the obstructions for projectivity of a
Moishezon 2-space are non-rationa! isolated singularities. We have given some of them
by 1-point modification technique. There may be other ways of introducing them. For
higher dimensional Moishezon spaces (n > 3), about the nature of obstructions nothing
is 1 nown in the singular case.

7 Non-Singular Case: Obstructions for Projectivity
71 Recall Chow-Kodaira theorem that every Moishezon 2-fold is projective algebraic
and hence one may expect the existence of Moishezon n-folds which are non-algebraic for
n > 3. Indeed the first such example was due to Hironaka-Moishezon in dimension 3.
Now we describe this example to get information on obstructions for projectivity.

72 Hironaka-Moishezon three-fold Let X be .a 3-dimensionat projective space and
let C be i curve in X with a double point at Xa having distinct tangents there. In a nbd
U of xa, C has two branches d and c" intersecting transversally at x0. First blow up U by
<7i : U\ —* U with centre along c' and then blow up U\ along c" by <r2 : U —+ U\, (Here a\
induces a strict transform a\ : c" —» c" with centre xo and oi has centre in fact d[ which
is isomorphic to c"). Let Li = (rf'fio) and x\ = L\ • <?[ and let <TJ r L\ —* L\ be the strict
transform induced by a2 with centre xi. We denote by a = c2oa^ : U —> V'. On the other
hand, blow up X — {x0} with centre c — {x0} as fi : V —» X — {x0}. Then /J and a agree
on U — {xa} and patch up to give a compact 3-dimensional complex manifold X and a
proper modification a : X —» X. This A' is Moishezon as it gets meromorphic functions
from X.

Claim X is not projective algebraic manifold.

We have the following diagrams showing the stages of blow-ups:
u i Uc(P3(c)

F i g . l

As explained above, there exists a curve i = L\ in .Y which is homologous to zero. i.e.
7 is the strict transform of erf '(xa) under <7j. We can show this 7 is homologous to zero.
Suppose if possible, this Moishezon 3-fold X is projective algebraic. Let y0 6 7. Then
y0 has an affine nM G in X, by Artin's theorem, let W be an irreducible surface in G
passing through y0 not containing Li. Extend W by closure to a surface in X denoted by
Wc. Then Wc intersects 7 only in finitely many points (non-empty) by Nakai's criterion
i.e. Wc • 7 is non-empty and 7 is non-zero. That is, [Wc] • [7] ^ 0 where f ] denotes
homology class. This is a contradiction because [7] = 0 by our construction.

Thus this X is a 3-dimensional Moishezon manifold which is not projective algebraic
(cf. [28], [84], [55]).

Definition 73 Let M be a compact complex manifold of complex dimension n. Let
C — £rc;Cj be a curve in M. We say C is a "special curve" in M if C is homologous to
zero.

Remark 74 The Hironaka-Moishezon construction shows starting with a projective N-
space and blowing up some "special curve" singularity by a sequence of monoidal trans-
formations along c we produce proper modification a : X —* X where X is Moishezon
n-fold but is not projective algebraic. More precisely, there exists a curve 7 in x which
is homologous to zero. This 7 prevents X to become either projective algebraic (as in
above) proof using Nakai's criterion) or Kaehlerian using Stokes theorem.

In this sense these special curves 7 are obstructions for a Moishezon n-fold to become
projective algebraic.

Now we can explain the meaning of Moishezon's deep theorem that M D K. = A as in
the following

Proposition 75 Let M be a Moishezon manifold, suppose there exists a Kaehler metric
g on M. Then g annihilates all special curves C obstructions making M projective
algebraic.

Proof: Let (M,g) be a Kaehlerian Moishezon manifold and let U3 be it Kaehler form,
suppose, if possible, M admits a special curve 7 which is homologous to zero. Hence there
exists a 3-cell 53 in M such that 7 ~ dS3 and hence Jy£ls = fg$3 fis = fs, d{D,3) = 0
since ilt is closed. On the other hand Qg being a (1,1)-form of maximal rank /7 tig > 0
which is a contradiction. Hence no such special curves exist in the presence of a Kaehler
metric on a Moishezon manifold, q.e.d.

Remark 76 Using X of 72 by the arguments of Sec. 5 one can construct a non-Kaeblerian
1-convex manifolds ([91]).

In view of Proposition 75, to get more information about obstructions 7 for projectivity
of Moishezon n-fold one must weaken the definition of a Kaehler metric g.

Definition 77 Let M be a compact complex manifold of complex dimension n.We say
{ui,9) is a special pair of 2-forms on M if

(1) w is a positive definite real (1,1) form
(2) 8 is a real 2-form (3) d{u - 0) = 0(4) fc 0 = 0 for all curves C in X.
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Remark 78 For a Kaehler metric g, this special pair is simply (Sls,0) i.e. <*> = ilg: the
Kaehler form of g, 6 = 0.

Using these special pairs of 2-forms we can modify the projectivity criterion of Moishe-

Theorem 79 Let M be a compact complex manifold of complex dimension n which is
Moishezon. suppose M admits some special pair (w, 6) of 2-forms. Then M is projective
algebraic.

Outline of the proof Let M be an n-dimensional compact complex manifold and let
it = Q or K. We denote by A^{M,k) the linear subspace of H^^M^k) generated by
the homology classes of (/-dimensional subspaces of M and A2<I(M, k) denotes the linear
subspace of i/2 '(M, k) generated by the fundamental classes of <j-codimensional subspaces
of M, which is also the image of Ain-2,(M, k) under the Poincare duality: A]n-iq(M, k) —>
H2<l{M,k). Also we note that for Moishezon manifolds, Hodge decomposition holds and
also Div (M) = Pic(M). Moreover, for A/ Moishezon, the canonical map y> : A2(M, k) —•
A2(M,kY defined by ¥?{[̂ j)[C] = fc ^, is surjective.

80 Let us recall here Seshadri's ample criterion (*): Let M be a Moishezon manifold
and let D £ Div(jlf) such that there exists e > 0 with D-C > sm(C) for all curves C in
M, £ is independent of C and m(C) = supp6C mp(C). Then D is an ample divisor on M.
([29])

In view of (*) and surjectivity of ip, to prove the theorem it suffices to show that (+)
On a Moishezon manifold M, given a <p : A}((M, Q) —+ Q linear map, suppose there exists
an e > 0 such that vK[C]) > em(C) for all irreducible curves in M. Then M is algebraic.

(Forgiven^ <E A2(M, Q), there exists a divisor D 6 A2(X,Q) such that tp([C}) = D-C
for all [C\ € Ai(X, Q) and now (*) applies).

Consider the linear map 4> : A2(M, 1) —* R defined by the conditions (1) and (2) of
the definition of special pair. Now we can make t/> rational and can assume without loss of
generality that D corresponding to tj; is a divisor. This can be done because there exists
a divisor D m,43(A/,lK) = Div(M) ® K such that i/>([C]) = (D • C) for all curves C in
M and hence D = I>;D,-, i\ € ffi, Di € Div(M) and we can approximate each r; by a
sequence of rationals and get a (l,l)-form a making D a divisor.

We want to find an e > 0 (fixed) such that i/>([c]) > em(c) for alt curves C in M. This
we can do at each point p in M locally. Let p be an arbitrary point of M and xp : Mr -t M
be the blow up of M at p and QP is a "suitable" representative of Ci(£p = "'"'(p)) of
the exceptional divisor. Then there exists an ep > 0 such that (**) uip := ir'u? — £rap

is a well defined positive definite (l,l)-form. Then we can get an s > 0 independent of
p by considering the complex analytic family {Mp}peM of blow-ups parametrized by the
compact manifold M using the continuity of ep on p and compactness of M. Now consider
M x M and blow up along the diagonal denoted by M x M. Then M^CM/M X {p} is
exactly Mp and so (**) holds.

Now choose e > 0 and assume e is rational of the form e = — > 0. Let C be an
arbitrary curve p e C and let C be the strict transform of C under irp with centre p.
Then we have fd TT^UI = Jc UJ = D • C and (C • Ep) = mp(C) and so we have 0 < fe muT =
Jc m(*;w - £a p ) = m{D • C) - k f6 af = m(D • C) - *:(£„ • C) = m(D • C) - kmr(C) > 0
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and so D • C > ~mp(C) — trn^(C) for every curve C. The proof is complete modulo the
detail of (**) to'get at.

Let D = Sr,D<, t*j £ 1, fl; € Div(M). For each z, choose a sequence of rational
numbers (r;0) converging to i\ e R. Define the divisor £>(u) = S.-r^A in Ajn_2(M,Q)
and define a,, := E,(r, - riy)Ci(Di) where Ci(D,) is the first Chen class representative
(l,l)-formof the line bundle [Di]. Let tZ> := w —Q^. Note that [au)u tends to 0 compactly
and hence there exists a VQ such that for all v > u0, to — av is positive definite. Then H>
satisfies all the properties of the hypothesis of the theorem and fcw = {D • C) for all C.
Hence we can take D € Div(Af) and il> is rational a. at ;erted and such ap exists.

q.e.d.

Remark 81 (a) The obstruction information on non-projectivity of Moishezon manifold
is the non-e'ristiaice of such special pairs (LJ, 6) of 2-forms on M.

(b) Thus to get more information on such obstructions one must study such special
pairs.

Definition 82 Let M be a compact complex manifold of complex dimension n. Let V"
and iy* denote the spaces of smooth forms of degree Dr and of type (p,q) respectively on
M and let DT(M) and DT<<I{M) be the corresponding topological duals, called the spaces
of currents of degree rand of type (p,q) respectively on M.

Definition 83 A current T of type {p,p) on M is called real if T = T i.e. T{0) = T{6)
and a real current T is called positive if a i T{8, 0) is non-negative. Note that for a real
current T e D"-"(M), d T = 0 if and only if d'T = d"T = 0.

Example 84 (a) Let M be a compact complex manifold and let Z C M be a codimension
p-analytic subvariety with Z' = Z - Z$ as its regular manifold and Zs is the singular
set of Z. Then Z defines a positive closed current Tz by Tz : A^-r'B~r(M) - t C by
TzW = fz' 8- (Here Ac denotes space of forms with compact support and the class [Tz]
is the fundamental class of Z.

(b) A c°°(l, 1) form w = JEijA.-jdz,- A dz3 is real if A- = kjt and is positive if [k,;) is
positive definite and is closed exactly when ds2 = £ A.-ĵ ,- ® dz} is Kaehler. Hence the

IJ

exterior powers wp of the Kaehler form w define a closed positive (p, p)-currents.
Thus we have 3-types of currents (a) smooth currents (b) closed positive currents (c)

currents supported by analytic subvarieties as in S4{a).

Notations 85 Let £>JpP(Af) denote the cone of positive (p.p)-currents and D$%.(M) de-
note the cone of closed positive (p,p)-currents and D+Q denote the cone of positive cur-
rents of the form limy £ £ j XijTcii where A,j € R and Cij are irreducible curves on M and
Tdj is the current defined by the curve Cij.

Remark 86 Harvey-Lawson [30] while studying holomorphic chains and homology on
complex manifolds in their studies on geometric measure theory analyzed these spaces of
currents Dr{M) and D''i{M) and proved among many general results the following one
for n = 3 case.
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Proof 87 (Harvey-Lawson [31,65]) Let M be a Moishezon 3-fold. Then there exists
a special pair (u,0) on M iff Dl+\{M) n <1D2{M) = (0).

Relating this result with our earlier projectivity criterion (Theorem 79) we get the
following

Theorem 88 ([93]) Let M be a Moishezon 3-folci. Suppose there are no effective curves
C on M and there are no special currents T € £>+J,(M) of weak type (1,1) on M such
that T + C is homologous to zero. Then M is projective algebraic.

Remark 89 (a) This result can be viewed as a slight improvement over Hironaka-Moishezon
result in some sense that their bad curves 7 homologous to 0 are not the only obstructions
for projectivity but also there may be in addition, some weak special currents T homol-
ogous to zero as obstructions. However, to make the above theorem significant we must
construct such a special current T ~ 0 which is in £>+J,(Af).

(b) As in Moishezon's theorem, a Kaehler metric g annihilates all such H — L pairs
(C,T). In other words, all the obstruction data for non-projectivity of a Moishezon 3-fold
M is measured by the extent of non-triviality of the vector space Di'1(M) C\dD3(M).

(c) Some analytical understanding of these special currents which are weak limits is
needed and perhaps their Lelong numbers lie between 0 and 1.

(d) In higher dimensions (n > 3) bad curves may exist in a Moishezon n-fold making
it non-projective, we have no information on the nature of obstructions and

(e) Compact complex manifolds M with ample cotangent bundle or admitting an
ample holomorphic vector bundle are Moishezon. If at least one Chern number of M is
non-zero then such M is projective algebraic ((cf. for their geometry [87],[88],[51]]).

Whatever scanty and fragmentary information we have on these obstructions we sum-
marize this as in

Summary 90 (a) In Moishezon 2-space the obstructions for its projectivity are non-
rational isolated singularities, in particular Grauert singularity, hypersurface singularity
are some special cases of these obstructions and such 1-point isolated singularities can
be introduced in dimensions n also (n > 2). There are other ways of looking at these
from the intersection homology aspect (cf. Nori [63]). Except Grauert type non-rational
isolated singularities in dimension 11 > 2, we have no information on obstructions.

(b) In the non-singular case, there are "special curves 7 ~ 0" of Hironaka type which
prevent a Moishezon 3-fold to become projective or even Kaehler. These are some of the
obstructions. Even in higher dimensions by blowing up a finite number of times along
a suitable curve in IffC), a special curve can be created in an n-dimensional Moishezon
manifold M making it non projective. In addition, in 3-dimensional case, there may be
special weak currents T of type (1,1) which are also obstructions for nonprojectivity of
M

91 Some observations: In general we can consider the class NP of all compact
complex manifolds M which are not projective but admit a blow up along an exceptional
curve C resulting in a projective algebraic manifold M. That is, NP = {M\M is non-
projective, 3ir : M —> M blow up along a curve C with M projective algebraic manifold}.
For n = 3 NP contains the set of all Moishezon 3-folds strictly because the blowup in this
case is along the special curves or weak limits. In general we cannot expect that by blowing
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up along rational curves of Moishezon n-folds, projectivization can be achieved. It may
be plausible that rational curves may suffice as exceptional curves for non projectivization
of 3-folds of Moishezon type. For general elements M € NPn, the exceptional curves C
in M along which we blow up to get a projective algebraic manifold of dimension n can
be highly complicated. Thus the understanding of the obstructions for projectivity (or
projectivization) of elements Mn (or the nature of the exceptional curves for th elements
of NPn) seems to be very difficult (cf [56],[6]])

We close this section with an interpretation of these obstructions in the natural non-
compact setting.

92 It is a natural question to understand the obstructions for a 1-convex space to be
embeddable. We have seen in Sec, 5 the structure of 1-convex spaces (X, S) and also
that of embeddable 1-convex spaces {X, S) and their dependence on the exceptional set.
Also we can have another class of 1-convex spaces which will admit a Kaehler metric. We
denote these classes by C, £C and >CC respectively. Then we have

Proposition 93 Let Cn, £Cn and tCCn denote the sets of 1-convex spaces embeddable 1-
convex spaces and 1-convex spaces admitting a Kaehler metric g, all of complex dimension
n. Then we have the strict inclusions: ZCn c £Cn C Cn.

Proof ICC 7̂  C is trivial as KC C C and consider (X, S) a 1-convex space with S a non-
Kaehlerian compact complex variety like a Hironaka manifold or other types discussed in
Sec. 2. Then by Moishezon-Hironaka-Vo Van Tan construction, there exists a 1-convex
space {X,S) which will not admit any Kaehler metric and so C strictly contains JCC. On
the other hand EC C C and this is also a strict inclusion as one can take a non-projective
Moishezon variety S and construct a 1-convex space (X,S) which will not be embeddable.
It is clear that £C C KC and this inclusion is strict as one can start with any element
(X,S) € KC\ then X has a Kaehler metric and S is necessarily a Moishezon space and
hence projective algebraic. So there exists another 1-convex sp(X, S) which is embeddable
which may not be the (X,S) we started with. Thus (X,S) £ £S but (X, S) may not
be. Some canonical constructions and equivalence classes under bihotomorphism modulo
a special subsets (exceptional sets) may be the right setting to compare the above classes.

Remark 94 (i) For a given (X,S) 6 K. itself to belong to £C we need extra conditions
or in general there will be obstructions, for this.

(ii) If Co denotes the set of all non-compact complex spaces of complex dimension n
then C g Co as the pair {X, S) with S being the Siegel torus belongs to Co but not to C.
Thus we have £C £ KC C Co for a given dimension.

(iii) There may be better ways of understanding these interrelations between these
classes, for example, by studying the compactifications X of C™ or general Stein space X
and when X is Moishezon take it as a model for S and then construct 1-convex sp((X, X)
and then analyze Artin's algebrization theorem ([72]).

8 Geometry of 1-convex manifolds and Kaehler met-
ric

In this section we discuss the existence of a Kaehler metric on a 1-convex space (manifold).
We noted above that X e £C always admits a Kaehler metric g and an X 6 C need not.
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Since the nid-structure of a Stein space Y at an isolated singularity jfD can be understood
by germs of (Cn,0) we can understand a nbd structure of the exceptional st S in a 1-
convex space by studying compactifications of C" or Stein spaces in general. Even though
every Moishezon space occurs as an exceptional set of some 1-convex space, the local nbd-
structure of the exceptional set S in (X, S) should be studied in the Moishezon spaces
themselves because the same S is situated in a bigger Moishezon space sometimes obtained
on compact]flcation of the attached 1-convex space. This is the algebraic content of the
following well known result.

Theorem 95 (Artin's algebrization theorem [61],[67]) Let (Y,y0) be a Stein space
with an isolated singularity at y0. Then we have the following structure: There exists an
affine scheme Z and an open Stein nbd V of yo in Y such that V is open in the analytic
space 2° associated with the affine scheme Z. Consider the projective closure 2 of Z.
Then {Z)a is a projective algebraic complex space and V is open in Z" and Z" is Zariski
open in Z",

Transferring this structure to a 1-convex (X, S) via the blow up p : (X, S) —• (V, Ya)
we get in the non-singular case

Theorem 96 Let (X, S) be a 1-convex manifold. Then there exists an open 1-convex
nbd of the exceptional set 5 of X, a 1-convex manifold X" with the same exceptional set
S and a Moishezon manifold X such that U is open in Xa and Xa is Zariski open in X.

Outline of Proof: Let ip : X —> Y be the blow down of 5 to a point y0 € Y. Then
(Y, yo) is Stein with an isolated singularity at y0. Then by Artin 3 an affine scheme Z and
an open Stein nbd V of yo in Y such that V is open in Za and Z" is a projective algebraic
space and V is open in Z" and Z" is a projective algebraic space and V is open in Z" and
Z" is Zariski-open in Z". Then Z" is smooth outside y0. Then we get a compact complex
manifold X such that U = <f~l(V) is open in X and a 1-convex manifold X" = (v" 1 ^"))
such that U C Xa is open and Xa C X is Zariski open. Since ip extends to a modification
(p : X —» (Z)° and as Z" is a projective algebraic space, X is a Moishezon manifold. <>

Definition 97 ([67]) Let (X, S) be a Kaehier 1-convex manifold. We say X has property
(P) if there exists an open 1-convex nbd U of S, 3 a Moishezon manifold X and Kaehier
form won t / such that

(a) S is a deformation retract of U(b) U is open in X and (c) /4w = 0 for all 6 in
j4a((/)nkeri. where ir : //j(t/,H) —* Hi[X,lSl.) is the map induced by the inclusion U w J f
and A2(U) is the real vector space of all analytic 2-homology classes in U.

Remark 98 Geometrically the condition (P) means the Kaehier form w on V extends
to the whole of the Moishezon manifold X from U as (a) retains the cohomological nature
of S same as of U and (c) realizes any such data trivially on X.

Hence using Moishezon's theorem and Artin's theorem one gets

Theorem 99 Let (X,S) be a Kaehier 1-convex manifold having the special property
(F). Then there exists an open nbd U of S, there exists a 1-convex manifold X' with S
as exceptional set and there exists a projective algebraic manifold X such that U is open
in X', x' is Zariski open in X and S in X can be blown down projectively.
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The condition (P) though a very strong condition on the nbd structure of S and on
its cohomology, has the following local consequence

Theorem 100 Let {X, S) be a 1-convex Kaehier manifold having the special property
(P). Then in X, there exists an open 1-convex nbd U of S which is embeddable in C" x Pra

and hence S is projective algebraic.

Idea of proof: There exists 1-convex nbd U of S with a Kaehier metric and then by
(P) there are no obstructions for embeddability of U as H* (U, d"fd"+1) annuls by (P)
as S and U are of same homotopy type by (a); d is the ideal sheaf of S.

If we strengthen the hypothesis in Theorem 99 by making the Kaehier metric to be
Hodge metric then the relation between X' and X becomes stronger as in

Theorem 101 Let (X, S) be a 1-convex Hodge manifold. Then X is embeddable and
3 an open 1-convex nbd U of S and 3 a quasi-projective 1-convex manifold X' with the
same exceptional set S in which U is open and X' is complement in projective algebraic
manifold X of a closed set.

For, X Hodge implies existence of a positive holomorphic line bundle L on X with
LjS is positive and hence by Schneider-Vo Van Tan theorem X is embeddable in some
Cxf.

9 Geometry of 1-convex manifolds (X, S) with 1-
dimensional exceptional set S

In this section we specialize to 1-convex manifolds (.Y, S) with dim S = 1. In two papers
[103], [104] Vo Van Tan attempted to prove the following result and we state that as a
conjecture now

Vo Van Tan Conjecture 102 Let (X, S) be a 1-convex manifold with 1-dimensional
exceptional set S. Then X is Kaehlerian.

First we note that with the hypothesis of 102, S, being 1-dimensional, is Moishezon
and hence projective algebraic. So, there exists a positive holo line bundle L on S which
extends to a nid (7 of 5 and hence this nbdU(S) is Kaehier and further embeddable because
dimS = 1 implies ^1(5,0(5)'J/a(5}''+1) vanishes and U{S) is a formal completion nbd
in the sense of Artin,, which we can formulate as

Proposition 103 If (X,S) is a 1-convex manifold with dimS = 1. Then 3 a nbd U(S)
which is open in X admitting a Kaehier metric and moreover this U(S) is an embeddable
nbd in some C x Pm.

Remark 104 We cannot extend the metric or embeddability beyond Lhe formal com-
pletion as there may be obstructions in cohomology in general. By a different method
Grauert [14], Sommese [97] proved this U{S) is even strongly pseudoconvex nbd and spe-
cial tubular nbd. We point out when dim 5 = 1, theorem 99 above holds without Kaehier
condition, namely.
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Proposition 105 Let (X,S) be a 1-convex manifold \ ith dim 5 = 1. Then there exists
an open nbd U of S and there exists a 1-convex manifold A" with S as its exceptional set
in which U is open and hence S has an embeddable Kaehler nbd U (by Proposition 103).

Remark 106 a.) Thus we have seen a partial answer to Vo Van Tan conjecture that the
exceptional set S has a strongly pseudo convex Kaehler nbd U(S) embeddable but the
Kaehler metric g may not extend to whole X formally but no counter example is known,

b) We have noted earlier that (X,S) may be a 1-convex space admitting a Kaehler
metric but we can construct another embeddable 1-convex space (X,S) with the same
exceptional set, but (X, S) itself may not be embeddable. we formulate the following
problems:

Problems 107 (a) Suppose (X, S) is a 1-convex manifold with dim S = 1 (i) when is X

embeddable?

(ii) Suppose X is Kaehler. Then when is X embeddable?
(L) In the setup of (a), some nfid-structure v(S) of 5 (i.e. a family of nbd of S having

some property) does it enjoy embeddability? or Kaehlerity? (in view of Grauert's nbd cf
Remark 104).

(c) (Generalizing proposition 105) we can formulate the following

Generalized embedding problem Let (X,S) be a 1-convex manifold with S projec
live algebraic. Put conditions on S and on X (if necessary) so that X admits an open
nbd U of S which is open (respectively embeddable in C" x F") in some quasi-projective
manifold X'l

(d) In the set up of (c) Assume (X, S) has in addition a Kaehler metric, give conditions
so that X becomes embeddable?

As a non-compact analogue of the celebrated Chow-Kodaira theorem we have a posi-
tive solution to (d) in the case of dimension 2 as in

Theorem 108 ([8],[92]) Let (X,S) be a 1-convex manifold of complex dimension 2.
Then X is an embeddable 1-convex space.

The following theorem gives a solution to the embedding problem and hence to Vo
Van Tan conjecture also under some extra conditions.

Theorem 109 ([14],[92]) Let (A', S) be a 1-convex manifold with S an irreducible curve.
Suppose (i) S is not a rational curve or (ii) S ~ P!/(C) and dimX ^ 3. Then (X,S) is
embeddable (and hence under these extra conditions Vo Van Tan conjecture is true),

Outline of proof The general idea is to produce a holomorphic line bundle L on X
such that LjS is positive and then apply Schneider's theorem to conclude embeddability.

Case (a) S is a non-rational irreducible curve. We take L = K{X) the canonical
line bundle of X. We show first Ci(K\S) is non negative and then we show it cannot be
zero and hence C,,(K\S) is positive. Suppose that Ci(A'|S) > 0 is false. Then K~X\S is
ample and so Hl{X,Ox) = 0(+) by a certain cohomology vanishing theorem. Let d(S)
be the ideal sheaf of S. Then using the exact sequence 0 —> d(S) -* OX —> OXjd —» 0
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and using ( + ) and since H2{X,d) = 0 as dimS = 1 we get Hx(X,Ox\d) = 0 i.e.
Hl(S,Os) = 0 and so S is a rational curve which is a contradiction. Hence Ci(A'|S) > 0.
Now suppose, if possible, CX(K\S) = 0. Then K\S is a topologically trivial bundle. Let
•a : S -* S be the normalization of S. Then there exists a holomorphic line bundle V
on S with constant transition functions {g«} and such that w'(L & L') is the trivial line
bundle on 5, where L = K\S. Then there exists a Kaehler nbd U of S and p : U ~> S
be a continuous retract of U to 5, Let U' CC U be a relatively compact strongly pseudo
convex nbd of S with smooth boundary (this was guaranteed by an earlier result). Then
using p, we can construct a holomorphic line bundle L on U having constant transition
functions {(?«} with \gtt\ = 1 and such that L'/S = L' and V is Nakano-semipositive (by
(*)) and hence by a cohomology vanishing theorem due to Grauert-Riemenschneider [25]
H'(U', K ® V) = 0. Now on U' consider exact sequence 0 —> d —• Ov> -^ Ov/d —> 0
and tensoring with K ®U and using H2(U', K®L'®d) = 0, the long exact cohomotogy
sequence gives H^S, K)S ® U) = 0 and ir'(K\S ® V) is the trivial line bundle on 5 and
hence one can show that a is again a rational curve, a contradiction. Hence Ci(K\S) > 0.
i.e. L = K\S is ample hoto line bundle on X.

Case (b) Let K be rational curve and n = dim A" > 4. We claim KjS is ample. Let
Nx (S) be the normal bundle of $ in A' and let A's denote the canonical bundle of S. Then
we have the adjunction formula: K(X)\{S) = Ks ® det[Nx(S}') and so C{K(X)\S) =
C(Ks)~C(det(Nx(S)). Since S is isomorphic to IF^C), C(KS) = - 2 . Now we use a result
of Laufer for P'(C) as exceptional set [47] that (det Nx(•?)) < —n + 1 where n = dimJV.
Hence for n > 4, C{K\S) > n - 3. So for n > 4, K\S is ample.

Now in both cases (a) and (b) invoke Schneider-Vo Van Tan theorem to conclude that
(X, S) is embeddable. <>

Corollary 110 Vo Van Tan Conjecture is true that X is Kaehlerian under the extra
conditions on the exceptional set S of dimension 1 that either (1). S is not a rational
curve or (ii) S ~ FJ/(C) but dim X ^ 3.

Corollary 111 The theorem is true for n = 2 also.

Proof: If dim A" = 2 then the exceptional set S in (X, S) is a divisor which can be blown
down to a point and hence by Grauert [S]'1 is a holomorphic line bundle on X which is
positive when restricted to S and hence by the Schneider-Vo Van Tan theorem (X,S) is
embeddable.

Remark 112 (i) Corollary 111 is a theorem proved by Banica [8]. (ii) for dimA" = 3
the above technique of proof fails; for example when S ~ P'(C), A'jr may be trivial
and even negative sometimes (iii) As far as Vo Van Tan conjecture is concerned, there
always exists a Kaehler metric g on some 1-convex nbd U(S) of S because of dim S = 1,
//2(S,d (7d"+ + 1) = 0 but may not go to the whole X. In the general case also when S
is projective algebraic in {X, S) of general dimension there exists a positive line bundle
L on S but L fails to extend even to the formal completion S of S due to obstructions
present in the nonvanishing of H2(S,d"/du+1) and hence the situation is far away from
embeddability of (A', S) as it seems (cf [92]). Thus our remarks 112 says there may exist 1-
convex nbd U(S), dim 5 = 1, admitting a Kaehler metric g and which may fail to extend
to the whole of X and even if it extends making (X,S) Kaehler, there is no need for
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{X,S) to be embeddable. This explains the situation of problem 107 (a). Nevertheless,
the Grauert-Sommese tubular nbd U(S) is a strongly pseudo convex nbd and embeddable
by a result of Grauert. In answer to 107(b), we ascertain that the Grauert-Sommese
property is in fact enjoyed by such nW-structure of S.

Theorem 113 ([13],[91]) Let X be a Kaehlerian 1-convex manifold with the excep-
tional set S one dimensional. Then every strongly pseudoconvex domain D which is
relatively compact in X containing S is embeddable.

Fig.2

Outline of proof Choose a strongly pseudoconvex domain D' with a smooth boundary
in X such that S C D CC D' CC X. Since D' is locally contractable, H'(D\Z) is
finitely generated for each i. Since //'(£>', D',Z) - 0 for each », H'{D',i) are themselves
finitely generated for each i, In particular //3(Z>',2) is finitely generated. Let £i,fj, • . . ,£*
be a set of generators for the free part of H2(D',Z) (r = rank H2). Under inclusion
Z —> K, let ii,£i,-..,ii be their images in H1{D',B.) which form a set of generators
for it. Consider the usual exact sequence on D', 0 —> Z —» O -^* O' —» 0 which gives
at the cohomology level Hl(D',0') A H3(D',Z) -> H2(D',O) where c is the Chern
map. But S is 1-dimensional and so H2(D',O) = 0 and hence c is onto. So there exist
line bundles LuLi, L3,. • . , £ , in Hl{D\O') such that C(I,) = &,* = 1,2,.. . , r . By
choosing a hermitian metric on each of these line bundle L; we get closed real (1, l)-forms
on D', r/i, i f J,... ,7;, representing the above cohomology classes on D' i.e. £i,£2,•••,£•
in H2(D',]A). NOW a standard technique due to Peternell of rationalizing first and then
integralizing the Kaehler form u o n X makes D into a 1-convex Hodge manifold and hence
D is embeddable. For X Kaehler with u its Kaehler form we have [m\D'] £ ff2(Z)',S)
and hence there exist real constants Aj,A2,. ..Ar such that w is cohomologous to A1171 +
\2Ti2 + . . . + Arr;r (*) on D'. Since D is rel. compact in D' we can find sufficiently small
real numbers c»i with | a l | < e ( i = l , n , . . . , r ) such that w — £ j _ ! <J;Tj; is a Kaehler form
on D if £ is sufficiently small. In fact, first choose integers <i,(j , . . .tr,m(m > 0) such

that
r t

\\, - tjm\ < £ and set £1 := w — 5Z(A

Then Ci is a Kaehler form on D and by (*) w is cohomologous to £7= 1 ^ ^ . Then
simply take o; = A; — V Then set a/ = mii. Then « ' is a Kaehler form on D whose
cohomology class [u1] € H2(D1T&) under the inclusion H2(D,Z) '-* J/2(Z),IR) and hence
[w'J is a Hodge class on D and hence D is a Hodge 1-convex manifold. {}

Remark 114 Thus for dim S = 1, embeddability is enjoyed by the nid-structure of 5
consisting of relatively compact strongly pseudo convex domains of S in X. We close this
section with a remark.
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Remark 115 Moishezon [56] posed the following conjecture: (MJ: Let M be a projeclivc
3-fold and let M be a non-projective Moishezon 3-fold, let 7r : M —> M be the blow up
of M along the smooth curve 5. Then S is isomorphic to Pl(C).

The content of this conjecture is projective 3-folds are obtainable from Moishezon
3-folds by blowing up only along rational curves. Under some extra conditions on such
exceptional curves S, Peternell [66] proved it is the case.

10 Cohomology vanishing theorems

Sketchy survey
In the next two sections we make a few remarks on cohomology vanishing theorems

and compactification of Stein spaces very briefly as these are two essei.lial ingredients
respectively for embeddability and algebrization of manifolds (spaces) both in compact
and non-compact cases.

116 Cohomology vanishing theorems This topic spreads over a period of 40 years
since Kodaira proved his famous cohomology vanishing theorem in 1953 a tool to charac-
terize projective algebraic manifolds [41,[42], Since then several such cohomology vanish-
ing theorems were proved both in non-singular and singular cases in Char 0 and also in
Char p depending on the geometric problem to be solved, mostly to conclude injectivity of
certain natural maps, like the Chf'rn map or to stvdy moduli spaces of geometric objects
to connect the local parameters of the parametriiing space by some equations and for
instance also to determine rigidity of a geometric property under parametrization (thus
mostly looking for the vanishing of Hx or H2). First we give two definitions from algebraic
and differential geometries respectively.

Definition 117 Let X be a projective variety or more specifically be a compact complex
manifold. Let L be a line bundle on X. Then L is said to be

(a) very ample if 3 an embedding / : X <-* IP* such that L ~ j"O{\)
(b) ample if 3m > 0 positive integer such that Lm is very ample.
(c) scmiample if 3m £ N such that Lm is generated by global sections
(d) numerically effective (nef) i/for V integral curve C C A' we have

(e) big if h°(X,Lm){d=SdimU°(X,Lm))
sufficiently large integer (positive).

d i m * _

c m -C C X for some c > 0 and m

Definition 118 Let X be a cpt complex manifold and let E be a holomorphic vector
bundle on X, with a hermitian metric h and curvature form Q^ (which 1 an End(E)—
valued (l,l)-form on X).

(i) Let x € X. We say HA is positive (negative) definite at x if —jfiji(ti,xi} is a positive
(negative) definite hermitian form, where v is a holomorphic tangent vector of X at x and
v its conjugate (with f}fc(u,ii) 6 -Enci(£r)).

(ii) E is said to be positive (negative) if E admits a hermitian metric h with Q.h positive
(negative) at each point of X.

Remark. 119 On projective algebraic manifoldB X, positivity and umpleneus of a holo-
morphic line bundle L are equivalent.
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Theorem 120 (Kodaira [42]) Let A' bo a compact complex manifold and let L be a
positive hotomorphic line bundle. Then 1I'(X, Kx ® L) = 0 for i > 0, where Kx is the
canonical line bundle of A' or equivalent!}' //'(A', L"1) = 0 for i < dim A'.

This theorem naturally gave characterization of projective algebraic manifolds.

Theorem 121 (Kodaira) A compact complex manifold X is projective algebraic (up
to isomorphism) if and only if X admits a positive holomorphic line bundle L.

This was generalized by Nakano as in

Theorem 122 (Nakano [l]) Let X,L be as in Theorem 120. Then H"(X,L® A'x) = 0
for p-t-q > dim A'. (Generalization of Kodaira's vanishing theorem). Another generaliza-
tion of Kodaira's result is as follows:

Theorem 123 (Grauert-Riemenschneider [25]) Let X be a projective manifold and
L be a semi ample holo line bundle which is big. Then H'{X,Kx ® L) = 0.

In fact this theorem is true for singular case also in a more general context as in.

Theorem 124 (GR[25]) Let X be an n-dimensional Moishezon space. Let 5 be a quasi
positive torsion-free coherent sheaf over X. Then HV(X, Kx ® S) = 0 for p > 1, I<x is
the canonical sheaf of X. (cf [89] for definitions of quasi positive etc p. 18-20).

Remark 125 This theorem can be used to characterize Moishezon spaces, for details and
other related cohomological vanishing theorems see 189] p. 22-31. In other words, in the
Kodaira vanishing theorem the line bundle L can be replaced by a holomorphic vector
bundle E or even by a coherent analytic sheaf S and instead of positivity various notions
of positivity such as quasipositive (Griffiths), Nakano semipositive; furthermore, weakly
positive, cohomologically positive, almost positive on 5 and characterize the underlying
geometric structure on the complex space X. This was discussed in [89] p. 18-32 and an
excellent reference is [85] for general cohomology vanishing theorems on complex manifolds
with coefficients in vector bundles.

Remark 126 The Kodaira vanishing technique depends on the fact that X admits a
Kaehler metric. But in general situations like geometry of Moishezon spaces, 1-convex
spaces, (̂ -convex spaces, p-concave spaces, (p, </)-convex-concave spaces (may be compact
or not), there may not exist a kaehler metric on them.

In situations like this recently Siu proved cohomology vanishing theorem.

Theorem 127 (Siu [95],[16],[89]) Let A' be a compact complex manifold and L be a
hermitian holo line bundle whose curvature form il^ is positive semidefinite everywhere
and is positive definite at some point. Then HP(X, L ® Kx) = 0 for p > 0.

Remark 128 In fact Siu gave a stronger result, namely that such line bundles L can be
defined to be arbitrarily small in the sense dim H"(X, Lk) < tkdimX (cf. Theorem A.6 in
the Appendix 14: Grauert-Riemenschneider conjecture of [89], p.60-70)

(ii) Just as Kodaira vanishing gave characterization of projective algebraic manifolds,
the above Siu vanishing theorem can be used to characterize (and hence solve the Grauert-
Riemenschneider Conjecture) Moishezon manifolds (spaces) (that is, spaces or manifolds
which are bimeromorphic to a projective variety).
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Theorem 129 (Siu) A compact complex manifold (space) A' is Moishezon if and only
if there exist a hermitian line bundle L with f!/, positive semidefinite everywhere and
positive definite at least at one point p0 in X.

(By a different method J.P. Demailly also proved this result [16]., For general charac-
terization result see Theorem 42 above.)

(iii) We note in the singular case where X is a compact complex space letting / :
X —* X be a resolution of singularities, we define the canonical sheaf of X as f.Kj; =
direct image of the canonical bundle of X. With this definition we have the following
cohomology vanishing theorem.

Theorem 130 (Grauert-Riemenschneider) Let X be a compact complex space ad-
mitting a holomorphic line bundle L which is semiample and big. Then Hq(X, L®KX) = 0
for q > 0 and hence X is Moishezon space.

iv) There is vast literature on cohomology vanishing theorems in non-singular as well as
singular case for the non-compact spaces such as strongly pseudoconvex sp? cs, 1-convex,
1-concave spaces. We refer to [89], pp.35-50 and the references given there.

As an example, we give two typical results.

Theorem 131 Let (X, S) be a 1-convex manifold. Let L be a holomorphic line bundle
on X such that LjS is positive. Then H*(X, L ® Kx) - 0 for q > 1. (cf Theorem 53 for
general case). (This is Kodaira analogue for non-compact case for reasons of Steinness of
X). We have the following relative cohomology vanishing theorem for Kaehler manifolds
[26].

Theorem 132 (Grauert-Riemenschneider [26]) Let X be a kaehler manifold and
£ be a holomorphic line bundle which is Nakaro semipositive on X. Let D be any
relatively compact strongly pseudoconvex domain in A' with a smooth boundary. Then
//'(D.A'jf ®L) = 0forfl> 1.

Recalling our earlier definition of a line bundle or a vector bundle or a coherent sheaf
to be "cohomologically positive" sometimes we have even stronger cohomology vanishing
theorems such as

Theorem 133 (Lieberman-Rossi [50]) Let (A", S) be a strongly 1-convex space and
i b e a holomorphic line bundle such that L/S is positive. Then for every coherent sheaf
T on X, there exists k, € N such that Hf(X,T ® Lk) = 0 for every p > 1 and for every
k > ka. We say such a line bundle L is strongly Uconvtx.

Definition 134 Let A7 be a strongly (p, g)-convex concave space. Let L be a holo line
bundle over X. We say L is (p,q)-positive if the zero section of L has a tubular nbd T(X)
which is a strongly (p,<?)-convex-concave space (for details of this definition see [89] Sec
12).

We have the following generalization of Theorem 133.

Theorem 135 (Andreotti-Siu [4]) Let A' be a strongly (p, q)-convex-concave space
and £ be a holo-line bundle over X which is (p, g)-positive in the above sense. Then for V
coherent sheaf T on X there exists k, € K such that for each k > k0 H'{X,T® Lk) = 0
for p < I < prof {F) — q — 1, where prof {T) denotes the profound or depth of a coherent
of sheaf T (for definition see Grothendieck [27] and [89] pp.48-49).
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(v) We now make some observations on the algebraic aspects of these theorems. First
we note that in Definition 117 (a) =>• (b) => (c) =>> (d) and (b) => (c).

In the Kodaira vanishing theorem the positivity of line bundle L is weakened by
Grauert-Riemenschneider to semiample and big. If X is 2-dimensional surface then C.P.
Ramanujam further weakened L to be numerically effective and big [78]. In fact this was
generalized to higher dimensions.

Theorem 136 (Viehweg [101], Kawamata [38]) Let A" be a smooth projective va-
riety and let L be a line bundle which is numerically effective and big over X. Then
H'(X,KX ®L) = O f o r p > l .

(vi) This theorem has a far reaching generalization with deeper applications in al-
gebraic geometry such as characterization of abelian varieties, geometry of 3-fotds, fano
fibrations, study of minimal models and also vanishing theorems in char p and their ap-
plications to Grauert-Riemenschneider conjecture [44],[45],[46],[57],[54],[58],[64],[103] and
one has to refer to literature only and works of J. Kollar, S. Mori etc. during the last 8
ye.s.rs in algebraic geometry. We have also omitted the singular case and the complications
arising out of singularities for cohomology vanishing also [98].

11 Compactifications of c3 and Stein spaces: outline
only

We alt know that 1P'(C) is the smooth compactification of the affine plane C. when the
question of compactification of C2 arose, Osgood considered IP1 x P1 as its compactification,
but not ^(C), even though P2 is the natural candidate for smooth compactification of C2.
The compactification problems is of about 40 years old.

Definition 137 By a compactification of C" (or C3) we mean a pair (X, Y) where X is
an irreducible compact complex space and Y is a closed analytic subspace of X such that
X - Y is bihoiomorphic to C (or C3).

Remark 138 In this definition X may be smooth or may not be smooth . If X is smooth,
it is a smooth compactification of C . Also note that Y may be irreducible or not. In 1952
Hirzebruch showed there exist infinitely many compactifications (£*, Yk) of C2 ([36]).. But
if we consider only the smooth compactifications (X,Y) of C2 with V irreducible there is
only one upto isomorphism namely (A', V) ~ (F*(C), P^C)) ([79]). In this sense P2{C) is
the natural smooth compactification of C2 but not Pl x IP1.

Definition 139 Let (X,Y) and {X\Y') be two compactifications of C . We say they
are isomorphic if there exists a bihoiomorphism ip : X —* X' such that f{Y) = Y'.

Problem 140 (Hirzebruch 1954) Classify all the compactifications (X, Y) of C" with
X smooth and Y irreducible.

There is lot of literature on this problem during the last 10 years, mostly concentrated
on n = 3 and a few scattered results in higher C".

First note that for a compactification (X, Y) of C", Y has necessarily to be a hypersur-
face i.e. of codimension 1 in X. Since X - Y ~ C is contractable we have the following
topological information.
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Proposition 141 Let (X, Y) be a smooth compactification of C . Then

(i) H\X,Z) •=> H\Y,Z) for % < 2n - 2, is isomorphism.

Hi(X,Z) A H,{Y,Z) for i < In - 2, is isomorphism.

(iii) h^X) = dimH2(X, to) is the number of irreducible components of Y. Hence if
(X,Y) is such that Y is irreducible, b2(X) = 1. In this case we have

Proposition 142 Let (X, Y) be a smooth compactification of C with Y irreducible and
let L = OX(Y) be the line bundle of Y. Then

(a) C,(L) generates H3(X,Z) ~ 2
(b) If X is Moishezon manifold then HX{X, O) = H\X, O) = 0 and Pic(X) ~ z is

generated by L.

Definition 143 A projective manifold X is called a Fano manifold if V~^ is ample, where
Kx is the canonical line bundle of X.

One important observation by Kodaira is that Kx has no global sections, more pre-
cisely.

Proposition 144 (Kodaira [43]) Let (A', V) be a smooth compactification of C". Then
H°(X,K%) = 0 for each m > 1, i.e. the Kodaira dimension k{X) = -oo of X.

Suppose X is projective and suppose Y is irreducible i.e. b2(X) = 1. Then, since
Pic(X) ~ Z and since X has ample line bundle as it is projective we get from 144 that
A'x' is ample giving A" as a Fano manifold. Thus we have

Corollary 145 Let (A", Y) be a smooth projective compactification of C" with Y irre-
ducible. Then X is a Fano manifold.

Remark 146 If ^(X) > 2 there are many complications. Also Fano 3-folds are classified
and information is available for such X and so it is reasonable to try to understand the
compactifications (X, Y) of C3 (rather than general C ) with V irreducible . This was in-
vestigated by several authors ([6],[68],[69],[70],[72],[77],[S2],[100],[11],[19]J2OU21],[221,[371
[59],[60],[105-109]).

Recall the classification result of Remmert-Van de Ven that

Proposition 147 Any smooth compactification (X,Y) of C2 with Y irreducible is iso-
morphic to (P*(C), 1

Remark 148 (a) If b2(X) > 1 the situation is complicated and Morrow [59] studied this
and showed each such X is a rational surface always, (b) Van de Van studied higher
dimensional compactifications [100] and proved

Proposition 149 (i) Any compactification of C1 is algebraic (cf. [77] also)

(ii) Any projective compactification of (X,Y) of C", Y smooth, is isomorphic to
(P"{C),r- l(C)), f o r n < 5 .
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Example 150 Let X = Qs C P1 is the smooth 3-dimensional quadric and Y = QQ is the
quadric cone obtained by intersecting Q3 with a hyperplane tangent to Q3, Then (X, Y) =
(Q31Q0) is a compactification of C3 with an irreducible singular surface at infinity, different
from IP3. This example shows even with b2{X) = 1, several compactifications of C3 are
possible, different from (P3 ,^) (see [69]).

Remark 151 Brenton and Morrow studied compactifications of C" [11] and showed in
particular any smooth compactification X of C3 with a normal irreducible surface Y at
infinity is projective always ([68] also).

Definition 152 The index of a Fano variety X is the largest positive integer r such that
Kx

l = Lr of some L € Pic(X). Then 1 < r < dim X + 1.

Theorem 153 (Kobayashi-Ochiai [41]) Let X be an rc-dimensional Fano variety of
index r. Then (a) r = n + 1 4* X ~ IP,, (b) r = n •» X = Qn) a smooth hyperquadric.

Remark 154 Fano surfaces and Fano 3-folds with index = 1 and index > 2 were exten-
sively studied during last 5 years by Iskovskin, Shokurov, Mori and Mukai etc for different
degrees, genus and betti numbers.

(a) For compactifications X of C3 of index 1 and b2 = 1, X is of genus 12 always.
(b) Compactifications of C3 with b2 = 1 were investigated by Peternell [68], [69], [70],

Furushima [19] [20], [21], Furushima-Nakayama [22] and a classification was given by
Peternell for index 1 and index 2 with b2 = 1 [72] and [69], [70].

For example,
(i) For any projective compactification {X, Y) of C3 with ^(X) = 1 and 7 = 1 has

g - 12
(ii) any projective compactification [X, Y) of C3 with bj(X) — 1 is rational and

*sPO = 0-
(iii) There are no projective compactifications (X, Y) of C3 with ^(X) = 1, X of index

1 and Y is normal.
(iv) 3 a compactification (X, Y) of C3, b2(X) = 1, 7 = 1 with Y non-normal
(v) compactifications (X,Y) of C3 with b2 > 2 were investigated and classification was

done by Muller-Stach [60] using Fano 3-fold's theory for 62 > 2 of Mori-Mukai.

155 Algebraiclty of compactifications Suppose (X, Y) is a compactification of
C" (or C3). There is a priori no reason why X should be projective algebraic or even
Moishezon as it may not admit any non-constant meromorphic functions. As we saw in
Remark 154 (iv) such compactifications may not be Moishezon or projective. However
we have the following result using the algebraicity criteria for normal surface of Brenton.

Theorem 156 ([11],[68]) Let [X,Y) be a compactification of C3 with bt{X) - 1. If X
is a normal divisor in X then X is projective.

The point is if we establish Moishezonness or projectivity of Y', which is equivalent
to the existence of some special positive type coherent sheaf of rank 1 (torsion-free) or
positive line bundle on Y extendable with such positivity to the whole of X because
X — Y ~ C . Hence we have in general.

Proposition 157 Let (X, Y) be a compactification of C3 with bi{X) = 1. If V is Moishe-
zon then X itself is Moishezon. (In case Y is normal surface then Y is projective algebraic
and hence X is projective algebraic).

For a proof of this see Peternell's papers where the algebraic dimensions of X cannot
be 2,1 and 0 and hence alg(X)=3 and hence X is Moishezon.

Remark 158 Our information at present on compactifications (X, Y) on C3 is very lim-
ited and for ij > 2 even less. There are a number of open problems and conjectures for
the compactifications of C™. For example

a) Is every compactification of C" a Moishezon space or manifold"?
b) How does the Artin's algebrization theorem" fit into the picture of compactifications

of Stein spaces in general? (refer for more conjectures to [72])
(c) To conclude X is Moishezon some kind of condition is necessary on the divisor

Y to ensure existence of sufficiently many meromorphic functions (non-trivial) on X, in
general.

We close this section with a few details on general compactification of Stein spaces, in
fact Stein surfaces only. First we give some general definitions.

Definition 159 Let X be a non compact analytic surface. A compact analytic surface
M is called a compactification of X if there exists an analytic subvariety Y C M such that
X is biholomorphic to M — Y. M is an algebraic (resp. non algebraic) compactification
if M is an algebraic (resp. nonalgebraic) surface.

Theorem 160 (A. Howard [37]) Let M be a compactification of some Stein surface
X and let Y — M — X. Then M is either (i) algebraic (ii) &j = 1, 62 = 0, M admits
no non constant meromorphic functions and contains at least one compact analytic curve
OR (iii) 6] = 1, 63 = n > 1, and M contains at least one compact analytic curve.

Remark 161 The Hirzebruch surfaces Sj, occur as algebraic compactifications of C*
though not smooth.

Theorem 162 (Vo Van Tan [108]) Let A' be a given Stein space. Then X is compact-
ifiable (that is, admits some compactification) if and only if there exists some algebraic
structure on X.

Remark 163 In fact for Stein surfaces a classification of all analytic compactifLcalions
was given by Vo Van Tan [108], for example, possible non algebraic ones are (i) with
analytic Kodaira dimension of X as —00 (ii) X carries some affine structure and (iii) all
algebraic (resp. non algebraic) compactifications of A" are birationally (resp. bimeromor-
phically) equivalent provided X •£ C* x C". In fact, if one compactification is Moishezon,
all are. In this sense they are unique.

(b) Also the compactification of strongly pseudo convex surfaces or 1-convex surfaces
was also studied in a series of papers by Vo Van Tan [105], [106], [107] and also 3-folds
[109].

30 31



Definition 164 Let X be a complex manifold, X is said to be compactifiable if there
exists a compact complex analytic manifold M and a compact analytic subvariety Y C M
such that M -Y is, biholomorphic to X. M is called a compactification of X. Moreover,
X is called quasi-projectivt if M can be chosen to be projective algebraic.

Remark 165 If A" is a quasiprojective 1-convex manifold then its exceptional subvariety
is projective algebraic.

Theorem 166 (Vo Van Tan [106]) All compactifiable 1-convex surfaces are quasi pro-
jective. In fact they are unique provided S is irreducible.

In the general case also the situation is similar.

Theorem 167 (F. Sakai [81]) Let X be a compactifiable complex analytic manifold
and let us assume that (i) X is quasi-projective and (ii) h(X) = dimJSi. Then all com-
pactifications of X are bimeromorphically equivalent.

Remark 168 In case of Stein surfaces X we have k(X) = —oo or 2

a) Vo Van Tan [109] gave an example of a compactifiable 1-convex 3-fold X such that
(a) k(X) = 3 and (b) its exceptional subvariety S is projective algebraic but X is not
quasi projective.

b) Suppose X is a compactifiable 1-convex 3-foid and assume X is Kaehler. Then is
X quasiprojective?

c) Let X be a compactifiable 1-convex manifold with dim X > 3. Does there exist
always a compactification M of X such that M is Moishezon?

(d) Also compactifications of Stein surfaces were investigated from algebraic point of
view recently [82].

12 Concluding Remarks

In the first 4 sections the geometry of Moishezon spaces was reviewed rapidly and many
definitions of various notions of positivity on coherent sheaves and relations between
them were either not given or even stated. (For details see [89]). In Sec. 5 the relation
of Moishezon space with 1-convex spaces was given. However an important topic here
was omitted namely the geometry of holomorphicaily convex spaces. These spaces are
closely related to cohomologically 1 ~ (q~) complete and ^-convex spaces and there is a
considerable amount of literature on these by Andreotti-Grauert, Siu, R. Narasimhan,
Vo Van Tan, etc. (cf [89], Sec. 13, p. 50-60). In Sees. 6 and 7 a reasonable and up
to date understanding of the obstructions for projectivity of Moishezon objects both in
singular and non-singular cases was given. But our understanding on them is only a small
piece of the whole picture and lot remains to be investigated. Then in Sees. 8 and 9 the
geometry of 1-convex manifolds and with 1-dimensional exceptional set was studied and
some problems and conjectures were stated. Then Sec. 10 we very briefly sketched the
tools of cohomology vanishing theorems rather important ones for our purposes. Several
other important cohomology vanishing theorems and those in char p also were not even
mentioned without degrading their importance in the least. Similarly in Sec. 11 we have
in bare outlines discussed compactifications of C3 and Stein spaces. Here also I have
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even omitted statements of several important results due to lack of time and space with
due respect to all the authors of these theorems. These will be attempted systematically
elsewhere later on because these compactifications are related to deeper theory of Fano
manifolds, an active topic in the heart of algebraic geometry nowadays.
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