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ABSTRACT

Following a brief review of the errors that may result from the use of a popular model for

evaluating the dynamic soil forces induced in a base-excited rigid wall retaining an elastic

stratum, the sources of the errors are identified and a modification is proposed which

defines correctly the action of the system. In the proposed modification, the stratum is

modeled by a series of elastically supported, semi-infinite horizontal bars with distributed

mass instead of massless springs. The concepts involved are introduced by reference to a

system composed of a fixed-based wall and a homogeneous elastic stratum, and are then

applied to the analysis of more complex soil-wall systems. Both harmonic and transient

excitations are considered, and comprehensive numerical solutions are presented which

elucidate the actions involved and the effects and relative importance of the relevant

parameters.
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EXECUTIVE SUMMARY

The study reported herein is the third in a series of investigations motivated by the need to gain

improved understanding of the responses to earthquakes of deeply embedded and underground tanks

storing radioactive wastes, and to develop rational but simple methods of analysis and design for such

systems. The first two studies were reported in Brookhaven National Laboratory reports 52357 and

52372.

Probably the simplest available approximate procedure for evaluating the dynamic soil pressures

induced by ground shaking on retaining walls and on embedded structures is the one proposed in 1973

by Scott. In this approach, the far-field response of the medium is evaluated considering it to respond

as a base-excited, vertical cantilever shear-beam, and the dynamic wall pressure at a given height is

taken proportional to the difference in motions of the shear-beam and the wall at that height. This is

tantamount to representing the restraining action of the medium by a series of massless, linear hori-

zontal springs.

Following a brief review of the errors that may result from the use of this approach, the sources of the
errors are identified and a modification is proposed which defines correctly the action of the system. In
the proposed modification, the stratum is modeled by a series of elastically supported, semi-infinite
horizontal bars with distributed mass instead of massless springs. The concepts involved are intro-
duced by reference to a system composed of a fixed-based wall and a homogeneous elastic stratum,
and are then applied to the analysis of systems with a wall that is elastically constrained against rota-
tion at its base and a medium for which the shear modulus is either uniform or increases parabolically
with depth. Both harmonic and transient excitations are considered, and comprehensive numerical
solutions are presented which elucidate the actions involved and the effects and relative importance of
the relevant parameters.

The principal conclusions of the study may be summarized as follows:

1. The errors in Scon's model stem from its failure to provide for the radiational damping of the

medium and its capacity to transfer forces vertically by horizontal shearing action.

2. The deficiencies of this model may be eliminated by modeling the restraining action of the medium

by a series of elastically supported, semi-infinite horizontal bars with distributed mass rather than

by massless springs. The impedance of each of these bars depends on the ratio of the exciting fre-



quency to the natural frequency of the medium for the mode of vibration being considered, and the

material damping factor of the medium. The response of the bars may be evaluated either in the

frequency domain by use of Fourier transform techniques or directly in the time-domain by use of

a convolution integral analogous to Duhamel's integral for single-degree-of-freedom systems.

3. The rotational flexibility of the wall decreases the dynamic wall pressures and the associated shears

and bending moments and affects dramatically their distributions.

4. The greater the wall flexibility, the greater is the number of modes for the medium required to

accurately represent the distribution of wall pressures. However, reasonable approximations to the

base forces in the wall may still be obtained considering the contribution of only the first two

modes of vibration for shear and of only the first mode for moment.

5. The magnitude and distribution of the wall pressures are also sensitive to the depth wise variation

of the shear modulus for the medium.

6. The comprehensive numerical solutions presented arid their analysis provide not only valuable
insights into the responses of the systems examined and into the effects and relative importance of
the numerous parameters involved, but also a conceptual framework for the interpretation of the
responses of still more complex soil-wall systems.
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SECTION 1

INTRODUCTION

Probably the simplest available approximate procedure for evaluating the dynamic soil pressures

induced by ground shaking on retaining walls and on embedded structures is the one proposed by

Scott (1973). In this approach, the far-field response of the medium is evaluated considering it to

respond as a base-excited, vertical cantilever shear-beam, and the dynamic wall pressure at a given

height is taken proportional to the relative motions of the shear-beam and the wall at that height. This

is tantamount to representing the restraining action of the medium by a series of massless, linear hori-

zontal springs.

Scott's model has been used extensively (e.g., Karkanias 1983, Dennehy 1984, Jain and Scott 1989,

Alampalli and Elgamal 1991, Soydemir 1991) and variations of it have been employed in analyses of

embedded foundations (Beredugo and Novak 1972, Novak and Beredugo 1972), piles (Novak 1974,

Flores-Berrones and Whitman 1982) and underground cylindrical structures (Miller et al 1991). Pro-

posed originally for an elastic soil stratum retained along its vertical boundaries by a pair of rigid

walls, the procedure is also applicable to the important limiting case of a semi-infinite stratum

retained at one end. The procedure has been applied to rigid and flexible walls as well as to systems

for which the soil modulus increases with depth (Scott 1973, Jain and Scott 1989).

In a recent study of the effects of ground shaking on rigid walls retaining a semi-infinite, viscoelastic
stratum (Veletsos and Younan 1992), it has been shown that, depending on the characteristics of the
ground motion, Scott's model may lead to significant errors. The objectives of the present study are
to: (1) highlight the nature of the inaccuracies that may result; (2) identify their source or sources; (3)
present a modification which correctly describes the action of the system; and (4) use the modified
model for the analysis of different soil-wall systems.

The system investigated is a semi-infinite, viscoelastic stratum of constant thickness that is supported

on a non-deformable rigid base and is retained along one of its vertical boundaries by a rigid wall that

is either fixed or elastically constrained against rotation at the base. Both the wall base and the base of

the stratum are presumed to be excited by a space-invariant, uniform horizontal motion. The concepts

involved are first developed by reference to a uniform stratum and a wall that is fixed against rotation

at its base, and are then applied to the analysis of systems composed of an elastically constrained wall
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and a vertically inhomogeneous medium. The effects of both harmonic and transient excitations are

examined, with special attention paid to the important limiting case of systems excited by very-low-

frequency, essentially static base motions. Comprehensive numerical solutions are presented which

elucidate the actions of the systems considered and the effects and relative importance of the numer-

ous parameters involved.
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SECTION 2

SYSTEM CONSIDERED

The system examined is shown in part (a) of Fig. 2-1. It is a semi-infinite, uniform layer of linear vis-

coelastic material that is free at its upper surface, is bonded to a non-deformable, rigid base, and is

retained along one of its vertical boundaries by a rigid wall. The heights of the wall and stratum are

considered to be the same and they are denoted by H. The wall may be either fixed or elastically con-

strained against rotation at its base, the stiffness of die rotational constraint being denoted by Re. The

bases of both the stratum and the wall are presumed to experience a space-invariant horizontal

motion, the acceleration of which at any lime t is xe (t) . Material damping for the medium is consid-

ered to be of the constant hysteretic type.

The properties of the layer are denned by its mass density, p, shear modulus of elasticity, G, Pois-

son's ratio, v, and the material damping factor, 8, which is considered to be frequency-independent

and the same for both shearing and axial deformations. The latter factor is the same as the tan 8 factor

used by the senior author and his associates in studies of foundation dynamics and soil-structure inter-

action (e.g., Veletsos and Verbic 1973, Veletsos and Nair 1975), and twice as large as the percentage

of critical damping, p, used by other authors in related studies (e.g.. Wood 1973, Scott 1973, Arias et

al 1981).

The displacements relative to the moving boundary and the resulting wall pressures and forces for the
base-excited system can be shown to be identical to those of the force-excited system indicated in part
(b) of Fig. 2-1. Both the wall and the base of the latter system are stationary, and the stratum is acted
upon by uniform lateral body forces of intensity -px g (t) . The action of the force-excited system
may in some instances be easier to visualize than that of the base-excited system.



Rigid
Wall

xg(t)

(a) Ground-Excited

Rigid
H Wall

Fixed base

(b) Force-Excited

Fig. 2-1 System considered



SECTION 3

SCOTT'S MODEL AND ITS ACCURACY

Scott's model for the system is shown in Fig. 3-1. It consists of a vertical cantilever shear-beam that

simulates the far-field action of the stratum, and a set of massless, linear horizontal springs connecting

the shear-beam to the wall. The height and material properties of the beam are taken equal to those of

the stratum, and the stiffness of the springs per unit of length and height of the wall, K,, is taken as

_ 0 . 8 ( l - v ) G
K« " l - 2 v H 0 )

This stiffness is the same as the extensional stiffness of a bar of unit cross sectional area and length

2.5H that is fully constrained along its sides. The bases of both the shear-beam and the wall are pre-

sumed to be excited by the same ground motion. The wall pressure at a given height is thus given by

the product of K, and the relative motions of the shear-beam and the wall at that height. Note that the

spring stiffness is independent of the characteristics of the ground motion and that the only damping

for the model is that involved in the shear-beam itself. Note further that as v —»0.5, Ks and hence

the wall pressures and associated forces for the wall become infinite, a result that is clearly unrealistic.

The rationale for Scott's model may be appreciated by considering first the far-field action of the

medium, namely, the response computed on the assumption that the layer is of infinite extent and that

there is no vertical wall. Each vertical strip of the medium under these conditions responds as an inde-

pendent cantilever shear-beam, and no horizontal pressures develop. The resulting response, which is

independent of the horizontal position coordinate, represents the particular solution of the governing

equation of motion for the medium.

The response of the system with the wall may then be obtained by superimposing on the far-field or

particular solution, the homogeneous solution which accounts for the effect of the normal pressures,

a (t|, t) , exerted by the wall. The magnitude and distribution of these pressures at any time must be

such that the end displacements that they induce, along with those induced by the ground shaking

under free-field conditions, are equal to the wall displacements.

Let uf be the free-field displacement relative to the moving base of a point located in the medium at a

dimensionless distance r| = y/H from the base, and let w be the corresponding displacement of the
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wall. These displacements are considered to be positive when directed along the positive x-axis. The
normal wall pressures necessary to ensure compatibility of the component displacements along the
wall can then be expressed symbolically by an equation of the form

o(Ti,t) = K ( T i , t ) [ u f - w ] (2)

where K is a generalized impedance or dynamic stiffness for the soil medium, defined in greater
detail in the following sections. For an irrotational rigid wall, w = 0 and the wall pressures are simply
proportional to the far-field motions. Implicit in Eq. (2) is the assumption that only normal pressures
develop along the wall-soil interface, that the wall can resist both compressive and tensile pressures,
and that the effects of any vertical shearing stresses generated there are negligible.

Since no horizontal pressures develop under free-field conditions, the actual or total wall pressures for
the base-excited system must equal those defined by Eq. (2). It follows that the expression of the wall
pressure as the product of an appropriate stiffness and the difference of the wall motion and the
motion of the medium at the far-field is indeed correct. The uncertainty in Scott's model lies in the
choice of the medium impedance, K.

As a measure of the accuracy of this model, a comparison is made in Fig. 3-2 of the amplitudes of the
steady-state shear at the base of the wail, |Qb|, computed by it and two other approaches for a har-
monically excited system. A uniform viscoelastic medium and a wall that is fixed against rotation at
the base are considered. Poisson's ratio and the material damping factor for the medium are taken as
v = 1/3 and 8 = 0.1, respectively. The shear amplitude is normalized with respect to pX,H2, and
it is plotted as a function of the frequency ratio, (o/c&j, where w is the circular frequency of the exci-
tation and of the resulting response and co, is the fundamental natural circular frequency of the stra-
tum when it is considered to respond as a cantilever shear-beam. For the homogeneous medium being
examined, the latter frequency is given by

JtV

«i - Iff <3>

in which v, = -v/G/p is the shear wave velocity for the medium. The solid line represents the nearly
exact solution obtained by the approach described in later sections, whereas the short dashed line
defines Scott's solution. The accuracy of the latter solution is clearly not satisfactory. Note in particu-
lar that, whereas the exact solution leads to significantly larger base shears than Scott's solution at the
low and high values of the frequency parameter, the opposite is true in the intermediate range of the
frequency parameter for which to/tOj is close to unity.

3.1 A Modification of Scott's Model

The discrepancies in Scott's solution are due, in part, to the failure of the model to provide for the
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radiational damping capacity of the medium. If instead of a series of massless, horizontal linear

springs, the medium were approximated by a series of infinitely long, linear horizontal bars with uni-

formly distributed mass, it is well known (see, for example. Wolf 1988) that the action of such bars for

a harmonic base motion would be identical to that of a series of dashpots. On the assumption that the

bars are constrained laterally and that their horizontal faces are stress-free, the equivalent damping

coefficient of the dashpots, c, is given by

(4)

The curve in long dashed lines in Fig. 3-2 represents the frequency response curve for the base shear

in the wall computed on the assumption that the medium can be modeled by a series of horizontal

dashpots rather than massless springs. It is observed that, while at high values of the frequency param-

eter, the latter modeling of the medium is definitely superior to that of the original Scott model, it too

leads to unacceptable results in the lower frequency range.
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Shear-Beam
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Fig. 3-1 Scott's model
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Model with Dampers Only

Scott's Model

Proposed Model, 'Exact'

CG/CO

Fig. 3-2 Frequency response curves for amplitude of base shear in
fixed-based wall; uniform stratum with v = 1/3 and 8 = 0.1
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SECTION 4

PROPOSED MODEL

Both models referred to above are deficient in that they fail to provide for the capacity of the medium

to transfer forces vertically by horizontal shearing action. In addition to the horizontal normal stresses

and inertia forces, a horizontal element of the medium is acted upon .'ong its upper and lower faces

by horizontal shearing stresses, as shown in part (a) of Fig. 4-1, the difference of which, AT, is given

by

On the assumption that the horizontal variation of the vertical displacements is negligible, — a quite

reasonable approximation --, i can be expressed as

in which u is the horizontal displacement of the medium relative to the moving base. On substituting

Eq. (6) into Eq. (5), one obtains

AX = ° * <7)
W

Now, let the displacement u be expressed by the method of separation of variables as a linear combi-

nation of modal terms, as

u(S,ri , t) = I XB(§) Yn(n) qn(t) (8)
n = 1

in which £ = x/H is the horizontal dimensionless position coordinate, and Xn, Yn and qn are func-

tions of %, T| and t, respectively. The nth component of AT, denoted by (AT)n, may be then

expressed as

( ^ n ^ ^ X n ( 4 ) Y;(n)qn( t ) (9)

H

which, on letting un (^, r|, t) represent the nth term of the right hand member of Eq. (8), can also be
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written as

) n

For the uniform stratum under consideration,

Yn(Tl) = sin ( n~2
l)KA (11)

and (AT)n reduces to

—— 1 -^ un(£, r\, t) (12)
J n'

The multipliers of un ({;, r\, t) in Eqs. (10) and (12) are now recognized to equal ptojj, where con, the

nth circular natural frequency of the stratum responding as a cantilever shear-beam, is given by

nicv.

Accordingly, Eqs. (10) and (12) can also be written as

(At)n - - p a j j u ^ i T U ) (14))n

Equations (12) and (14) represent a force per unit of length that is proportional and opposite to un,the

constant of proportionality being independent of the position coordinates and a function only of the

order n of the response component being considered. Furthermore, this force is identical to that

induced by a massless linear spring of stiffness

2 r ( 2 n - l ) i n * G

n̂ - p<»n = L—2—J &
It follows that, for each modal component of response, the horizontal shearing action of the medium
may be represented by a set of horizontal linear springs of constant stiffness kn, and that the medium
may be modeled by a series of semi-infinitely long, elastically supported horizontal bars with distrib-
uted mass, as shown in part (b) of Fig. 4-1. The lower ends of all the springs are presumed to be
attached to the common base experiencing the prescribed ground acceleration, x (t) . In reality, the
response of only a single bar needs to be evaluated for each modal component, as the responses of all
the other bars are proportional to s in[(2n- 1) reri/2 ] .

The steps involved in the evaluation of the response of the stratum may now be summarized as fol-
lows:

1. Compute the response of the semi-infinitely long, elastically supported bar with distributed mass

considering the spring stiffness to have the value obtained from Eq. (15) with n = 1.
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2. Determine the corresponding response of the stratum at a dimensionless distance T| from the base

by multiplying the bar response by sin[ (2n - 1) nr\/2 ] .

3. Repeat steps 1 and 2 for the higher values of n, as necessary, keeping in mind that a change in n

affects both the spring stiffness kn and the associated natural frequency con, as well as the height-

wise variation of the resulting response. It should further be recalled that the response compo-

nents for the higher values of n are likely to be insignificant (Veletsos and Younan 1992) and may

not have to be considered.

4. Obtain the total response from Eq. (8) by superposing the component responses.

The responses obtained by this approach arc identical to those obtained by the method of analysis for

the stratum presented by Arias et al (1981). They are also identical to those which would have been

obtained from the analysis presented by Veletsos and Younan (1992) if, in addition to assuming the

absence of any vertical normal stresses, the horizontal shearing stresses had been expressed by Eq. (6)

rather than by the more precise expression

G rdu

The interrelationship of these solutions is considered further in a later section.

It is important to observe that the natural frequency of the bar in the proposed model corresponds to a

mode of vibration in which the bar moves as a rigid body on springs of stiffness kn per unit of length.

The circular value of this frequency, Jkn/p, is identical to the nth natural frequency of the stratum

defined by Eq. (13).
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t + dy

(a) State of Shearing Stresses

Elastic Bar with Distributed Mass

K K K |

(b) Elastically Constrained Bar

Fig. 4-1 Exact modeling of soil stratum
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SECTION 5

FUNDAMENTAL SOLUTIONS FOR ELASTICALLY SUPPORTED BAR

The evaluation of the dynamic response of the semi-infinitely long, elastically supported bar with

mass is a fundamental problem in foundation dynamics which has already been addressed in the liter-

ature (e.g., Wolf 1988). For an undamped elastic bar of unit cross sectional area that is stress free

along its upper and lower faces and fully constrained in the lateral direction, the governing equation of

motion is

T T » u P r rdx dt

in which u represents the displacement of an arbitrary point relative to the moving base, E represents

the laterally constrained modulus of elasticity of the bar, given by

and E = 2 (1 + v) G is Young's modulus of elasticity of the bar material. For a dissipative bar with
frequency-independent, constant hysteretic damping, the real-valued shear modulus G in the expres-
sions for kn and E in Eq. (17) should be replaced by the complex-valued modulus G* = G (1 + id),

in which i = J^l.

5.1 Bar Impedance

Defined for a bar in harmonic motion, the impedance or dynamic stiffness of the bar, Kn, represents
the amplitude of the harmonic end force necessary to induce a steady-state end displacement of unit
amplitude. This is a complex-valued quantity that depends on the characteristics of the bar and the fre-
quency of the excitation. For a viscoelastic bar with frequency-independent damping.

Kn = ( K s l ) J ( l + i 8 ) ( l - < ^ + <8) (19)

in which (Ksl) n denotes the static stiffness, defined as the static end force necessary to induce a unit

end displacement, and <t>n denotes the dimensionless frequency ratio co/con. The square root sign in

the latter expression and in the equations that follow refers to the first square root of the enclosed

complex-valued quantity. The static stiffness is defined by
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(K f l)n = V O T G ^ (20)

which, on making use of Eq. (15), can also be written as

and

Vo - fch (22)

Equation (19) is deduced from the corresponding equation for a laterally free, undamped bar pre-

sented by Wolf (1988) by replacing E by E and the real-valued shear modulus G in the expressions

for (Ka t)n and <(>n by the complex-valued modulus G* . This equation may more conveniently be

expressed as

Kn = (K
5 t )n(« n + i<fnPn> (23)

where an and Pn are dimensionless factors that depend on the frequency ratio, <j>n, and the material

damping factor, 5. Note that the stiffness kn of the supporting springs in these expressions appears

through Eq. (20) in (K3l)n and through oon = JkB/p in $n, ocn and pn . It should also be noted that

to each value of n there corresponds a different value of kn and a different value of ©n.

The real part of Eq. (23) represents the force component that is in phase with the excitation, whereas

the imaginary part represents the component that is 90° out of phase. In the conventional spring-dash-

pot representation of the restraining action of the medium, the stiffness of the spring is represented by

the real part of Eq. (23), and the coefficient of the viscous damper, cn, is related to pn by

Cn = p n
v ' "" = pnvoVGp (24)

The factors an and Pn will be referred to as the stiffness and damping coefficients, respectively.

Fig. 5-1 shows the variations of an and Pn as a function of the frequency ratio, 4>n, for several differ-

ent values of the material damping factor, 5. Also shown for the special case of an undamped medium

are the corresponding curves obtained for Scott's model for a value of n = 1 and v = 1/3, and for

the model in which the action of the medium is represented by a set of viscous dampers. The lack of

correlation between the results obtained by the latter two models and the exact model need not be

overemphasized.

For a non-dissipative medium and values of (t)n < 1 (i.e., for exciting frequencies lower than the natu-

ral frequency of the stratum for the mode of vibration being considered), the damping coefficient

Pn = 0, indicating the absence of radiation damping in this range. By contrast, for tyn > I, the damp-
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ing coefficient is finite but the stiffness coefficient ocn = 0. These are well known facts that have been

noted before by Wolf (1988) and by Meek and Wolf (1991) among others.
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Exact Model
Scott's Model, n = 1 -j
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Fig. 5-1 Stiffness and damping coefficients for semi-infinite elastically constrained bar



SECTION 6

HOMOGENEOUS MEDIUM WITH IRROTATIONAL WALL

6.1 Harmonic Response

With the impedance of the bar established, the steady-state response of the bar to a harmonic base

motion and the corresponding response of a homogeneous stratum may be evaluated readily. Let

uf (T|, t) be the instantaneous value of the far-field, horizontal steady-state displacement relative to

the moving base of a point of the stratum located at a dimensionless distance r\ = y /H from the

base. This displacement may be expressed by the superposition of modal components (see, for exam-

ple, Veletsos and Younan 1992) as

uf(TU) = £ U n S i n p 2 " " 1 ^ ! eltm (25)

in which

16pXBH2 l l
n = — T n. -n —?:—n—r; (26)

The wall pressure at an arbitrary elevation may then be obtained by multiplying each displacement

component by the corresponding bar impedance denned by Eq. (19). On so doing, one obtains

n = 1

I ( 2 7 )

8 v ° v U T I / 1+ iS . r ( 2 n - l ) « i

^ p X g H Z - - / -sin = ri e
it2 g n=i 2 2 ^ ^ i8 L 2 'J

I
/ 1+ iS . r ( 2 n - l ) « -l
/ -sin = ri

The shear and bending moment in the wall is finally determined by integration. In particular, the base

shear per unit of wall length, Qb ( t ) , is given by

=JQ b ( t ) = J o ( n , t ) H d n
o

. (28)
j + i8 e i m

n3
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and the corresponding base moment, Mb ( t ) , is given by

Mb(t) =
0

(29)

rt4 B n=i ( 2 n - l ) 4 /Jl-<|

Pressures are considered to be positive when tensile; a shearing force acting on the base is positive

when directed along the positive x-axis; and the corresponding base moment is positive when clock-

wise.

Equations (27) through (29) may be reduced to the corresponding expressions presented by Veletsos

and Younan (1992) simply by replacing the factor \J/Q by the factor

Vd-v)(2-v)
(30)

For v = 1/3, the ratio of Vo^Vo = 0.913. In the development of these equations no provision has

been made for the inertia effects of the wall mass. For the rigid, irrotational wall considered, the addi-

tional base shear and moment due to the wall inertia are given simp

respectively, in which [i = the mass per unit of plan area of the wall.

tional base shear and moment due to the wall inertia are given simply by -\iX%H and -^X g H 2 / 2 ,

The values of Kn in Eqs. (27) through (29) are different for the different terms of the series. However,

for systems such as the one examined in this section for which the response is clearly dominated by

the fundamental mode of vibration (note the rapid convergence of the results with increasing n),

excellent approximations to the base shear and base moment may be obtained by replacing Kn by Kj

and merely multiplying the appropriate far-field response by K,.

6.2 Transient Response

With the harmonic response of the elastically supported bar and of the associated stratum established,

their response to an arbitrary transient excitation may be evaluated by Fourier transform (DFT) tech-

niques. The following steps are involved in the implementation of this approach: (1) Evaluate the

Fourier transform of the ground acceleration, x'g ( t ) ; (2) compute the product of this transform and

the complex-valued transfer function of the desired response; and (3) obtain the desired transient

response by taking the inverse Fourier transform of the latter product. The Fourier transforms are typ-

ically computed as discrete Fourier transforms using the fast Fourier transform (FFT) algorithm and

appending a sufficiently long band of zeros at the end of the forcing function so as to eliminate or

reduce the aliasing errors that may be introduced (Veletsos and Ventura 1985). For the solutions pre-

sented herein, the duration of this band was taken equal to 10 times the fundamental natural period of

the layer idealized as a cantilever shear-beam.
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The response to an arbitrary excitation of the elastically supported bar may also be evaluated from an
integral expression analogous to Duhamel's integral for single-degree-of-freedom systems. The
dynamic end pressure on (t) in this approach may be expressed as

8w i
M O = ^ p H - j A ^ t ) (31)

it n

where An(t) is a pseudo-acceleration function which, for a non-dissipative elastic medium, is given

by

A n( ' ) = % Jxg(T)Jo[(0n( t-T)]dX (32)

and Jo is the Bessel function of the first type and zero order. This expression appears to have been first
presented by Kotsubo (1959) (see also Arias et al, 1981). The wall pressure at an arbitrary elevation
may then be determined from

Z r ( 2 n - \)n i
on(t)sin = r, (33)

n=1 L z J

The numerical solutions obtained herein were obtained by the DFT approach.

6.3 Numerical Solutions

Comprehensive numerical solutions for the pressures, shears and moments induced by ground shak-

ing in rigid walls have been presented in Veletsos and Younan (1992) for both harmonic excitations

and the intense segment of an earthquake ground motion record. The reader is referred to that publica-

tion for an account of the magnitude and distribution of these effects and for an assessment of the

effects and relative importance of the various parameters involved. Included in this publication also

are comparisons with solutions obtained by use of the Scott model. It should be recalled that the data

reported in Veletsos and Younan (1992) are V,/V o times as large as those obtained by the model pre-

sented herein and by the analysis presented by Arias et al (1981).
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SECTION 7

HOMOGENEOUS MEDIUM WITH ROTATIONALLY CONSTRAINED WALL

The rigid wall in this section is presumed to be elastically restrained against rotation at the base by a
spring of stiffness Re, and consideration is given to the steady-state response of the system to a har-
monic excitation of the base.

The instantaneous value of wall rotation, positive when clockwise, is given by

G (t) = 0 e:t01 (34)

in which 0 is its complex-valued amplitude, and the horizontal displacement of the wall at a dimen-
sionless distance T) = y/H from the base is given by

w(T|,t) = 0TiHel<ot (35)

When expanded in terms of the natural modes of vibration of the stratum, Yn (rj), Eq. (35) can be

written as

w(H.t)= S w n s i n r ^ I ^ n ] e - (36)
n = 1 L l J

in which

vf ( 2 n - l ) *

In the spirit of Eq. (2), the instantaneous wall pressure may then be expressed as

in which the terms involving the displacements Un represent the pressure induced on a fixed-base

wall and are giyen by Eq. (26), and the remaining terms represent the contribution of the wall rotation.

The rotation amplitude 0 in Eq. (37) may be determined from the equilibrium of moments around the

wall base.
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M° - ©M£ - ^H% + i n H V e = Re9 (39)

in which M£ is the moment amplitude induced by the pressures exerted on the fixed-base wall defined
by Eq. (29); and Mb is the corresponding amplitu
rotation of the wall. The latter moment is given by

by Eq. (29); and Mb is the corresponding amplitude induced by the pressures associated with a unit

i 32H3 f. 1
b = — 4 - 2 , ,_ , ,4 K n

n __ i (2n— 1)
(40)

The remaining two terms on the left-hand member of Eq. (39) represent the contribution of the wall

inertia. With the rotation amplitude 0 evaluated, the complex-valued amplitude of the base moment

is given by the product R e 0 .

The instantaneous base shear in the wall may similarly determined from

0)t (41)

in which Q£, the complex-valued amplitude of the component due to the pressures acting on a fixed-
base wall, is determined from Eq. (28); and Ql

b, the corresponding amplitude of the component due to
the pressures associated with a unit rotation of the wall, is given by

( 4 2 )

Examination of Eqs. (39) through (42) reveals that, in addition to the parameters governing the
response of the system with the fixed-based wall, the dynamic response of the elasiically constrained
wall depends on the relative mass densities of the two components, u./pH, and the dimensionless
measure of the relative flexibilities of the wall and the medium,

( 4 3 )

7.1 Numerical Solutions

Static Effects. It is desirable to examine first the responses obtained for excitations the dominant fre-

quencies of which are small compared to the fundamental natural frequency of the stratum (i.e., for
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motions with <t>j —* 0). Such excitations and the resulting effects will be referred to as static and will

be identified with the subscript si. This term should not be confused with that normally used to repre-

sent the effects of gravity forces. In the equivalent, force-excited version of the problem shown in part

(b) of Fig. 2-1, the static excitation is represented by a set of horizontal body forces of constant inten-

sity -pX g .

Figure 7-1 shows the distributions of the wall pressures induced by a static excitation in systems with

four different values of the relative flexibility factor de, including the limiting value of de = 0 which

corresponds to a fixed-based, irrotational wall. The wall in these solutions is presumed to be massless,

and Poisson's ratio for the medium is taken as v = 1/3. As might be expected, the wall pressures,

and hence the wail shears and bending moments, decrease with increasing de, the reduction being

substantial for the larger values of de. Increasing the flexibility of the wall reduces the horizontal

axial stiffness of the medium relative to its shearing stiffness, and this reduction, in turn, increases the

capacity of the medium to transfer forces vertically by horizontal shearing action. It follows that con-

sideration of the shearing resistance of the medium is particularly important for flexible walls, and

that models such as Scott's which do not provide for this resistance are specially unreliable for such

systems.

The wall flexibility also modifies the distribution of the wall pressures and leads to a singularity at the

top. The latter fact is consistent with the results of finite element analyses of the rocking action of a

wall presented by Wood (1973). It should be clear that the contribution of the higher modes of vibra-

tion increases with increasing de, and that a rather large number of terms is required to accurately rep-

resent the pressure distribution on rotationally flexible walls.

Notwithstanding this fact, an excellent approximation to the base shear in the wall is obtained consid-

ering the contributions of the first two modes of vibration, and a reasonable approximation to the cor-

responding base moment is obtained using the fundamental mode of vibration only. This is

demonstrated in Fig. 7-2 in which the static values of these quantities are plotted as a function of de

for a massless wall and a wall with \i = 0.15pH. For the massless wall, the solutions corresponding

to the fundamental mode are shown in addition to the exact solutions. The results obtained with the

first two modes are almost indistinguishable from the exact results and are not shown. It is observed

that the contribution to the base shear of the higher modes of vibration (mainly second) increases in

importance with increasing d9. As a result, the height h at which the base shear must be concentrated

to yield the correct moment decreases with increasing de. For a massless wall, h decreases from 0.6H

for a fixed-based wall to 0.323H for a wall with de = 5. The effect of the wall inertia is to increase

the base shear and to decrease slightly the effective height, h.

Dynamic Effects. In the left part of Fig. 7-3, the real-valued amplitude of the shear at the wall base of

harmonically excited systems, |Qb |, is plotted as a function of the frequency ratio (O/o)j for three dif-
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ferent values of the relative flexibility factor de. The results are normalized with respect to pXgH2.

The wall in these solutions is presumed to be massless, and Poisson's ratio and the material damping

factor for the medium are taken, as before, as 1/3 and 0.1, respectively.

As would be anticipated from the static solutions presented in Fig. 7-2, the rocking flexibility of the

wall base decreases the base shear. However, the decrease is by no means uniform over the full range

of frequencies considered. In particular, the reduction is substantially smaller at and near resonance

than under static conditions of loading. The interrelationship of the dynamic and static responses may

better be appreciated from the right-hand plots of Fig. 7-3, in which the ratio of the maximum

dynamic to the corresponding static shears (the amplification factor) is plotted as a function of the fre-

quency ratio for the same three values of the relative flexibility parameter de. Of special interest are

the values of the ratio at first resonance. For the fixed-base irrotational wall, it is well known that the

resonant amplification factor is given by \/JE (see Arias et al, 1981, and Veletsos and Younan,

1992), which equals 3.16 for the value of 5 = 0.1 considered. By contrast, for the rotationally flexi-

ble wall, this factor is substantially larger. This is due to the reduced capacity of the flexible wall to

reflect and dissipate by radiation the waves that are transmitted to it. As de -» 0, the medium tends to

respond as an unconstrained shear-beam, and the amplification factor at resonance approaches the

value of 1 / 5 = 10 which is applicable to a viscously damped single-degree-of-freedom oscillator.

The same general trends also are observed in Fig. 7-4 which presents normalized values of the maxi-

mum base shear induced in the wall of a system excited by the first 6.3 sec of the N-S component of

the El Centra, California earthquake of 1940. The acceleration, velocity and displacement of this

record have been presented in Veletsos and Tang (1990) and are not reproduced here. The peak value

of the ground acceleration is xg = 0.312 g, and the corresponding values of the velocity and dis-

placement are x = 14.02 in/sec and x = 8.29 in. The absolute maximum value of the base shear,

I (Qb) m«x| • ' s normalized with respect to px H and plotted as a function of T, = 27tco,, the funda-

mental natural period of the layer idealized as a shear beam. As a measure of the values of Tj that

may be encountered in practice, it is noted that for shear-wave velocity values for the soil in the range

between 400 and 1600 ft/sec and for values of H in the range between 10 and 50 ft, the value of T,

falls in the range of 0.025 sec to 0.5 sec. Also shown in dashed lines are the corresponding results

obtained by considering the contribution of only the fundamental mode of vibration. Note that the

flexibility of the wall reduces the resulting base shear, but that the reduction for a given value of de is

not nearly as large for the higher values of the plots as they are for the static values. Note further that

the contribution of the higher modes of vibration (mainly second) increases in importance with

increasing de.
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Fig. 7-1 Effect of rocking flexibility of wall on distribution of wall pressures
for statically excited systems; uniform stratum with v = 1/3

7-5



All Modes

Fundamental
Mode Only

dQ = GHVRe de = GHVRe
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Fig. 7-3 Effect of rocking flexibility of wall on base shear of harmonically excited systems;
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Fig. 7-4 Effect of rocking flexibiJity of wall on maximum base shear in wall
of systems subjected to El Centro record; uniform stratum with
v = 1/3 and 5 = 0.1
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SECTION 8

INHOMOGENEOUS MEDIUM WITH ROTATIONALLY CONSTRAINED WALL

Consideration is now given to an inhomogeneous medium for which the vertical variation of the shear
modulus is denned by

G(il) =Gog(il) (44)

in which g (TJ) is a dimensionless, decreasing function of TI with g (0) = 1, and Go represents the

base value of the shear modulus. The mass density of the medium, p , is considered to be constant,

and the wall base is considered to be elastically constrained against rotation.

The method of separation of variables employed in the solutions presented so far is not applicable in

this case. As a result, the stiffnesses kn of the supporting springs in the modeling of the medium by

elastically supported bars are in reality functions of both the i;- and r\ -coordinates. However, a rea-

sonable approximation to the solution may again be obtained considering the values of kn to be con-

stant and determining them from the left-hand member of Eq. (15). The frequency « n in this case

must be interpreted to be the nth circular natural frequency of the inhomogeneous stratum vibrating

as a cantilever shear-beam. The following considerations justify this approximation: (1) When vibrat-

ing freely in its nth natural mode, Yn(T|), the difference of the shearing stresses acting on the upper

and lower faces of a horizontal strip of the medium is given by Eq. (14), and Eq. (15) is exact under

these conditions; and (2) for the limiting case of a statically excited medium, the solution obtained

with the proposed approximation was found to be in good agreement with a more elaborate finite ele-

ment solution.

As an example, consider a medium for which G increases parabolically with depth as

G(TI) =G o [ l - t l 2 ] (45)

The nth natural mode of vibration of this medium is given by Bielak (1969)

Yn(i> = P 2n- l (n) - (46)

in which the right-hand member represents the Legendre polynomial of order 2n-l, and the associated

circular frequency is given by
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©n = V2n(2n-1) - ^ (47)

where (vs) o = jG0/p is the base value of the shear wave velocity for the medium. Fig. 8-1 shows
the first three modes of vibration of the medium. Notice that the top values of these modes are unity,
and that the fundamental mode increases linearly from zero at the base. Accordingly, in an expansion
of the displacement of the rigid wall in terms of Yn(T)), only the fundamental mode will be involved.

The spring constants kn in this case are determined from the left-hand part of Eq. (15) to be

kn = 2 n ( 2 n - l ) - | (48)

and, on making use of Eqs. (19) and (20), the impedance of the elastically supported bar is found to be

a function of the vertical position coordinate r\ and expressible as

IJ (49)

In the latter equation

[ K s [ ( r 0 ] n = V2n(2n-1 ) - t j — V l - T l 2 (50)

and a n and pn are the dimensionless impedance coefficients displayed in Fig. 5-1, in which con in the

expression for <(>n must now be interpreted to be the nth circular natural frequency of the inhomoge-

neous stratum.

For a harmonically excited system, the complex-valued amplitude of the nth modal component of the

steady-state displacement of the medium at the far-field, Un, is given by

Cn i pX.H2

Un = !! _ H_i_

2n(2n-l) I-<j^ + i5 Go

in which

(52)
2 T(1.5-n) Hn +

and F is the Gamma function. The integrals in Eq. (52) were evaluated from expressions given in

Abramowitz and Stegun (1965), and Gradshteyn and Ryzhik (1965). The factors Cn represent the

coefficients in an expansion of the unit function in terms of the natural modes of the stratum and,

therefore, add up to unity. The first four values of Cn are 1.5, -0.875, 0.6875 and -0.5859, respec-
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tively.

Recalling that the wall displacement, just like the fundamental mode of vibration of the medium,
increases linearly from base to top, the wall pressure at a normalized height t| may be written in the
form

o(Ti,t) = |K,(ii)[U1-eH]Ti+ f X o D l V M r n l e " 1 " (53)

in which Yn (T|) is defined by Eq. (46), Kn (r\) and Un are determined from Eqs. (49) and (51),
respectively, and 0 is computed, as before, from Eq. (39). The integrals of Yn involved in the expres-
sions for M£ and M^ in Eq. (39) and in the expressions for Q£ and Q^ in Eq. (41), were evaluated by
numerical integration.

It is clear from Eq. (53) that, as the flexibility of the wall constraint and hence 0 increase, the first

term on the right-hand member of Eq. (53) decreases, while the remaining terms, being independent

of 0 , remain the same. It follows that the greater the flexibility of the wall constraint, the greater is

the percentage contribution of the higher modes of vibration to the resulting wall pressures and the

associated forces. The plots in solid lines in Fig. 8-2 show the exact distributions of the wall pressures

for statically excited systems, whereas the dashed lines show those computed by considering the con-

tribution of only the fundamental mode of vibration of the stratum. The results are for a massless wall

and a medium with v = 1/3. Three different values of the relative flexibility factor

G.VH2

de = - i f - (54)
Ke

are considered, in which G1V = (2/3) Go is the average shear modulus of the medium. Note the fol-

lowing:

1. Unlike the pressure distributions for the homogeneous medium presented in Fig. 7-1 which for

the rotationally flexible walls exhibit a singularity at the top, the top values of the pressures for

the inhomogeneous medium are zero.
2. The pressure distributions in Fig. 8-2 bear no resemblance to the inverted triangular distribution

reported for the same problem by Scott (1973).

3. As already inferred from Eq. (53), the contribution of the higher modes of vibration relative to

that of the fundamental increases in importance with increasing flexibility of the wall constraint.

However, reasonable approximations for the base shear and base moment in the wall may still be

obtained from the first two or only the first mode of vibration.

The static values of the base shear and base moment for a medium with a parabolic variation in G are

compared in Fig. 8-3 with those obtained for a homogeneous medium with a value of G = G1V. Note

that the effects for the equivalent homogeneous medium are substantially larger than for the inhomo-
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geneous medium.

As a measure of the interrelationship of the dynamic responses of the two systems, the amplification
factors for the steady-state base wall shear induced by a harmonic excitation are compared in Fig. 8-4
for the two extreme values of the relative flexibility factor d9 considered. The normalizing frequency
(Oj in the abscissa of these plots represents the fundamental circular natural frequency of the medium
under consideration, with the result that the first resonant peak for all curves occurs at o = to,. Note
that for values of m/w, less than about 1.25, the amplification factors for the inhomogeneous and
homogeneous media are in reasonable agreement. It follows that, even for complex earthquake-
induced ground motions for which the dominant frequencies of the oscillations in the acceleration
trace of the motion are less than about 1.25 limes the fundamental natural frequency of the stratum, a
reasonable approximation to the maximum base shear and moment in the wall of a system with an
inhomogeneous medium may be obtained from the corresponding static values by multiplying the lat-
ter values by the amplification factors applicable to a homogenous medium. The second resonant
peaks in Fig. 8-4 occur at the second natural frequency of the medium being examined. For the homo-
geneous medium, this frequency is three times the fundamental, whereas for the medium with the par-
abolic variation in G, it is Jb = 2.45 times as large as the fundamental.
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a parabolic variation of shear modulus.
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Fig. 8-2 Distribution of wall pressures for systems with a rotationally
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SECTION 9

CONCLUSIONS

The principal conclusions of the study may be summarized as follows:

1. The errors in Scott's model stem from its failure to provide for the radiational damping of the

medium and its capacity to transfer forces vertically by horizontal shearing action.

2. The deficiencies of this model may be eliminated by modeling the restraining action of the medium

by a series of elastically supported semi-infinite horizontal bars with distributed mass rather than

by massless springs. The impedance of each of these bars depends on the ratio of the exciting fre-

quency to the natural frequency of the medium for the mode of vibration being considered, and the

material damping factor of the medium. The response of the bars may be evaluated either in the

frequency domain by use of Fourier transform techniques or directly in the time-domain by use of

a convolution integral analogous to Duhamel's integral for single-degree-of-freedom systems.

3. The rotational flexibility of the wall decreases the dynamic wall pressures and the associated shears

and bending moments and affects dramatically their distributions.

4. The greater the wall flexibility, the greater is the number of modes for the medium required to

accurately represent the distribution of wall pressures. However, reasonable approximations to the

base forces in the wall may still be obtained considering the contribution of only the first two

modes of vibration for shear and of only the first mode for moment.

5. The magnitude and distribution of the wall pressures are also sensitive to the depthwise variation

of the shear modulus for the medium.

6. The comprehensive numerical solutions presented and their analysis provide not only valuable

insights into the responses of the systems examined and into the effects and relative importance of

the numerous parameters involved, but also a conceptual framework for the interpretation of the

responses of still more involved soil-wall systems.
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SECTION 11

NOTATION

The following symbols are used in this study:

An pseudo-acceleration function defined by Eq. (32)

Cn nth coefficient in the expansion of a unit function in terms of the natural modes of

vibration of the medium considered to respond as a series of cantilever shear beams,

denned by Eq. (52)

c equivalent damping coefficient defined by Eq. (4)

E Young's modulus of elasticity of soil material

E laterally constrained modulus of elasticity of soil material, defined by Eq. (18)

G shear modulus of elasticity of soil material

Gav average value of shear modulus for an inhomogeneous medium

Go base value of shear modulus for an inhomogeneous medium

G* complex-valued shear modulus for soil medium

H height of wall and soil layer

h height from base to resultant of total wall force

Jo Bessel function of the first type and zero order

K generalized impedance for soil medium
Kn impedance of elastically constrained, semi-infinite bar with distributed mass
K8 stiffness of horizontal linear springs in Scott's model

(K s l) n static value of Kn

kn stiffness of supporting springs for elastically constrained bar, defined by Eq. (15)

Mb instantaneous value of bending moment at wall base

Mb amplitude of moment at wall base due to the pressures induced by a unit rotation of the

wall

M£ amplitude of moment at wall base due to the pressures induced on a fixed-based wall

n integer
P2n -1 Legendre polynomial of order 2n-1

Qb instantaneous value of base shear in wall

Qb amplitude of base shear in wall due to the pressures induced by a unit rotation of the

wall

l l - l



Qb amplitude of base shear in wall due to the pressures induced on a fixed-based wall

qn a function of time

Re stiffness of rotational constraint at wall base

T] fundamental natural period of stratum responding as series of cantilever shear-beams

t time

Un nth coefficient in the expansion of the horizontal displacement of the medium, u, in

terms of the natural modes of vibration of the medium considered to respond as a

series of cantilever shear beams

u horizontal displacement of medium relative to the moving base

uf free-field displacement of medium relative to the moving base

vs velocity of shear-wave propagation for medium

( v s ) o base value of shear wave velocity for an inhomogeneous stratum

Wn nth coefficient in the expansion of the lateral wall displacement, w, in terms of the nat-

ural modes of vibration of the medium considered to respond as a series of cantilever

shear beams

w lateral wall displacement relative to the moving base

Xn a function of \

x horizontal position coordinate

xg maximum value of displacement of ground for a transient ground shaking

xg maximum value of velocity of ground for a transient ground shaking

x maximum value of acceleration of ground for a transient ground shaking

xg(t) instantaneous value of ground acceleration

Yn function of r\ representing the nth mode of vibration of the medium responding as a

series of cantilever shear-beams

y vertical position coordinate

a n stiffness coefficient in expression for bar impedance

Pn damping coefficient in expression for bar impedance

F Gamma function

Ax difference in shearing stresses acting on top and bottom faces of elastically con-

strained bar

(Ax) nth component of At

5 material damping factor for constant hysteretic characterization of soil damping

£ percentage of critical damping

T] y/H dimensionless vertical position coordinate

0 complex-valued amplitude of 6

9 instantaneous value of wall rotation

p. wall mass per unit of plan area

v Poisson's ratio for soil

\ x/H dimensionless horizontal position coordinate
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p mass density for medium

o instantaneous value of normal pressure induced on wall

an nth component of a

T shearing stress at an arbitrary point and time

<)> n dimensionless frequency ratio

\j /o function of v defined by equation (22)

\j/Q function of v defined by equation (30)

to circular frequency of excitation and resulting steady-state motion

0) nth circular natural frequency of stratum considered to act as series of vertical cantile-

ver shear-beams.
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