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Abstract

The problem of 3D-reconstruction is encountered in both medical and industrial
applications of X-ray tomography. It would seem natural to recover volume data by
just repeating 2D-reconstructions slice-by-slice. However, 2D fan-beam exposure is
wasting most of the photons on the collimator and such a procedure is inefficient in
terms of data acquisition. Fast scanning with acceptable signal-to-noise ratio requires
cone-beam exposure.

A method able to utilize a complete set of projections complying with Tuy's condition
was proposed by Grangeat. His method is mathematically exact and consists of two
distinct phases. In phase 1 cone-beam projection data are used to produce the deriva-
tive o\ the Radon transform. In phase 2, after interpolation, the Radon transform data
are used to reconstruct the three-dimensional object function.

To a large extent our method is an extension of the Grangeat method. Our aim is to
reduce the computational complexity, i.e. to produce a faster method. The most taxing
procedure during phase 1 is computation of line-integrals in the detector plane. By
applying the direct Fourier method in reverse for this computation, we reduce the

complexity of phase 1 from O(N ) to O(N~ lo$N). Phase 2 can be performed either as a
straight ID-reconstruction or as a sequence of two 2D-reconstructions in vertical and
horizontal planes, respectively. Direct Fourier methods can be applied for the 2D- and

ior the .^-reconstruction, which reduces the complexity of phase 2 from OtN ) to

OiX'b^M) as well. In both cases, linogram techniques are applied.

For 3D-reconstruction the inversion formula contains the second derivative filter
instead of the well-known ramp-filter employed in the 2D-case. The derivative filter is
more well-behaved than the 2D ramp-filter. This implies that less /eropadding is
necessary which brings about a further reduction of the computational efforts.

The method has been verified by experiments on simulated data. The image quality is

satisfactory and independent of cone-beam angles. For a 5/.V volume we estimate
that our method is ten times fasfer than Grangeat's method.
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These are the errors I have detected up to now in my thesis "Direct Fourier Methods
in 3D-Reconstruction from Cone-Beam Data". I am grateful for questions and
comments.

Caroline Axelsson

Page 12: on the line above (2.26), change "%J(R?,) " to "%
Page 13: on the 4th line, change "(2.22)" to "(2.29)"

Page 41: on the 4th line from bottom, change "ray trough 5" to "ray through pf"
Page 56: on the line below (5.49), change "strategy 1" to "strategy 2"
Page 63: on the 6th line from the bottom, change "sequence" to "consequence"
Page 86: on the 3rd line from the bottom, change "sampling density" to "sampling

distance"
Page 94: on the 6th line from the bottom, change "(7.22)" to "(7.23)"
Page 123: the header of both tables should be

ellipsoid a b c a P den

Page 131: add to the caption of Figure 8.22, "Image contrast 0.0-1.0"
Page 145: add to the caption of Figure 8.32, "Image contrast 1.005-1.04"
Page 161: on the 3rd line, the reference [Opp75] refers to: A.V. Oppenheim, R.W.

Schäfer, Digital Signal Processing. Prentice-hall, 1975.
Page 162: on the first line, the reference [Blu70] refers to: L.I. Bluestein, "A Linear

Filtering Approach to the Computation of Discrete Fourier Transform",
IEEE Trans. Audio Electroacoust, vol. AU-18, pp.451-455, Dec. 1970
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Abstract
The problem of 3D-reconstruction is encountered in both medical and industrial
applications of X-ray tomography. It would seem natural to recover volume data by
just repeating 2D-reconstructions slice-by-slice. However, 2D fan-beam exposure is
wasting most of the photons on the collimator and such a procedure is inefficient in
terms of data acquisition. Fast scanning with acceptable signal-to-noise ratio requires
cone-beam exposure.

A method able to utilize a complete set of projections complying with Tuy's condition
was proposed by Grangeat. His method is mathematically exact and consists of two
distinct phases. In phase 1 cone-beam projection data are used to produce the deriva-
tive of the Radon transform. In phase 2, after interpolation, the Radon transform data
are used to reconstruct the three-dimensional object function.

To a large extent our method is an extension of the Grangeat method. Our aim is to
reduce the computational complexity, i.e. to produce a faster method. The most taxing
procedure during phase 1 is computation of line-integrals in the detector plane. By
applying the direct Fourier method in reverse for this computation, we reduce the

complexity of phase 1 from O(N4) to O(N3logN). Phase 2 can be performed either as a
straight 3D-reconstruction or as a sequence of two 2D-reconstructions in vertical and
horizontal planes, respectively. Direct Fourier methods can be applied for the 2D- and

for the 3D-reconstruction, which reduces the complexity of phase 2 from O(N4) to

O(N^logN) as well. In both cases, linogram techniques are applied.

For 3D-reconstruction the inversion formula contains the second derivative filter
instead of the well-known ramp-filter employed in the 2D-case. The derivative filter is
more well-behaved than the 2D ramp-filter. This implies that less zeropadding is
necessary which brings about a further reduction of the computational efforts.

The method has been verified by experiments on simulated data. The image quality is

satisfactory and independent of cone-beam angles. For a 512 volume we estimate
that our method is ten times faster than Grangeat's method.
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1. Introduction

1.1 Reconstruction from projections

Computed tomography (CT), with the possibility to view internal organs, has been a
break-through for diagnostic medicine. Industrial applications for CT have come later
but seem to be increasing. Primarily, the industry is interested in CT for nondestruc-
tive testing. A prime example is inspection of turbine blades in jet engines.

Fundamentally, tomography deals with reconstruction of images from their projec-
tions. In most cases the word tomography is interpreted as two-dimensional tomog-
raphy, where a slice of the object is reconstructed. Projections of the slice are taken
from many different directions, whereafter these projection data are input to a recon-
struction algorithm. Two ID projections of an object function consisting of two
circular slices is shown in Figure 1.1 a).

Cone-beam

Figure 7.7 a) Tuv onc-ilimcnsional projections of an object consisting of two circular slices,
b) A two-dimensional projection of two spheres.

In this thesis we will focus on projections produced by X-rays. Traditionally, the X-ray
source produces photons in a diverging beam, a cone-beam that penetrates the object
and reach the 2D detector, see Figure I.I b). All photons reaching the same point or
pixel in the detector plane belong to a specific X-ray (Figure 1.2). The X-ray source
produces a (fairly) homogeneous photon-beam, but each time a photon hits a particle
in the object, either the photon is absorbed or it is scattered. Therefore, the number of
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photons reaching the different detectors varies. The energy loss factor (relation
between input and output) is proportional to the attenuation of the object. The attenu-
ation variation over the object volume is denoted t (.v. i/, r ) . This is the object function.
Integration of the losses along a ray yields the following well known formula.

/ = ' o l>
•J- IM.v. u.z)Jl

(l.i)

I he \-ray traverses the object along the line /.. /,) is the original intensity of the X-ray

s.xrJ. I,,,(; is the attenuated intensity. Hence, by taking the logarithm we get

IV ( . Y . i / . ;
i

) dl = In -
out

(1.2)

By applying (1.2) we obtain a line-integral through the object from each X-ray
detector.

X-rau

X-r. i l / si Detector

Figure 1.2 [inch X-rau givcf rife to a liiic-intc^rul of the object.

This thesis will deal with three-dimensional reconstruction from cone-beam projec-
tions where the volume oi an object is reconstructed from its 2D-projections. It would
seem natural to recover volume data by just repeating the well established 2D-recon-
struction slice-by-slice as indicated in Figure 1.3. However, such a procedure is a very
inefficient use of the X-ray photons generated by the X-ray source. These are rather
precious since their number can hardly be increased over a certain level due to loss of
focus, anode damage etc. ID fan beam exposure is wasting most of the photons on the
collimator, as seen in Figure 1.4.

Figure 13 Slice bu-<Iice 2P-nro>i<truction.

It the proportion of scattered radiation is constant, then the more photons that pene-
trate die object and perform measurements tor us, the higher signal-to-noise ratio we



1.2 Outline of the thesis

.crt. Obviouslv, a cone-beam system equipped with an .V.v.V 2D detector collects N
times more data per second than a tan beam system using an .V-point ID detector.
1 lence. tast scanning with acceptable signal-to-noise ratio tor the input signals
requires cone-beam exposure. In principle, tor a given X-ray source and an .Vv.V.vN
volume tii be reconstructed, the cone-beam technique should have an ;Y-fold speed
advantage.

X .'•-.. -t-.WY,

IDJd-.rte-r
Conc-bt\im

X-rii

Fan bran:

1.4 In 2P

2D detector

i »io>t <>' tiic photon* are waited on the collimator. while 3D tomography
u<e> the entire cone-beam.

1.2 Outline of the thesis

Many approaches of tomographic reconstruction are based on the Radon transform
(Radon [26]) and the Fourier slice theorem, which are described in Chapter 2. Some of
the 21) reconstruction methods are presented in Chapter 3. A classical survey over 2D
transform reconstruction methods is given by Levvitt [19]. By far, the most common
21) method is the computationally heavy filtered backprojection with complexity

(V.\'\). The faster 0<N2lo^Ni direct Fourier method suffers from a bad reputation,
caused by artifacts in the reconstructed image. As shown recently, however, careful
interpolation and proper zeropadding is a remedy for the direct Fourier method
(Magnusson, Danielsson, Fdholm [21] and Magnusson [22]). The linogram method
(Fdholm [11], Magnusson, Fdholm [20], Magnusson [22]), which is also a direct
Fourier method, produces pixel for pixel the same result as filtered backprojection. To
employ direct Fourier methods to speed up the 3D-reconstruction is the main theme
ot this thesis.

The Feldkamp method (Feldkamp (12]) for 3D reconstruction is a generalisation of 2D

filtered backprojection to 3D and has complexity O<N >. The Feldkamp method is
somewhat of a standard today in ID-reconstruction and is described in Chapter 4.
Unfortunately, the result is only mathematically correct in the midplane. The farther
away from the midplane we get, the larger are the errors. Hence, this method may
only be used for small cone-beam angles. It is obvious that the Feldkamp method can
not produce an artifact-free result, since it operates on the projections from one
circular orbit, which does not fulfil the sufficiency condition, Smith [28], Tuy [30]. The
sufficiency condition presented in Chapter 4, tells us that all planes intersecting the
object lias to intersect the trajectory iii the source at least in one point.
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By first obtaining the 3D Radon transform of an object, a mathematically correct
reconstruction can be performed. For a long time, the divergent X-rays in a cone-beam
represented an unsolved problem in the process of computing the Radon transform
from the cone-beam projections. The solution, given by Cirangeat [13] and described
in Chapter 3 makes it possible to obtain the derivative of the Radon transform from the
divergent cone-beam projections. From the Radon data 2D reconstructions in two
stages of vertical- and horizontal-planes, respectively, Crangeat obtained the final

reconstructed result. The complexity of this method is O(N4).

The filter involved in the filtered backprojection 2D-version of Radon's inversion
formula is the well-known ramp-filter. The corresponding filter in the 3D-case is the
second derivative operator. The actual inversion formula including this filter may be
given various formulations in the signal and Fourier domains involving Hilbert trans-
forms and/or ramp-filters (Kudo, Saito [18], Smith [28], Tuy [30]) as will be demon-
strated in Chapter 5.

Our method is based on the work bv Grangeat and consists of two distinct phases.
Phase 1 involve., the computation of the derivative of the Radon transform from the
cone-beam projections and is described in Chapter (S. The most taxing procedure
diving phase 1 in [13] is computation of line-integrals in the detector planes. By
applying the inverse direct Fourier method as proposed by Danielsson [6], [7] for

computation of the line-integrals, we reduce the complexity of phase 1 from L)(N' ) to

Of.V'/o^NJ. In Chapter 6 we compare the ramp-filter for 2D reconstruction with the
second derivative filter. The more well-behaved derivative filter implies that 3D
reconstruction is easier than 2D, i.e. less zeropadding is required.

During phase 2, described in Chapter 7, the object-volume is reconstructed from the
derivative of the Radon transform. Phase 2 can be performed by straight 3D-recon-
struction or by two 2D-reconstructions in vertical and horizontal planes. In both cases
we adopt direct Fourier methods for the reconstruction and thereby we reduce also

the complexity of phase 2 from 0<N ) tr 1(N' lo$N).

The actual implementation (with linogram techniques) and the results of our simu-
lated experiments are presented in Chapter 8. For comparison our method and to
Ieldk.imp method are applied to the same reconstruction problems.
Claims, conclusions and outlines for further work are given in Chapter LK

Certain results presented in this thesis have been published by Danielsson [(•>], [7] and
Axelsson, Danielsson [1], [2].



2. The Radon transform and the Fourier slice

theorem

2.1 The Radon transform

The ID Radon transform

The Radon transform was defined and investigated by Johan Radon in 1917 [26]. Let /.
be any line in the v,i/-pldne (see Figure 2.1 a), defined by points (x,y) such that

p = xcusO + i/smO (2.1)

The normal to the origin intersects the line /. in

(pcosB, p.s/;;0) = pq (2.2)

where c. is the unit vector defined by

c = (cose. sm8) (2.3)

The integrals of d 2D-function f(x,\/) along all possible lines is the two-dimensional
Radon transform 'J(pf f<x,i/)

'Jtflpi) = I I fix. i/)O(.vccsB + I/S/MO - p)dxdi/ =

= f | / " ( .v)6fx»c-p)( / .v

(2.4)

(2.5)

where

.v = (.v. i/) (2.6)
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tlXA/l

Figure 2.1 a) Integration along a line L produces a Radon value, b) A point <x,i/) contributes to Radon
data along a circle in the Radon space.

In the Radon space the result of a line-integral is placed where the normal from the
origin intersects /. (see Figure 2.1 a), that is at position pc,. Conversely, the set of line-
integrals through a specific object data point <x,y) contributes to the Radon space
along a circle intersecting the point and origin O, with the vector (x,y) as a diameter,
see Figure 2.1 b). Hence, in a case of backprojection the point (x,y) should receive
Radon data contributions from this very circle.

The filtered backprojection inversion formula for the 2D Radon transform is given by

(,.,/, = J j J\R\ >J
- n -c

J !FW(RZ,)]dB (2.7)

-n

where 'J'JtfiRZ,) is the Fourier transform of ^f (pq) , given by (2.19). (2.7) may be

rewritten as a convolution. Substitute temporarily

/ = A-t-ase + i/sme (2.8)



2.1 The Radon transform

Mien we have

t i X. = ! J \ Ri 'W(R&tJ2i:RtdRdB =
- 7 1 - c

It

K

271 JlM

-, f » ̂ ,,5, • 2 M = J , f f f ,
•2 J «f ' 4 IT 2 J J op •

—Jt —K — =

Insertion of (2.S) in (2.9) yields

n ~

/( .
4 K

2

- J t - t > o

liquation (2.10) may be written with vector-notations as

.v. v) = — f f -| ^(p^) ^—1—H
4 K

2 J J «P .YlU'-0+l/SIH8-

-it - °

(2.9)

(2.11)

3D Radon transform

In three dimensions, the Radon transform of a 3D-function f(x,\j,z) consists of integrals
over planes rather than over lines as in the 2D case, see Figure 2.2.

The equation of the integration plane is given by

p = .v sin 6 cos cp + i/ sin 0 sin cp + z cos Ö (2.12)

We introduce

c, ~ {sinocosqi.sinQsinq.cos8) (2.13)
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Thus, p is the length of the normal from origin to the plane and 4 is a unit vector on
the unit sphere defining the direction of the normal. B is the angle of the normal to the
:-a\is, <p is the angle between the projection of the normal in the ,v,i/-plane and the x-
a\is, see Figure 2.2.ig

lntc$nithm plane Radon value

A

Figure 2.2 3D Radon values corresponds to plane-integrals.

The 31) Radon transform is

r f f

J J

f (x,y. z)b{xsin8cos(p +i/sindsi)iq> +zcosQ - p) dxdi/dz =

(2.15)

where

.v = (AM/. ; ) (2.16)

Thus, the Radon value generated by a plane-integral is located in a point defined by

pc, which is the location of the normal to the plane through the origin, see Figure 2.2.

The set of plane-integrals through a certain point P at (x,y,z) contributes to Radon data
on a sphere through /' and the origin O, with vector p^ forming the diameter in this

sphere. I lenceforth we will often call this sphere the Radon shell of P, see Figure 2.3.

The truth of the previous paragraph is easily verified by observing an arbitrary plane
through /' in Figure 2.3. This pLne will cut trough the Radon shell of P along a circle.
The point A diametrically opposite on this circle is also located on a great circle of the
Radon shell through /' and through the origin. Hence, the angle GAP is 90 and for
symmetry reasons the vector AO is the normal to the plane. Thus, the point A on the
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Radon shell of P is indeed the proper location for the Radon value of the plane
through P. By the same reason all other planes through P have their normals from the
origin located on the Radon shell of P.

OIKS section with the
Radon shell of P Radon shell of P

J

Radon vain

Arbitrary plane through P

Figure 2.3 A point P contributes to Radon data on a sphere.

The inversion formula of the 3D Radon transform is given by (adapted from
Natterer [24] and Deans [8])

n/2 2n
-1/"(-V,!/, 2) =f(X) = —- f f A 5

e = - u / 2 (p = o K

(2.17)

where

P = (2.18)

The integral is taken over the unit sphere.

(2.10) and (2.17) describes filtered backprojection reconstruction for the 2D- respec-
tively 3D-case. The second derivative-filter in (2.17) corresponds to the ramp-filter in
(2.10). The characteristic of the second derivative filter is the main difference between
2D- and 3D-reconstruction.

According to Natterer [24], the 3D-reconstruction is local, which means that the func-
tion at some point is determined by the plane-integrals through a neighbourhood of
that point. The 2D-reconstruction is not local in the sense that for obtaining the func-
tion value at some point, the integrals along all lines in the support of the function are
required.

A comparison between the ramp- and second derivative-filter has been made in

Chapter 6.4. The envelope of the tails of a smoothed derivative-filter die away as 7/p ,

while in the smoothed ramp-filter they die away as 7/p\ Moreover, the samples in the
tails of the derivative-filter oscillates at high frequency around a /ero-mean. There-
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tore, the tail contributions cancel each other in most cases. The samples in the tails of
the ramp-filter however all are negative, i.e. the tails accumulate a negative contribu-
tion.

A practical consequence of great importance is that in most cases no zeropadding is
necessary for 3D-reconstruction. In this respect 3D-reconstruction is easier than 2D.

2.2 The Fourier slice theorem

The 2D Fourier slice theorem

An important property of the Radon transform is its correspondence with the Fourier
transform. A projection of an object is formed by combining a set of line-integrals

through the object. The simplest projection, a parallel projection ^f (pq) , is a collec-
tion of parallel line-integrals, that is a set of Radon values along a line through the
origin, as shown in Figure 2.4 a).

a) Radon space b) Fourier domain

Figure 2.4 a) A parallel projection is a set of parallel line-integrals, that is Radon values along a line
through origin, b) By a radial Fourier transform of the projection we arrive in the 2D Fourier space

along the same line.

In words the 2D Fourier slice theorem can be formulated as follows: The ID Fourier

transform T'JtfiRc,) of a projection j^f(pq) of f(x,y), i.e the Fourier transform of data

along a line through origin in the Radon space oif(x,y), is identical to the data along
the same line through the 2D Fourier space F(u,v) off(x,y).

The theorem, illustrated in Figure 2.4 and Figure 2.5, forms the basis for all transform
methods used in reconstruction from projections.

10



2.2 The Fourier slice theorem

F(it.r)

—t J/

i

X

Figure 2.5 Illustration of the Fourier slier theorem.

of the theorem.

The Fourier transform of 'Jtf( pc) along p is given by

or, when 'nserting (2.4),

r-i JO

T'JtfiRZ,) = f J f f /'(AM/)ö(.va).s(
J | J J

[?y changing the order of integration we get

(2.19)

(2.20)

[ f /(.v. i/) J f S {.vt-ose + I/SIM6 - p) t~ ; 2 l tKprfp , t/.v</t/ (2.21)

Clearly, contributions to the inner integral in (2.21) occur only when (2.1) is met, there-
hire (2.21) can be rewritten as

I fix. u) c dxdxi (2.22)

I5y substituting

(2.23)
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in (2.22) we obtain

TJtf(Rl) = \ \ fix.i/)tr'ln{xu^'v)dxdy = F(ii.r) (2.24)

Thus, for any fixed value of 6, the right hand expression represents the two-dimen-
sional Fourier transform of f(x,y) at frequencies along a radial line according to (2.23).
We can rewrite (2.24) as

•f'K[{ RZ,) = F(Rcosd. RsinO) (2.25)

which proves the Fourier slice theorem.

The 3D Fourier slice theorem

The radial Fourier transform 'P-RfiRq) of the Radon transform 'J(f(pc,) ofa3D-func-
tion f(x,y,z), i.e. the Fourier transform of data along a line through the origin in the
Kadon space, is identical to the data along the same line through the 3D Fourier space
F(u,v,w) of f(x,i/,z).

The Fourier transform of %f{Rc,) along p is given by

>/'%{ Rh = J 'Jy(pl)tr'2nRpdp (2.26)

or, when inserting (2.14),

(
I -j I I \

— Of) —tj i i — Z-l

ef K P
0r7\

and by changing the order of integration

I I f<x' .'/• 2 ' \ I 5(A-.s/>/6co.s(p + i/ainBsimp + zcosd - p) e !~n Pdp\dxdydz

The contribution hom the inner integral only occurs when (2.12) is met. We get

(2.28)

12



2.2 The Fourier slice theorem

I j j / y (2.29)

By substituting

H = p

(2.30)

in (2.22), we obtain

•fXflRl) = J f J / ( . r , y , 2 ) f " / 2 n ( - Y " +-VI1 + 2 r i I ) d . r d y r f z = F ( « i , i ' , r r ) ( 2 . 3 1 )

Thus, for any fixed value of 0 and (p (i.e. fixed q), the right hand expression represents
the 3D Fourier transform of f(x,y,z) at frequencies along a radial line according to
(2.30). We can rewrite (2.31) as

Ri) = FOisinQcosq, RsinQsiny, RcosV) (2.32)

which proves the 3D Fourier slice theorem.

The Central section theorem

A variant of the 3D Fourier slice theorem which we here will call the central section
theorem, was used by Crowther, DeRosier, Klug [5]. Suppose we have exposed a 2D
parallel projection Xf(s,t) of the object function f(x,y,z). The 2D Fourier transform
/ i ^ S J J of Xf(s,l) will then corresponds to a central slice through the F'ourier domain

of the object function F(u,v,iv), with a normal that is parallel to the direction of the
projection, see Figure 2.6.

13



Chapter 2. The Radon transform and the Fourier slice theorem

ID Fourier transform

.Xf'is.tl r'lu,V,w)

Insert in the
Ml Fourier domain

Figure 2.6 The Central section theorem.

2.3 The relation between the X-ray and the Radon transform

The ID case

According to Chapter 1.1, each X-ray and its detector may be assumed to produce
line-integrals through the object. The measuring X-ray operator Xon f<x,i/) will then
give us

= f [ (2.33)

Thus, each X-ray delivers one Radon value directly in the 2D case. By taking a set of
projections around the object as in Figure 3.1 a), the Radon space is filled and the
object can be reconstructed.

The 3D rust-

In the 3I)-case the Radon transform consists of plane-integrals and therefore the line-
integrals produced by the X-rays has to be converted to plane-integrals before we can
reconstruct the object.

In the case of parallel projections this is easy, as illustrated in Figure 2.7 a). The plane

of the sheet is assumed to be perpendicular to p4- That is, we are discussing the

computation o\ the Radon value '^f'(pi). Consider the line-integrals in the plane

defined bv pc and assume th.it these are oriented along the coordinate system (t,*).

14



2.3 The relation between the X-rav and the Radon transform

ai

(2.34)

Figure 2.7 a) Parallel line-integrah can be converted to a plane-integ;al. b) Conc-lvum line-integralf
can not directly be converted to a plane-integral.

Then the line-integrals can be written as

oo

Xf . - I t ) = f f , { t . S ) t h .
' pc, J • pc

The plane-integral is defined by

oo on

>b = f f /' ;(t.*)dtds.
J J ' P^

(2.35)

By inserting (2.34), we get

= [Xf ;(t)dt
J Ph

(2.36)

which shows that in the case of parallel projections the line-integrals are converted to
plane-integrals by a line-integration in the detector plane.

Unfortunately, a normal X-ray source produces divergent rays, as seen in
F'igure 2.7 b). In a plane through the source inside the cone we find a fan-beam. Polar
coordinates is needed to express the divergent line-integrals as

Xf . ( • / ) = \ f , ( r , y ) d r (2.37)
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1 \pressing the Radon vulue (2.3r) in the same coordinates yields

- -• K 2 ---

ty i pi> = f j /^- (t. s) dtds = J J / _: ( r. Y) ninfY (2.38)

But when (2.37) is integrated over Y, we get

JC/2

f Ajf , i y ) d y = f f /" . - (r .y)drrfy (2.39)
J P^ J J P^

-j t '2 - i t / 2 -•»

(2.38) differs from (2.39) by the absence of the factor r inside the integral. This is the
key problem. The divergence of the cone-beam makes it unsuitable for direct compu-
tation oi the 3D Radon transform. Fortunately, Grangeat [13] has discovered that it is
possible to convert the line-integrals in the cone-beam projections to the derivative of
the Radon transform, as will be described in Chapter 5.2.



3. 2D Reconstruction

3.1 Filtered Backprojection

The most common technique for 2D tomographic reconstruction is filtered backpro-
jection. First the X-ray projections of the object is obtained, as in Figure 3.1 a) and let
us assume that the reconstruction would consist of backprojection only. The result is

71/2

'Bf(x,\D = j w
-71/2

where p and c are defined as in (2.1 )-(2.3).

pi) dB (3.1)

Projection I

A)
/ / •

Protection 2

y

Projection I

Projection 2

Figure 3.7 in Projection* of the object are obtained, b) During the reconstruction, the projections are
backprojected over the image.

In words, the backprojection may be described by saying that line integral data from
the projections are "smeared out" along the same lines in the reconstructed object that
produced the integrals in the original object, as shown in Figure 3.1 b). The net effect
is a low-pass filtering which is easy to identify when the object consists of a point as in
Figure 3.1. To compensate for this low-pass filtering, the projections must be filtered
with a certain high-pass filter before the backprojection. In the mathematical descrip-
tion following below, it can be seen that this high-pass filter is the well-known ramp-
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filter in the Fourier domain. Intuitively, this can be understood from the Fourier
domain in Figure 3.2, where the sampling density along the concentric circles
increases linearly with decreasing radius. The ramp-filter compensates for this
varying sampling density in the Fourier domain. The total reconstruction with filtered
backprojection is described in Figure 3.2.

Fourier transform
of the projection*

• • x z :

H(R) = I R I

»
Filtering with tlie

ramp-filtar

hike projections Radon space Fourier domain

Reconstructed

object
Backprojection

Inverse Fourier
transform

Filtered
projections

Figure 3.2 Filtered backprojection.

The filtered backprojection algorithm may be derived as follows. Using the inverse
Fourier transform, the object function f(x,y) can be expressed as

/'(AM/) = f 'dudv (3.2)

— oo — oo

We exchange the Cartesian coordinates (u,v) in the frequency domain to the polar
coordinates (R.ii), by making the substitutions

1/ =
(3.3)

which yields

\\>fi.v.i/) = f | 7 ( / ? , 8 ) t '

i) i)

/2Ji,
R (3.4)

18



3.1 Filtered Backprojection

and where we have slightly abused the notation by calling the Fourier domain func-
tion I' in (3.2) as well as in (3.4). The integral in (3.4) can be split into two as in (3.5)

f(.v.i /) = f [ F ( R . d ) c .va>s8+ i/s R dRdti+

(3.5)

0 0

By using the property

F(R, 8 + 7T) = F(-R,Q) (3.6)

and using the interval 0 < 0 < TC while -
be written as

9)|R|

J, the above expression forf(x,y) may

= J J F(R,
0 L —

If we replace the 2D Fourier transform F(R,Q) by the ID Fourier transform 'f'J

o( the projection 'Jtfipc,) at angle 0, as described in (2.25), we get

fix. m == J i J W j2nR{ xawÖ + 1/si»0) , ne • d R dd = (3.8)

4\\h
0 i . - • :

(3.9)

where p = vcosö + I/S/HÖ according to (2.1). Equation (3.9) describes the total recon-
struction. The projections are Fourier transformed, filtered with the ramp-filter I R \,
inversely Fourier transformed and backprojected.

Time complexity

Comparison of complexities requires objective measures. I'very algorithm can be
implemented in special hardware. But to put them on equal level we have to compare
their complexity when executed on a general purpose computer. Here, we have not
found anything better than to estimate the total number of FLOP (Floating Point
Operations). One addition, subtraction, multiplication and division all account for
one FLOP each in our estimations.

19



Chapter 3. 2D Reconstruction

lor reconstruction of an NxN image, 2N projections are sufficient (Kak, Slaney [17]).
With N detector values in each projection, they sweep out a circle in the Radon space
which corresponds to exactly the same circular object function. It the object function is
zero outside this circle, so is the Radon transform, i.e. the projection values. The circle
is inscribed in the NxN reconstruction space as in Figure 3.3 a). Obviously, the valid
image data fill only the part inside the circle.

1 ixel to re
from the

Image to be

reconstructed

b)

V

I
•

cewt

filte

'/-

N

a contribution

red projection

/ Filtered projection

' data

Figure 3.3 ul The projections sweeps out a circle, b) Interpolation is necessary during the
backprojection.

The ramp-filtering is performed by multiplication in the Fourier domain. The compu-
tational cost for FFT (Fast Fourier Transform) on real data is l/4NlogN butterflies,
where each butterfly consists cf 10 FLOP. Thus the totally cost for FFT on real data is

~ IV hgN FLOP (3.10)

I lowever, to combat circular convolution artifacts from the ramp-filter we must
/eropad with a factor of 2, i.e. the samples should be increased from N to 2N in each
projection.

The cosi for FFT on 2N projections is then:

2N(* 2N loglN) = 10N2/c>x2N FLOP

Real indata to the Fourier transform results in a hermitian function in the Fourier
domain (see Bracewell [3]). Thus it is only necessary to perform the ramp-filtering on
half of the points in each projection. The Fourier data are complex, while the filter
coefficients are real. Therefore each point requires 2 multiplications, i.e. 2 I'LOP/poiiit.

Cost for ramp-filtering:

2.\;(2
?

N' 2) = 4N2 FLOP

The cost for inverse FFT is the same as for FIT:

1O.\'2/('S'2.\; FLOP
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3.2 The Direct Fourier Method

The most taxing procedure in the filtered backprojection method is the final backpro-
jection itself. A specific pixel seen in Figure 3.3 b) is going to get its proper contribu-
tion from position s in the projection. But since there is no sample exactly there,
interpolation in the projection data is necessary. This procedure, the innermost loop in
backprojection, requires computation of s, interpolation and accumulation. It seems
unlikely that any general purpose computer could do this with less than 5 FLOP.

The cost for backprojection of 2N projections into an NxN image is then:

2N*N*N 5 = ION3 R O P

The total cost for filtered backprojection yields:

4N2 + 20N2h^2N + ION3 FLOP (3.11)

To summarize, filtered backprojection has the complexity O(N') and a 512x512 image

requires l.40*l(f FLOP under the given assumptions.

3.2 The Direct Fourier Method

The direct Fourier method is based on the Fourier slice theorem, described in

Chapter 2.2. This theorem tells us that by taking the ID Fourier transform '/']{£( Re,)

of a projection ^f(pc) of the object, we arrive in the 2D Fourier space F(u,v) of th >

object in the same direction as the projection. This can be written ?^

'/'%(!<£,) = FiRcosQ, KS/H8) (3.12)

Using the projections from all directions in this manner, >.ve get a "complete" Fourier
space, where the samples form a pattern of concentric circles. See Figure 3.4. By inter-
polating from this polar grid to a Cartesian grid we should be able to perform a 2D
inverse Fourier transform and obtain the reconstructed object. An overview of the
direct Fourier method is illustrated in Figure 3.4.

The sampling pattern used here in the Radon space and in the Fourier space is sino-
gram sampling. The radial sampling distance d(9) = d(0) along a projection is
independent of the projection angle 6 and the angular increment A6 between the
projections is constant. d(0) is the sampling distance for the 0° projection. The samples
in the Radon space as well as in the Fourier space are equidistantly positioned along
circles.
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Take projections --• Radon space

dimpled Fourier space
Stno^ram sampled

Radia! Fourier
transform

Interpolation

ID inverse Fourier
transform

Reconstructed object

Figure 3.4 The direct Fourier method.

Fourier space
Cartesian grid

A set of parallel projections Sfipc,), is called a sinogram. The sinogram of/contains
exactly the same data as the Radon transform of /bu t the two coordinates (p,9) are
allowed to span a Cartesian grid in the sinogram. See Figure 3.5. In Figure 3.5 b) it can
be seen where the name comes from. A specific point Cv7,t/7) contributes to Radon data
on a circle in Figure 3.5 a) (see also Chapter 2.1), but to a sinusoid in the sinogram of
Figure 3.5 b).

•
P

P/ i

p = Xjcosd + i/jsn/0

XK

Radon space
b)

Figure 3.5 n) A specific point contributes to Radon data on a circle, b) This circle corresponds to a
sinusoid in the sino^nun.

Time complexity

The direct Fourier method suffers from bad reputation which has it that the interpola-
tion in the Fourier domain causes severe artifacts in the reconstructed image.
According to Magnusson, Danielsson, Edholm [21], [22], however, it is possible to
obtain good image quality by careful interpolation and zeropadding with a factor of 2.
the key point in their investigation was to identify two sources of error; non-perfect
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interpolation and circular convolution. The latter has been largely overlooked in
previous literature.

From (310) we obtain the computational cost for FFT on 2N zeropadded projections

IN ( ? IN loglN) = 10N2/ocS'2N FLOP

To reduce the artifacts it is necessary to generate not NxN but 2~Nx2N results in the
Cartesian grid [22]. This contributes to zeropadding with a factor of 2 in the spatial
domain. In the radial direction of this 2D interpolation it was proposed to employ an
S-point interpolation function. In the angular direction a linear filter was found suffi-
cient. The interpolation geometry is indicated in Figure 3.6.

Figure 3.6 Interpolation from the polar- to a Cartesian grid.

Thus, each interpolated point requires two angular linear interpolations and one 8-
point radial interpolation. Since the data are complex a linear interpolation requires
4 multiplications and 2 additions for each point. An 8-point interpolation requires 16
multiplications and 14 additions. For the hermitian Fourier domain it is only neces-
sary to compute half of the Cartesian grid.
The interpolation cost becomes

2N 2N - (6 + 6 + 30) = 84N2 FLOP

The cost for 2D real FFT is l/2N2logN butterflies, each butterfly consists of 10 FLOP,
thus for 2D real FFT we have

5N2logN FLOP (3.13)

The cost for 2D inverse FFT is

5 4N~lo$2N = 20AT/o;?2N FLOP

The total direct Fourier method costs

84N2 + 30N2lo$2N FLOP (3.14)

It may be noted that for N-512 the interpolation cost is still less than 25% of the total.

As a summary, the direct Fourier method has the complexity 0(N~lo$N) and a 512x512

*" image requires 1.0*l(f FLOP.
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3. 2D Reconstruction

3.3 The Linogram Method

The linogram method may be considered to be a direct Fourier method, which uses
linogram sampling instead of sinogram sampling in the Radon and Fourier spaces.
For details on the linogram method see Edholm [11], Magnusson[22], and
Magnusson, Edholm [20],

In the case of linogram sampling the distance d along a projection varies with 0 as

[rf(0)cos9 -45°<6<45°

45°<6<135C (3.15)

where </(0) is the sampling distance for the 0° projection and can be chosen to be the
sampling interval in the sinogram case. In practice, this means that for all projection
angles -45" < 0 < 45° the linear detector array lies fixed along the x-axis (Figure 3.7 a)
and for all projection 45° < 0 < 135° the detector orientation is fixed along the y-axis
(!;igure3.7 b). This may be compared with sinogram sampling where the parallel
projection data always are collected with a detector perpendicular to the ray-direc-
tion.

The angular increment A0 is not constant as in the sinogram case, instead we have

equidistant

AtanQ = 2/N

-AcotQ = 2/N

-45° < 0 < 45°

45Q<0<135°
(3.16)

The projection data organized in a Cartesian space (p/d(Q), AtanQ) is called a linogram.
A specific point (xp}/i) contributes to Radon data along a line, hence the name lino-

gram. See Figure 3.7 c).

Litwgra/n ! Linogram 2

Dch'dor
x tan<U5)

Figure .3.7 a) The detector orientation i> fixed along the x-tixis for nil projections -45 £ 9 < 45 .

b) The detector orientation /> fixed along the i/-axi* for all projection* 45 < 6 < 135 .

i•) An object point contributes to linogram data point* along a line in both linognims.
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3.3 The Linogram Method

Figure 3.8 attempts to visualize the difference between sinogram and linogram
sampling. We note that the sinogram sampling produces samples on concentric circles
in the Radon space (Figure 3.8 a), while the linogram samples are located on concen-
tric sets of four semicircles (Figure 3.8 c).
The virtue of linogram projections comes forward in the Fourier domain. While the
radially applied Fourier transform on each sinogram projection produces an identical
pattern of concentric circles in the Fourier space (Figure 3.8 b), the linogram projec-
tions produce Fourier data in the form of concentric squares (Figure 3.8 d). Along
each vertical or horizontal segment of such a square we find equidistant samples of
Fourier data. Likewise, the sampling distance D(Q) is constant along every radial line.
However, as a direct consequence of (3.15) the sampling distance varies over 0 as

D(d) =
\d(0)/cosQ

\d(0)/sinQ

-45° < 6 < 45°

45°<6<135C (3.17)

We use to refer to the Fourier space with the sample pattern of concentric squares as
the Fourier square. The inverse square is the corresponding pattern in the Radon
space consisting of four semi-circles. The radial sampling distances in the two spaces
are inversely proportional.

Reconstruction by the direct Fourier method requires resampling in the Fourier space.
Resampling from sinogram data (Figure 3.8 b) to a rectilinear grid requires 2D-inter-
polation. Resampling from linogram data (Figure 3.8 d) on the other hand requires
only ID-interpolation.

The inverse
square

Radial Fourier
transform

Radial Fourier
transform

The Fourier
square

d)

Figure 3.8 a) Sinogram sampling pfthe Radon space, b) The Fourier space corresponding to
sinogram sampling, c) Linogratti sampling of the Radon space, d) The Fourier space

corresponding to linogram sampling.
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Figure 3.9 describes the complete Hnogram method. The projection data is divided in
two linograms. The first one consists of the projections -45° < 9 < 45° and the second
one consists of projections 45° < 6 < 135°.
With radial Fourier transforms of the projections in both linograms, we arrive to the
Fourier space of the object. Due to the linogram sampling the data are sampled along
concentric squares in the Fourier domain (i.e. if the two linograms are put together).
Instead of interpolation the basic linogram method employs the chirp z-transform,
described by Rabiner et al. [25] and in Appendix A. The chirp z-transform could be
s-aid to perform a combination of perfect ID interpolation and inverse Fourier trans-
form. Therefore, and in spite of being a rightfully classified direct Fourier method, the
basic linogram reconstruction is in fact performed without any interpolation at all.

In the chirp z-transform all data points are weighted equally, which results in low-
pass filtering of the image, i.e. the lower frequencies are over represented. This is intu-
itively easy to understand as the sample pattern becomes denser towards the origin
(Figure 3.8 d). To compensate for this low-pass filtering, ramp-filtering is applied in
the Fourier domain.
As mentioned, by the chirp z-transform a perfect interpolation and an ID inverse
Fourier transform in one direction is performed. To arrive in the spatial domain we
apply another inverse Fourier transform, perpendicular to the one applied by the
chirp z-transform. The linogram method requires 2N detector values in each projec-
tion to reach out to the corners of the square that is to be reconstructed. Therefore
zeroes in the signal domain outside the reconstructed square are obtained, as illus-
trated in Figure 3.9. These zeroes are truncated.
Since the Radon data were divided into two linograms, each linogram delivers only a
reconstructed image obtained from half of the projections. The final step in the lino-
gram method adds the two parts together.
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Radon space
Fourier spue?

Filtering ii'ith the
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Figure 3.9 The linogram method.

ID Fourier space

Time complexity

The linogram method requires 2N detector values in each projection to reach out to
the corners of the square that is to be reconstructed. To avoid circular convolution arti-
facts from the ramp-filter, we perform zeropadding from 2N to 4N samples in each
projection before the radial FFT.

Cost for FFT on 2N projections:

2NU 4N H.OP
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The Fourier domain is hermitian. Therefore it is only necessary to perform ramp-
filtering on half of the points in each projection. The Fourier domain is complex.
Therefore 2 multiplications are needed for each point.

The cost for ramp-filtering is

4N ->
2iV ( — 2) = 8JST FLOP

According to Magnusson [22] the cost for ID chirp z-transform with N indata- and M
outdata-points is

10(N + M)log(N + M) FLOP (3.18)

In our case we have N indata- and N outdata-points. The chirp z-transform is
performed on half of the columns due to the hermitian Fourier domain.
The cost for chirp z-transform in both linograms is

2*4N* ^* 10 (N + N) log (N + N) = 80N2log2N FLOP

The cost for inverse FFT in both linograms is

2NC- 4N log4N) = 20N2/c^4N FLOP

The cost for addition of the sub results is

N2 FLOP

The total cost for the linogram method is

9N2 + 40N2/otf4N + 80N2/o^2N FLOP (3.19)

Since log4N ~ loglN and the first term is negligible to the second and third we may
approximate (3.19) with

£ (3.20)

For N = 512 (3.19) yields 3..VW8 FLOP.



4. 3D-reconstruction from cone-beam

projections

4.1 The cone-beam geometry

Cone-beam geometry and cone-beam projections are illustrated in Figure 4.1. The
divergent rays originate from the source and hit the 2D-detector. The real detector is
positioned vertically behind the object. However, formulas and equations are greatly
simplified by assuming a virtual detector parallel to the real one in the same vertical
plane as the origin. The geometric transformation from the real to the virtual detector
is a trivial scaling factor.

S is the source position, SO is the vector from the source to the origin, and SC t is the

normal from the source to the detector plane. Thus, SC0 is the distance from the source
to the detector.
The cone-beam angle is defined as the maximum angle between two X-rays hitting
opposite sides of the detector plane, see Figure 4.1 b). Assuming a constant detector
size, the cone-beam angle covered by the detector varies with SC0.

To obtain a set of projection data which allow us to fully reconstruct the object certain
conditions have to be fulfilled. These conditions have to do with the source trajectory,

Virtual detector

O

Real detector Virtual detector

Figure 4.1 The cune-benm geometry.
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Chapter 4. SD-retuiiMruilion from cone-beam projections

i.e. the orbit around the object taken by the source/detector system during repeated
exposures. As will be shown in Chapter4.3 the completeness condition can be
till til led by various scanning patterns. However, for the time being no specific scan-
ning trajectory will l-e assumed.

A cone-beam projection of the object produces an image on the detector plane which
is the result of integrals along lines. Any line in the detector plane connects a number
of the integration lines from the source and determines a plane through the object. An
integral over such a plane is a Radon value. As mentioned in Chapter 2.1, all plane-
integrals through a specific point delivers 3D Radon data on a sphere. For detector
data delivered from an arbitrary source position, it is possibly to obtain Radon data

positioned on a sphere with diameter SO, see Figure 4.2. This sphere will be called the
Radon shell of S. This Radon shell intersects the detector plane along a circle, which

has a diameter ÖC )7 where SC i is the normal to the detector plane through S.

Integration planes which do not intersect the object can be ignored. Hence, with a
limited spherical object the interesting part of the sphere corresponds to an umbrella
as shown in Figure 4.2 b).

Virtual detector
r^-,^^ plane

Radon shell ! / \
of .S O

A V

\ \ / -
bi

Figure 4.2 a) The Radon shell ofS is a sphere, b) Tlw plane-integrals through S intersecting the object
delivers Radon data on an umbrella of the sphere.

4.2 3D-reconstruction due to Feldkamp

Feldkamp, Davis and Kreiss [12] has suggested a method for reconstruction from
cone-beam projections. For the sake of brevity, in the sequel we will refer to this
method as the Feldkamp method. This method is a generalisation of 2D filtered back-
projection applied to fan-beam projections (Kak, Slaney [17]) and it is described by
Figure 4.3 and equation (4.1). The detector values are weighted with a factor propor-
tional to the distance from the source to the detector position. A corresponding
weighting is performed for 2D fan-beam filtered backprojection. Ramp-filtering is
applied to each horizontal line in all the projections, that is the filtering is still one-
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4.2 3D-reconstruction due to Feldkamp

dimensional. Each projection value is backprojected along the direction from where it
was collected. During this backprojection each accumulated projection value must be
weighted as a consequence of the divergent beam geometry.

Imagine a plane, parallel to the detector plane and containing the source position. The
backprojection weighting factor is inversely proportional to the perpendicular
distance from the voxel to this imaginary plane, which is in accordance with 2D
filtered backprojection from fan-beam projections. The complete backprojection
formula is

in2

(4.1)

x | « r ( M i ) - M rfcoI (o e

where

SO x • n
t(x) = ^—L (4.2)

SO + x•n

The source and detector rotate along a complete circle around the object, with the
rotation angle <D around the z-axis. See Figure 4.3. For each source position O, projec-
tion data pq,(t,z) in the detector-plane are obtained. The {-axis in the detector-plane is
perpendicular to the z-axis. SO is the distance from the source to origin.
A point .r = (.x, y, z) is to be reconstructed. The ray from a specific source position S<j,

to x hits the detector plane in (t(x),z(x)), described by (4.2) and (4.5). The coordi-

nate system (r,t) rotates with S. x • nr and x • nt are the projections of x on the r- and

/-axes, respectively.

By writing (4.1) as a convolution and a weighted backprojection we obtain the back-
projection part as

11 2

/ (x ) = — J rfO _ p^\t(x),z(x)\ (4.3)
4 j r ; lS0 + x»n~)
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Chapter 4. 3D-reconstruction from cone-beam projections

Figure 43 Cone-beam geometry for the Feldkamp method.

where

• / • / •
a da

•l"iä
SO

SO
(4.4)

z SO

SO + x • n
(4.?)
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4.2 3D-reconstruction due to Feldkamp

(4.6)

Equation (4.3) - (4.6) forms a recipe for 3D-reconstruction due to Feldkamp. An over-
view of the method is described in Figure 4.4.

• Weighting of the projection data by cos (3. P is the angle between SO and the vector
from the source to the point in the detector plane.

SO
p'^it.z) = - — P4>{t,z) = cosp p#(t,z) (4.7)

2

Later on we will see that an alike weighting is involved in our reconstruction
method as well.

Convolve the weighted projections p'o>(t,z) with g(t), which is to perform ramp-
filtering along each horizontal line (2 = constant) in the detector plane. Note that
this filtering is independent for each z.

P o C . z ) = p'Q(t,z)*x(t) (4.8)

Finally, each projection is backprojected over the three-dimensional reconstruction
grid.

j d* _ - 2
- 7 1

\ta),z(x)\ (4.9)

During the backprojection the filtered projection is weighted inversely proportional
to the squared distance between the source and a vertical plane through the voxel
parallel to the detector plane.

As mentioned above this algorithm is correct only in the midplane (the plane
containing the orbit of uV source) and it operates on incomplete data, see Chapter 4.3.
In the midplane this methods coincides with the 2D-filtered backprojection from fan-
beam projections. The reconstruction artifacts in the other horizontal-planes increase
with the distance to the midplane and also with increasing cone-beam angle. For
small cone-beam angles the errors are tolerable. But small angles means low photon
efficiency, which undermines the basic reason for using cone-beam data.

An advantage with the Feldkamp method comes forward whon the region of interest
is only a small portion of the total object. By far, the most taxing procedure in the Feld-
kamp method is the final weighted backprojection. If only a minor part of the whole
object is of interest (the region-of-interest) only the voxels x inside this small region
have to appear in the backprojection task (4.9) and no computational effort has to be
wasted on the remaining part.
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Chapter 4. 3D-reconstruction from cone-beam projections

Another advantage is that during a scanning-reconstruction procedure, the backpro-
jection of a previously obtained projection may take place during the exposure of the
next, which may save both time and memory.

Object

Cone-beam
projections

Data acquisition

fix A/)

t (.v.v)
Bnckprojection

(4.9)

- >
Reconstructed

volume

p'oit.s)

Filtered projections

Figure 4.4 3D-rccoiistructiori due to Feldkamp.

Time complexity

The overriding motive for this thesis is to find faster (Fourier) methods for reconstruc-
tion. Fast means low computational complexity and to make comparisons we must
quantify and measure complexity.

Assume a reconstructed volume of size NxNxN, a detector of size NxN and that
M projections are taken along the circular scan. The computation for the reconstruc-
tion stages will then consists of the following.

• Weighting of the projections. A multiplication is performed on the M projections,

each consisting of N" detector values, which results in

MN1 FLOP

• The ramp-filtering of the detector data along horizontal lines is performed by a
multiplication in the Fourier domain. To avoid circular convolution artifacts, the
data along horizontal lines in the 2D detector are zeropadded with a factor of 2, i.e.
from N to 2N, before the horizontal FFT. The computational cost for ID FFT on real
data is found in (3.10).

The cost for N horizontal FFT in each of the M detector planes is

34



4.2 3D-reconstruction due to Feldkamp

ALV (1 2N bg2N) = 5MN~!o$2N FLOP

Due to the hermitian Fourier domain, the ramp-filtering may be performed on half
of the detector values in each horizontal line. The Fourier domain is complex, i.e.
for filtering of each detector value two multiplications are required.
The cost for ramp-filtering in M detector planes is

MN(2N X- 2) = 2MN2 FLOP

The cost for inverse FFT is the same as for FFT

5MN2lo$2N FLOP

In the filtered backprojection each detector value in the M projections are backpro-
jected to N voxels in the volume. As in the 2D-case, the projection of the voxels onto
the detector planes will not coincide with the existing detector positions and there-
fore 2D interpolations are necessary. Also, during the backprojection each detector
value is weighted. Thus, the inner loop in the backprojection requires computation
of the position of the voxel projected onto the detector plane, 2D interpolation,
weighting and accumulation. It is unlikely that it is possible to do this with less
than 25 FLOP- A more detailed description of this 3D backprojection is given in
Appendix B.

The cost for backprojection of M detector planes is

MN2N 25 = 25MN3 FLOP

The total cost for the Feldkamp method is then

3MN2 + WMN2log2N + 25MN3 (4.10)

Since M is O(N), the complexity for the Feldkamp method is O(N ). Assume 2N
projections in the circular scan. The total amount of FLOP for different N using (4.10)
is shown in Table 4.1.

Operation

Weighting:

MN2

Filtering:

2M\2+H)M\l2log2\

Backprojection:

25M\ '

Totally

\'=256

3.36*11)7

3.09*10y

2.15*10u

2.18*I0!I

N=512

2.68*108

2.74*1010

3.44*1012

3.47M012

N=1024

2.15*104

2.41*10"

5.50*10n

5.52*10n

Table 4.1 Compututitnwl ros/ for the I'eldfowip method.



Chapter 4. 3D-reconstruction from cone-beam projections

4.3 Condition for exact 3D-reconstruction

A sufficiency condition

Smith [28], Tuy [30], developed a sufficiency condition for exact 3D-reconstruction
from cone-beam projections. Here we will give an intuitive explanation of the condi-
tion. From Chapter 2.1 we know that the 3D Radon transform consists of plane-inte-
grals through the object. The 3D object function can be reconstructed from its Radon
transform according to (2.17). Form parallel 2D-projections of the object, the plane-
integrals are obtained by line-integrations in the detector plane according to
Chapter 2.3. However, the divergent rays in a cone-beam forms a problem. Integration
of all X-rays in a plane, as shown in Figure 4.5 a), di; fers from the true Radon value for
that plane.

ector plane

Figure 4.5 a) The derivative of a Radon value can be obtained from the integral of the X-rays in that
plane, b) We can not obtain the Radon value for a plane which does not contain any source position.

Fortunately, Grangeat [13], [14] discovered that by performing an integration of all the
divergent line-integrals in a plane, it is also possible to compute the derivative of the
Radon space for that plane. The complete Radon space consists of all possible plane-
integrals intersecting the object. For each such plane an integration of the line-inte-
grals in that plane should be performed. But the only plane for which there are any
line-integrals to integrate are those which contain the X-ray source. If there is no
source position in the plane all line-integrals from the source cross the plane as shown
in Figure 4.5 b). None of them actually travel in the plane and therefore it will not be
possible to compute the Radon value for that plane.

Smith [28] and Tuy [30] formulated the condition as follows

"If on every plane that intersects the object there exists at least one cone-beam
source point, then one can reconstruct the object."

Possible source orbits

The Feldkamp method based on a circular orbit doesn't fulfil the above condition. For
example there is no source position in the planes parallel to the orbit, except in the
plane of the orbit itself. See Figure 4.6 a).
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4.4 "*D-reconstruction with transform methods

Source orbits that meet the sufficiency condition are shown in Figure 4.6 b) (two
circles perpendicular to each other), Figure 4.6 c) (two circles and a line) and
Figure 4.6 d) (a helical curve).

a) b) d)

Figure 4.6 Different source orbits, a) A circle, b) Two perpendicular circles, c) Two circles and a line,
d) A helical orbit, a) doesn't fulfil the sufficiency conditions, but the others do.

4.4 3D-reconstruction with transform methods

The Feldkamp method described in Chapter 4.2 is an attempt to use filtered backpro-
jection for a 3D-problem. However, as shown in Chapter 4.3 a true exact 3D-recon-
struction is only possible if we attain the complete set of 3D Radon transform data.

Thus, in the first stage we are obliged to compute the Radon transform from the cone-
beam projections. In the second stage we reconstruct the object from the Radon space
according to (4.11) as shown in Figure 4.7, where it is also indicated that each source
position contributes to Radon data positioned on a sphere (umbrella). This two-stage
reconstruction scheme of Figure 4.7 was first suggested by Grangeat [13].

Daia acquisition Detector data
Detector

Source

Reconstruction from
Radon data

Reconstructed object Filtered Radon data

Figure 4.7 Reconstruction over the Radon transform.

From detector data to
filtered Radon data
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Chapter 4. 3D-reconstruction from cone-beam projections

The basic inversion formula (2.17) is

n/Z in

fix) = ^ f f - ^ ^•((.v«^)4)sm8d<prf6 (4.11)
8K~ J J dp"

-K/2 O r

It should be noted that the second derivative operator in (4.11) is a convolution kernel
and serves the same purpose as the 2D ramp-filter, described by (2.7) and in
Chapter 3.1. Thus, (4.11) is a filtered backprojection formula.
We have the following Fourier pair

~ - ^ <-> R 2 = |R | 2 (4.12)
4 T T d p "

which .shows that the second derivative is the squared ramp-filter in the Fourier
domain and that it could be implemented as a sequence of two ramp-filter convolu-
tions in the signal domain.

Intuitively, it can be understood why this filter is necessary in the 3D-case. As in the
2D Radon space, assume that sample points are positioned along lines through the
origin of the 3D Radon space. The Fourier space corresponds to the Radon space over
a radial Fourier transform, due to the Fourier slice theorem. Thus, the Fourier space is
also sampled along lines through the origin. Obviously, the sampling density

decreases proportional to the square of the distance to origin. By filtering with R- we
compensate for this over-representation of the lower frequencies.

The second derivative filter may be rewritten in a couple of ways using the Hilbert
transform (Bracewell [3]) and the Fourier pair

— <-> / sivnR (4.13)
Tip

from which follows that

— * --- = -1 (4.14)
np rcp

Using (4.14) we can rewrite the second derivative as

* - 1 • rV] = r i ' W ] ] 1 ( 4 1 5 )
4 / r f)p

2 ^ - 2 * W ? > P J [ 2 n u p d p j \ 2 K n p i - : 2 T T n p 2 \

The correspondence between the Hilbert transform of the first derivative operator
forms the Fourier pair

J- ~]- * -fl <-> - R (4.16)
2 71 Tip dp
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•1.4 3D-recon«truction with transform methods

Thus we may express the second derivative operator in (4.11) differently, but not
simpler, and produce a host of variations to the filtered backprojection formula (4.11).
One of these is

71/2 271
1 f f - 1 d2 , - K - .

-rc/2 0 P

71/2 2ir

- ] f f-—
2 J J OTTV

-7C/2 0

(4.18)

Using (4.15) in this manner makes it possible to obtain a host of seemingly different
reconstruction formulas with seemingly different cc-nv olution kernels. Among these
are proposals by Smith [28] and Kudo, Saito [18].

A straight forward application of backprojection as in (4.11) results in complexity

O(NJ) which is understood from the following simple argument. To obtain O(N )
voxels in the reconstructed 3D-object function the number of samples in the Radon

space has to be O(N3). Each such Radon transform value (before and after filtering)

contributes to O(N^) sample points in the object function. To redistribute (backproject)

Radon data then takes O(N5) time. Fortunately, as we shall see in the next chapter, the
3D backprojection in Figure 4.7 is possible to separate in two steps, each having the

complexity O(N4).
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5. Grangeat's method

5.1 Introduction

Grangeat [13] has formulated an efficient and practical method for exact O(N4) 3D-
reconstruction consisting of the following two distinct phases.

Phase 1: Computation of the derivative of the Radon transform from cone-beam
projections.

Phase 2: Reconstruction of the 3D object from the derivative of the Radon transform.

Grangeat's main result is the possibility to compute the derivative of the Radon trans-
form from the cone-beam projections.

Let the plane perpendicular to the vector p^ contain the source point S, see Figure 5.1.
With a slight abuse of notations, let the object function values / on this plane be
defined by

/•(pCr.Y) (5-1)

where r is the distance from the source and y the angle between an arbitrary ray and
the ray through S. As seen from S, (r,y) are the polar coordinates in the plane.

The Radon transform of the 3D object function/in the point pq is then the following

2D integral over the half plane with the normal pq.

71/2 •*>

= J jf(pir,y) rdrdy (5.2)
-71/2 0
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Chapter 5. Grangcat's method

The X-ray transform, i.e. line-integrals of/taken in direction y in the same plane is
defined as

(5.3)

o

Integration of (5.3) over y gives us

71/2 7C/2

J f(pl,r,y) drdy (5.4)

-n/2 -n/2 O

which (unfortunately) differs from ^f (pJj) in (5.2) by the absence of the factor r inside
the integral. Thus, the divergence of the cone-beam makes it unsuitable for direct
computation of the Radon transform.

Source

Figure 5.1 The plane-integral with normal pi;.

5.2 Grangeat's result

Grangeat [13] derived an expression for the derivative of the Radon transform from
the X-ray transform. By a different derivation and using other notations Danielsson
[6], [7] made a reformulation of Grangeat's result, which will be presented here.

We will first define the 3D-geometry for the source-detector configuration, see
Figure 5.2. For the moment we will not assume any specific scanning pattern. Instead
the goal is to compute Radon data from detector values captured from one single

source position. SO is the diameter of the Radon shell of S Figure 5.2 a). This Radon
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5.2 Giangeat's result

shell is centred at Os/,(,// and it is tangential to the detector at O, so that SO is also the

normal of the detector plane.

We are interested in a Radon value at p^- p^ defines uniquely a great circle through O

and S on the Radon shell of S. The projection of the great circle onto the detector plane

falls along s, a radial line through O. The vector pq is projected onto s as the vector

OC y Perpendicular to s, is the line f intersecting s at Cp. This line is the line of integra-

tion which will be associated with pq. A is an arbitrary point along f.

ligure 3.2 b) shows the plane of the great circle defined by ps a n d SO. The integra-
tion line along t is perpendicular to this plane and intersecting it at C(r Figure 5.2 c)

shows the integration plane through SC along the integration line t. The vector pq is

the normal to this integration plane.

Virtual detector plane
Great circle on th
Radon shell of'S

Figure 5.2 Cnvi^eat's amc-bram ̂



Chapters. G rangeat's method

The radial derivative, i.e. the derivative along pq, of the Radon transform (5.2) can be
expressed as

it. 2 ~

-c-—J^f(pc) = ^ I I f(pc.r,y)rdrdy (5.5)
op ' op j J -

- re . '2 0

The order between derivation and integration can be interchanged since the integra-
tion takes place for a constant p.

7t/2 o»

^T^-/(p^)] = j J £-f{ptrr,y)rdrdy (5.6)
-re/2 0

From Figure 5.2 b) follows

dp = ll±H (5.7)
rcosy

Note that dp varies with r. By substituting

jL = iL ill = .</ (5.8)
up dp dp dp rcosy

we get

re/2 «
I f f ^ - 1

K-- ^f(p^) = I I =rjr/(p^, r, y)—— drdy = (5.9)

-71/ 2 0

it- ' 2

= 4 f xfipty) — dy (5-10)
op J ' cosy

This is the main result. It is possible to compute the derivative of the Radon trans-
form from the X-ray transform.

Now, we will express (5.10) in the detector plane coordinates s and t.

a - SO /rt»p (5.11)

Differentiating (5.11)

</s = S(
7 </(3 (5.12)

and substituting in (5.10) yields
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5.3 Derivative of iine-ir.tejirjls in the detector

From Figure 5.2 c) follows

it Z

Differentiation yields

/ = SCptmiy (5.14)

SA = -~ (5.15)
cosy

* = - ^ i/Y = - r f Y (5-16)

and therefore (5.13) can be rewritten as

^(p|) ^/(pc, = ̂ - | - J i^flsfpcl.f)^ (5.17)

The weight factor 1/SA means that, during the integration of the detector values on t,
each data point is weighted inversely proportional to its distance from the source. For
a particular point A, this weight factor is the same also for other lines of integration
crossing this point in other directions. Therefore all detector data can be weighted as a
pre-processing step. It may be worthwhile to note that the weight factor 5O/SA is
identical to the pre-weighting factor in the Feidkamp algorithm.

Obviously, for each plane with normal pi;, i.e. for each Radon value we must find at
least one source position S which belongs to that plane. This is the Tuy-Smith condi-
tion described in Chapter 4.3.

5.3 Derivative of line-integrals in the detector

According to (5.17), a line-integral along t and a differentiation along s is performed
for each Radon data point pc. However, to be able to differentiate along 5, (5.17) indi-
cates that the line-integrals along lines parallel to ( also have to be known, which
really increases the computational complexity. Grangeat developed the following
intricate way to obtain the differentiation during the line-integration with less compu-
tation.
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Chapter 5. Grangeat's method

The order between derivation and integration can be interchanged. Then (5.17) can be
rewritten as

r,K2P, J <>>
(5.18)

= I jf/. (5.19)

where A? (s (pc,), /) is the weighted detector values according to (5.37).

Figure 5.3 Coordinate-systems in the detector plane.

If (x,z) is the coordinate system for a detector plane, then (s,t) is a rotated version of
<x,z), see Figure 5.3. The derivative (gradient) in the s-direction is then the sum of the
following components.

'/ Ä 4-
d.V

+s/»a | -
()Z

= cos a $ (s. /) + swot x, (s, 0

and substituting (5.20) into (5.19) yields

SO

(5.20)

= •- , I l e u s a ^ ( s , O + s i n a ( s \ ( s , / ) \dt (5.21)

The two derivative images ^ and #, are pre-computed in the Fourier domain (an

()tN~lo\;N) operation). The line-integration may then be performed in parallel in the
two images requiring two interpolations per unit step along the line plus weighting
according to (5.43). More details will be given below in Chapier 5.6.



5.4 Reconstruction from the derivative of the Radon transform

5.4 Reconstruction from the derivative of the Radon transform

Radon's inversion formula (2.17), is given by

fix) =
8n2

re/2 2rc

f f -
9 = -n/2 (p = 0

W(x*bZ,)si*9dQdO= (5.22)

rt/2 2it

= —2 J J ^ (5.23)

Marr et al. [23] developed an efficient computation of this double integral. The first
integration takes place over 9 for all vertical planes, the second over (p for all hori-
zontal planes. See Figure 5.4.

b)

a)

Figure 5.4 a) First integrate over 0 in each vertical plane, b) Secondly integrate over (p in each
horizontal plane.

The 3D Fourier transform F(u) of the object function f(x) may be expressed with

spherical variables as

= F(u) = F(Rsm8cos(p, RsinQsiny, RcosQ) = F {Rt,) (5.24)

According to the Fourier slice theorem, described in Chapter 2.2, the Radon transform

q) may be written with the radial inverse Fourier transform as

= \ = \ (5.25)

where is the Fourier transform of Htf(Re,)
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Chapter 5. Grangeat's method

Let us introduce a parallel projection X f{q>, xr\) of the object collected by a virtual

and vertical detector plane with rotation angle <p, as in Figure 5.5. The detector value
for an arbitrary point tfj in this plane can be expressed as

f(x)dx (5.26)
e L .

Figure 5.5 A parallel prelection hits a detector, which coincides ivith the vertical plane
with rotation angle (p.

The central section theorem (described in Chapter 2.2) applied to the same detector
plane cp tells us that the 2D Fourier transform of the parallel projection is equal to the

3D Fourier transform F (cp, R\) of the object in that plane. Thus, the parallel projec-

tion X w r / i s equal to the inverse Fourier transform of F (cp, Rq). In polar coordinates

this is

71/2

J J (5.27)

e = -

Thus, along radial lines in an arbitrary vertical plane cp in the Fourier domain we have

F(u) = F(Rl) = JitfiRl) = F[y,Rl) (5.28)

as illustrated in Figure 5.6.
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5.4 Reconstruction from the derivative of the Radon transform

The object function

f i x )

(5.24)

"7!

o

z

T/it' Fourier domain

F (u) =

Radon space (5.25)

A parallel projection

A',/(<p. xrj)
T lA

o

(5.27)

77fc Fourier domain

The Fourier domain

Figure 5.6 77;e 3D FFT of the object function equals 1D FFT of the Radon space which equals
ID FFT of a parallel projection.

Therefore we could obtain a parallel projection from the 3D Radon data points in a
vertical plane (p according to (5.27)

JI/2

VarflW) = J J W ^ \R\ dRdd (5.29)

-71/2 -o

which is nothing but the 2D filtered backprojection formula. These parallel projections
distributed into horizontal planes yield the 2D Radon transform of the planes. Thus,
the object can be reconstructed with 2D filtered backprojection in each horizontal
plane. The filter in both the vertical and horizontal planes is the well-known ramp-
filter.

Another possibility which is better suited to the fact that we already have the first
derivative of the Radon transform, is to compute the second derivative in the radial
direction in the vertical planes. Two derivatives eliminates any need for further
filtering in the two 2D backprojections. The second derivative filter compensates for
the increasing sampling density towards origin in the Fourier domain. (5.22) can be
expressed as

49



Chapter 5. Grangeat's method

f(x) =
8JI2 J, dp2

R

(5.30)

The filter is a pure second derivative filter in the radial direction. When the integral is
expressed in polar coordinates as in (5.22) the filter becomes

s/«e (5.31)

The sm9-factor expresses the variation of the unit surface sphere increment in polar
•ingles, as illustrated in Figure 5.7. Thus, if we finish the filtering by a second deriva-
tive filter in the vertical plane, the weight factor sinQ should be introduced for all data

points along the line at angle 8. The total filter should then be R sinQ = \R\*\R\sinQ.
The ramp-filter | R\ should be applied in the Fourier domain while the weight factor
>inö can be applied in either the Fourier domain or in the Radon domain.

Figure 5.7 The unit sphere increment is si

From the vertical planes we obtain the filtered and weighted parallel projections as

71/2 °°

ramp\XtHlrf(^zJ\)\ = [ J J^(Rl)CJ2KRZ^'^ R2
 SJ«9 dRdQ (5.32)

-71/2 -°°

The second derivative of the Radon transform in (5.25) yields

$ J

= -4rr2 J rJ<f(R^

dR =

dR (5.33)
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5.5 Summary of Grangeat's method

and therefore

ramp

n/1

J §pKf( Z,)c,)$inQdQ (5.34)

-n/2.

(534) is the filtered backprojection formula for the vertical planes. With input data in
the form of the first derivative of the Radon transform. The filter to be applied in (5.34)
is

4- mi Q
dp

(5.35)

f-aeh horizontal plane can then be reconstructed with backprojection without any
filtering to yield the final result.

2it

fix) = ?- \ ramp \Xparf(tp,ii\)] dtp (5.36)

where tn is the projection of x on the vertical plane defined by (p. See Figure 5.8.

o\

Figure 5.8 in is the projection of x on the vertical plane cp.

5.5 Summary of Grangeat's method

Phase 1: From cone-beam projection data to the derivative of the Radon transform.

• Pre-vveighting
Weighting of the detector data with factor I /SA, the inverse of the distance from
the source to the detector values.

(5.37)
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In each detector plane, differentiate in the x- and z-direction

, - - (538)

• Line-integration and differentiation in the detector planes

oo

kj( pq) = J (tus a sx (s. n + sina gz (s, r)) dl (5.39)

Post-weighting with factor SO/cos"$ yields the derivative of the Radon transform.
For each set of detector data we obtain Radon data positioned on the Radon shell of
the source position S, the umbrella data.

en
<Kj(rt) (5.40)

• Interpolate our Radon data from umbrellas to vertical planes.

Phase 2, reconstruction from the derivative of the Radon transform

• Filtered backprojection is applied to each vertical plane of Radon data. The result
corresponds to filtered parallel projection data, collected by detector planes coin-
ciding with the vertical planes.

JI/2

ramplX /((p.trj)] = - - L f -$- %f( (xi) •£,)£,) sMdB (5.41)
' 4JT J "V

-K/2

• Backprojection in horizontal planes
By distributing the result from (5.41) over horizontal planes, we obtain a complete
set of parallel ID projections of each slice of the object function. Backprojection in
the horizontal planes yields the final result.

2K

fix) = - \ramp\Xf)arf«v,xi\)\dv (5.42)

o

where XX] is the projection of ,v on the vertical plane defined by (p.
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5.6 Computational complexity

5.6 Computational complexity

Assume that an NxNxN volume is to be reconstructed, that the detector size is NxN
and that we use M projections. Then the computational complexities for the various
reconstruction steps are as follows

• The cost for pre-weighting of NxN detector values in M projections is

MN2 FLOP

• Differentiation

The derivative filter is easy to apply in the Fourier domain. On each set of 2D
detector values, horizontal and vertical FFT are performed.
The cost for N horizontal and N vertical FFT on M detector planes is

M 2iV(j? N logN) = 5MN2logN FLOP

The Fourier domain is complex and hermitian. Thus the derivative filtering is
performed on half of the data points in the horizontal respectively vertical lines
and for each point 2 multiplications are required.

The cost for derivative filtering is

M 21V (IV ' 2) = 2MN2 FLOP

The cost for inverse FFT is the same as for FFT

5MN2logN FLOP

• The line-integration may be performed according to two different strategies.

Strategy 1:

The desired Radon data points for the reconstruction are positioned on vertical
planes which do not coincide exactly with the data on a Radon shell of any source
position. Therefore, interpolation between the two closest Radon shells is neces-
sary. In this first strategy for each desired Radon data point, one Radon value on
each oi the two closest Radon shells are computed. Thereafter an interpolation
between the Radon shells are performed.
Thus, for each desired Radon data point two specific line-integral data, belonging
to the two closest Radon shells are computed. For each line-integral values from
^ (s, t) and £, (s, 0 should be weighted according to (5.39). However (5.39) may

be rewritten as

= m s r x I g x . { s , t ) d t + s i n a j g , ( s , t ) d t (5.43)
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Thus, each line-integral involve computation of two integrals followed by two
multiplications and one addition. Obviously, the numerical line-integration is the
dominating task.
The line-integrals don't exactly intersect the detector points and ID interpolations
are necessary during the integration. See Figure 5.9.

Figure 5.9 Interpolation during Die line-integration.

Assume linear interpolation, which requires 2 multiplications and 1 addition for
each point (3 FLOP). For a line-integration which involves N points, N interpola-
tions and (N-J) additions are required.
The cost for one line-integration is

N*3 + N-l = 4 /V-l FLOP

The cost for the total line-integration in (5.43) is

2 ( 4 N - l ) + 2 + l = 8N + 1 FLOP

The number of desired Radon data points in the vertical planes are computed as
follows. Recalling that 2N projections are sufficient for reconstruction of an NxN
image in the 2D-case, there should be 2IV radial lines in each vertical plane, where
each line consists of N samples. The result from the reconstruction of the vertical
planes are then distributed into horizontal planes, which also are to be recon-
structed with filtered backprojection. Thus, there should be 2N radial lines in each
horizontal plane, which implies that 2N vertical planes are required. The total

amount o( desired Radon data points is then 2N*2N*N = 4N^.

The cost for two complete line-integrals (one in each of the two closest Radon
shells) for each desired Radon data point amounts to

2 (SN + 1) 4N3 = 64N4 + 8N* FLOP

The cost for post-weighting of the two line-integrals for each desired Radon value
is

2*4iV3 = HN1" FLOP

The cost for linear interpolation between the two line-integrals computed for each
desired Radon data point is

3* 4 N1 = 12JV"5 FLOP
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Thus, the total cost for the line-integration, post-weighting, and interpolation to the
vertical planes according to strategy 1 becomes

64N4 + 28N3 FLOP (5.44)

The advantage with this strategy is that all computed line-integrals actually are
used. The disadvantage is that two Radon values nearby might share one line-inte-
gral which then only has to be computed once and that is not utilized in this
strategy.

Strategy 2:

According to strategy 2 a set of line-integrals are computed in each detector plane.
Thereafter the desired Radon data points in the vertical planes are obtained with
tri-linear interpolation from the Radon values positioned on the umbrellas.
Suppose there are M detector planes and that the line-integrals in each detector
plane are computed in 2N directions, each consisting of N line-integrals, i.e. the
Radon transform of the detector plane is obtained along 2N radial lines, each

consisting of N Radon values. Thus, 2MN^ line-integrals are to be computed. For
each complete line-integral 8N+1 FLOP are required, using the two gradient images
8x <™d gz.

The cost for computation of 2MN^ line-integrals is

2MN2(8N + \) = 16MN* + 2MN2 FLOP

The cost for post-weighting is

2MN2 FLOP

4N* Radon values are to be computed with tri-linear interpolation. This interpola-
tion involves geometrical mapping of the desired Radon data point pZ, to the
indata coordinates (the source position and the position on the umbrella). We do
not give exact formulas for this mapping, but assume they are similar in computa-
tional cost to those used for the two-stage reconstruction in our method in
Chapter 7.5. According to (7.20) 19 FLOP per point are required. The cost for tri-
linear interpolation from umbrellas to vertical planes is

19* 4N3 = 76!^ FLOP (5.45)

The total cost for strategy 2 is

76N3 + 16MN3 + 4MN2 FLOP (5.46)

In our experiments we have implemented two perpendicular circular scans. Within
each circular scan we can either use the right half of the umbrellas, the left half or
the average of both. See Figure 8.7. In the experiments presented in Chapter 8 the
average of both halves were used. The amount of line-integrals to be computed in
strategy 1 is then doubled, i.e. the computational cost in (5.44) is doubled. The
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interpolation cost for strategy 2 in (5.45) is also doubled. This is the case for which
the computational cost below is computed.

One of the circular scans takes place in the .r,i/-plane and the other one in the x,z-
plane according to Figure 4.6 b). In this case the interpolation can be made in two
different ways. Either can one scan be used as much as possible and the other one
just to fill the shadow zone, or data from both scans may be averaged wherever
possible. In the latter case the computational cost in (5.44) and (5.45) is doubled
once again.

The FLOP requirement in (5.44) and (5.46) describes the case where one scan and
one half of the umbrellas is applied. The best choice between strategy 1 and
strategy 2 depends on the amount of projections M. For M < 4N strategy 2 is faster
in this case. This case have not been implemented and will therefore not be applied
for the computation of complexity below.

The cost for strategy 1 assuming that one circular scan is used for interpolation of
each Radon data point becomes

2(2HAT3 + 64N4) = 56N3 + 128N4 FLOP (5.47)

The cost for strategy 1 assuming that the average of the two circular scans is used
becomes

4 ( 2 8 ^ + 6 4 ^ ) = 112N3 + 256N4 FLOP (5.48)

The cost for strategy 2 assuming that one of the circular scan is applied for each
Radon data point is

152N3 + 16MN3 + 4MN2 FLOP (5.49)

The cost for strategy 1 assuming that the average of the two circular scans is used
becomes

304N3 + 16AW3 + 4MN2 FLOP (5.50)

Comparing (5.47) with (5.49) we find that for M < 8N strategy 2 is faster and

comparing (5.48) with (5.50) strategy 2 is faster for M < 16JV.

Filtered backprojection in vertical planes

During the reconstruction of the vertical planes, a derivative filter is applied
instead of the usual ramp-filter. In most cases zeropadding is not necessary for the
derivative filter (see Chapter 6.4). Therefore the computational cost for FFT, deriva-
tive filtering and inverse FFT is halved compared to usual filtered backprojection.
Taking this in consideration and recalling the cost for 2D filtered backprojection
from Chapter 3.1, we have for reconstruction of 2N vertical planes

2N (2/V2 + 1 ON2/0#2JV + ION3) = 4N3 + 20N3/o#2N + 20N4 FLOP
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• Backprojection in horizontal planes

For the reconstruction of the horizontal planes, no filtering remains and the back-
projection may take place immediately.

The cost for backprojection in N horizontal planes is

ION4 FLOP

Assuming IN projections in each of the two circular scans strategy 2 is faster than
strategy 1. The total complexity for Grangeat's method in the case where one scan is
used as much as possible is:

7MN2 + 156N3 + \0MN2logN + 20N3log2N + 16MN3 + 30N4 FLOP (5.51)

The cost for the case where both scan are average is

7MN2 + 30SN3 + WMN2logN + 20N*log2N + 16MN3 + 30N4 FLOP (5.52)

The required amount of FLOP for different N are shown in Table 5.1. The numbers
inside the parenthesis in the cost for line-integration corresponds to (5.52) while the
other ones correspond to (5.51). It is interesting to note that the computational cost for
Grangeat's method is almost twice as large as the corresponding cost for the Feld-
kamp method in Table 4.1.

Operation

Pre-weighting

MN2

Differentiation

2MN2 + 10MN2IogN

Line-integration

154N3 + 4MN2+16MN3

(304N3 + 4MN2+16MN3)

Backprojection in
vertical planes

4N3 + 20N3log2N + 20N4

Backprojection in

horizontal planes

ION4

Total

N=256

6.71*107

5.50*109

2.78*10"

(2.80*10")

8.90*10'°

4.29*1010

4.15*10"

(4.17*10")

N=512

5.37*108

4.94*1010

4.42*10'2

(4.44*1012)

1.40*10'2

6.87*10"

6.56*1012

(6.58*1012)

N=1024

4.30*109

4.38*10"

7.05*1013

(7.07*1013)

2.22*1013

1.10*1013

1.04*1014

(1.04*1014)

Table 5.1 Computational cost for Grangeat's method, assuming 2N source positions on each of the
two perpendicular circular orbits and using interpolation strategy 2. The numbers in the parenthesis

correspond to interpolation by averaging of Radon points from both circular scans.

57



6. Computation of the derivative of the Radon

transform using Fourier techniques

6.1 Extension to arbitrary source position

This chapter describes an alternative algorithm for calculation of Radon space data
from cone-beam projections. Its basic feature is to use the direct Fourier method in
reverse for calculation of line-integrals in the detector plane. Hereby, we decrease the
complexity from O(N4) to O(N^lo^N). Another difference with respect to previous
chapter is that the cone-beam geometry is extended to be valid for an arbitrary
source/detector position. Hereby, the source and the detector doesn't have to be
rotated and tilted in synchronism which makes it easier to employ various source
trajectories.

As before SO is the diameter of the Radon shell of S, but ^>O is not necessarily coin-
ciding with the normal to the detector plane through 5. See Figure 6.1. The Radon
shell is centred at O ,̂,,// and it intersects the detector plane along a circle with diameter

OC}, instead of being tangential to it as in Chapter5.2. SC is the normal to the

detector plane intersecting the source position S.

The Radon value positioned at pc, defines a great circle on the Radon shell. This circle

is centred at ()„/,,,// and intersects the detector plane in O and C. The projection of the

circle onto the detector plane falls along the radial line through OC and the vector pq

projects onto > = OC.r Perpendicular to 5, is the line of integration / which will be asso-

ciated with pc. The source position S and the line of integration span the plane of inte-

gration the Radon value of which is fy ( pc,) .

figure 6.1 b) shows the plane of the great circle defined by pt and Figure 6.1 c) shows

the integration plane through SC1 along the integration line t.
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Great circle on the Radon s/iW/ ofS

Great circle on the Radon
shell of S

\ ^

!»

S •£

Figure 6.1 Conc-bctim geometri/.

According to (5.5) the derivative of the Radon transform can be expressed

K/2

= J j ̂
By substituting

and inserting (3.3) we get

-Ti/2 O

dp dx dp dK rcosy

(6.1)

(6.2)



6.1 Extension to arbitrary source position

71/2

-n/2

In order to express (6.3) in the detector coordinates s and t we observe that

s = SC tan (K-KQ) +OC = SC tan$ + OC (6.4)

as = — «K = —-— «K (6.5)

so that (6.3) yields

7C/2

-7t/2

(5.14M5.16) follows

This formula is very similar to (5.17) but here we do not require SO to be perpendic-
ular to the detector plane. As mentioned, this might simplify the data acquisition
process, since the source and detector may be rotated and tilted separately.

The post-weighting factor in (6.7)

- ^ - - (6.8)

cm be expressed in the detector parameters s and a, see Figure 6.1. We have

awp = | ~ (6.9)

SC2 = SC2+ (s-OC)Z (6.10)

SC2 = SO2-OC2 (6.11)

which inserted in (6.8) gives
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SC SO2-OC2+ (s-OC)'
T 1 (

a)S P jscr-ocr

OC is the signed projection of OC.^ on s. Thus

OC = OC0« (cosa.sina) (6.13)

6.2 Fourier domain computation of line-integrals

To decrease the computational complexity of phase 1, from O(N4) to O(N^logN), the
line-integration in the detector plane will be performed with the direct Fourier
method in reverse.

Some geometrical relations

The detector values are now given as d(x,z) in the detector plane and assumed to be
sampled in a rectilinear grid

d(x,z) = Xf(pl,y) (6.14)d

du(s,t) is a rotated version of d(x,z) along the differentiation- and integration directions

so that

d ( / ( s , t ) = d { x , z ) (6.15)

lor

f.v = scosa + t sina
(6.16)

z = t cos a - s sin a

as shown in Figure 5.3.

According to Figure 6.1 b) and c) we have

s = p/co.sB
* (6.17)

t = SC tany

From Figure 6.1 and Figure 6.2 we have
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But

Figure 6.2 The virtual detector plane.

sitiKQ = OC/SO

sinb = OC/SO

sin(a-Q) =OC/OCn

(6.19)

and therefore

K - K Q = asin ( —)-flsm(sm5sfn(a-O)) (6.20)

We also have

SO cos K
0

cosp
(6.21)

(6.14) - (6.21) establish a geometrical translation between the detector geometry
parameters (s,a) and the Radon geometry parameters p^. This is absolutely vital for
the subsequent interpolation in the Radon space. In the actual implementation to be
presented below in Chapter 8 we will use a somewhat less general source-detector
geometry, however. As a sequence, the geometrical mapping between detector and
Radon space geometry will be simpler than the one presented here.

The weight factor 1/SA expressed in the coordinates (x,z) is

SA(x,z) = JSC0
2+U-CD)2-Kz-C0)2

and we are thus able to compute the weighted detector data as

e(x,z) = d(x,z)/SA

(6.22)

(6.23)
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TJie line-integration algorithm

When reconstructing with the direct Fourier method, as described in Figure 3.4, we
start with line-integrals of the object and end up with the reconstructed object in the
form of a 2D-array of pixels.

In cone-beam reconstruction we start with a 2D-array of detector data, wanting to
calculate line-integrals in the detector plane. Therefore, these line-integrals can be
obtained by using the direct Fourier method backwards as described by
Danielsson [6], [7]. See Figure 6.3 and Figure 6.5.

e(x,z)

Detector data
A Z

Fourier space
, v

ID Fourier transform
E(u,v)

- • v

Radial inverse
Fourier transform

Line-integrals of detector data Fourier space, polar grid

Figure 6.3 Line-integration in a detector plane performed by the direct Fourier method in reverse.

A 2D Fourier transform of the weighted detector data e(x,z) produces a Fourier space
E(u,v), sampled in a Cartesian grid.

E{u,v) = (/2[e(x,z)}

The Fourier domain polar coordinates are

(6.24)

R = Ju2 + v2

a = atan -
it

(6.25)

and by interpolating to this polar grid we obtain

G(R,a) = E(u,v) (6.26)

According to the Fourier slice theorem we now have along each diameter in G(R,a)
the Fourier transform of a projection of e(x,z), i.e. the Fourier transform of a set of
parallel line-integrals. Thus, we can obtain these line-integrals $(s,a) by performing
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6.2 Fourier domain computation of line-integrals

inverse ID Fourier transform along the radial direction.
It should be emphasized that the interpolation stage has to be made with care. Tradi-
tionally, Fourier domain interpolation is considered to be very risky. However, as
showed in [21], [22] zeropadding to double sampling density and an 8- or 16-point
interpolation filter is quite sufficient to get an excellent result when this procedure is
run in the forward mode as in direct Fourier reconstruction.

Another alternative to obtain these line-integrals in O(N logN) time, is by using the
linogram method in reverse (see Chapter 3.3). This follows directly from the fact that
the linogram technique may be seen and described as a variation of the direct Fourier
method. In the linogram method no interpolation at all is necessary in the Fourier
domain. Instead the chirp z-transform accomplishes a combination of Fourier trans-
formation and perfect interpolation.
The linogram method in reverse requires two computational paths, each starting with
one copy of the detector data, and the final result is obtained by adding the two sub-
results. See Figure 6.4. The varying sampling distances for linogram sampling imply
that 2N line-integrals in each direction are required to reach out to the corners of the
detector plane. Therefore each copy is zeropadded from N to 2N in what is latter to be
the radial direction. For the first path (the outer one in Figure 6.4) a vertical ID Fourier
transform is applied to the detector data, which takes us half the way to the Fourier
domain. In the other path (the inner one) we perform a horizontal ID Fourier trans-
form. In the outer path a horizontal ID Fourier transform is still missing to reach the
2D Fourier domain. In the inner path a vertical ID Fourier transform is missing. These
Fourier transforms will be executed with chirp z-transforms, which are able to
produce data exactly at the wanted output grids, as can be seen in Figure 6.4. Each
path supplies half of the Fourier space. We obtain the Radon space of the detector data
by a final radial inverse ID Fourier transform and by adding the two sub-results we
fill up the wanted Radon space.

According to (6.7) a derivation is to be performed in the s-direction, i.e. along radial
lines through origin in the detector plane. This derivation is best applied in the
Fourier domain. Therefore we should take advantage of the fact that we already have
brought the detector data to the Fourier domain. According to the derivative theorem
for Fourier transforms [3]

CX7

f | , Cr (s. a) e~i2K*Rds = j2nR C{R,a) (6.27)
J d.s '

We may implement the derivative operation by multiplying with j2nR after the inter-
polation step. Note, however, that in (6.27) both s and R are signed variables which is
not in accordance with (6.17) where it is indicated that 5, like p, is a strictly positive
scalar signifying radial distance. But since
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Detector data

| Copy the detector data >
x Zeropadding

o

- • — I I

II • I ' • U

Vertical
Fourier transform

-*• x

i }

t

X
Horizontal

Fourier transform

Vertical chirp z-
transform

I
v

Put the two
x parts together

Radial inverse
Fourier transform

* x

if
if
3 3-

Fourier space

Line-integrals of detector data

Figure 6.4 The linogram method in reverse.

s = s g Is, a) = g Is, a)
3s 3s

s = - s

it follows that

- g ( - s , a - 7 i ) iL =- iL Tt<a<27r
os ds

(6.28)

s, a) =

zg(s,a)
as

-~ g(-s,a-n)
3s n<a<2n

(6.29)

or
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6.3 Summary of phase 1

| - gis, a) = S | g(s SgiHsin<i),amodolu K) (6.30)

In words this means simply that for the half-plane (or half umbrella) where a > jr the

Radon space values should change sign.

6.3 Summary of phase 1

The recipe for calculation of the derivative of the Radon space from the cone-beam
projections can be understood from (6.7) and Chapter 6.2. In Figure 6.5 we show an
overview, where the direct Fourier method is still employed for the line-integration
rather than the principally equivalent linogram method that will be used in the exper-
iments in Chapter 8. The various steps in Figure 6.5 are described below.

• Pre-weighting
Weight the detector data d(x,z) with the inverse distance from the source position to
a detector value.

e(x,z) = d(x,z)/SA (6.31)

• Fourier transform
Apply a 2D Fourier transform to the weighted detector data.

E(u,v) = 72[e(x,z)\ (6.32)

• Interpolation
Interpolate to a polar grid according to (6.26).

C(R,a) = E(u,v) (6.33)

• Differentiate
Perform the differentiation by a multiplication in the Fourier space.

J\kg(la)'\ = jlnR C(R,a) (6.34)
ids

• Inverse Fourier transform
Apply an inverse Fourier transform to data along radial lines in the Fourier space.
According to the Fourier slice theorem we get line-integrals of the detectorplane, i.e
the Radon space of the detector plane.

± £ (s. a) = fx \j2nR C(R, a.) ] (6.35)

67



Chapter 6. Computation of the derivative of the Radon transform using Fourier techniques

Detector data

-*-+ d(x,y) = X

Pre zceighting I
VSA ' 1

1

1

i

9 I

• i

e(x,z)

•

•
• x 2D Fourier transform

Line-integrals
in the detector

OS

Change sign I
Post weighting é

radial inverse
Fourier transform

Insertion

Fourier space

E(u.v)

\

Interpolation to a
polar grid

R C(R,a)

Differentiating

j2nR

R
j2nR G(R,a)

O

Figure 6.5 Overview of phase 1: From cone-beam projections to the derivative of the Radon transform.
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6.4 Zeropadding

Change sign

i y- g(s,a) 0<a<n

| ; 8 (* a) = -? (6-36)
[-^ £(-s,a-7t) 7t<a<2n

OS

Post weighting
We obtain the final derivative of the Radon space by a post-weighting. Note that

the Radon data values are positioned on spheres with diameter SO.

6.4 Zeropadding

The tivo dimensional case

The filter function in the 2D filtered backprojection inversion formula, was derived in
(2.7) and can be written as follows

n

fix) = 1 J fR
1[\R\7%f(Rl)]dQ = (6.38)

-71

2 J R I2n
- 7 1

1 f 1 3 - " -
- —=-*4-%f{(x*Zt)Zt)dQ= (6.40)
2 J -7-2rt dp

—7C

= ^ J - ^ 2 * ̂ ((i»|)5)rfe (6.41)
- j t

; In (6.38) the filtering is performed by a multiplication with the well-known ramp-filter
f in the Fourier domain. In (6.41) however we apply the filtering as a convolution in the
{ Radon space.

To be implementable, the ramp-filter has to be bandlimited to

- W < R < W (6.42)
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which produces the following Fourier pair

2W2 sine (2Wp) -W2 sine2 (Wp) <=> wn(~) -WA(~) (6.43)

where FKu) and A(u) are defined as in [3] and illustrated by Figure 6.6

Wfl (R/2W)

I

4 V

IV

W! W

Figure 6.6 The rampfilter.

In the signal domain the kernel function tapers of very slowly. To reduce the long
ringing tails, it is common practice to smooth this kernel, e.g. convolving it with the

discrete kernel [1 2 1} which is equivalent to multiply the filter with cos2(nR/2W) in the
Fourier domain. The result is shown in Figure 6.7, where we use W = 1.

We notice that in spite of smoothing, the tails of the kernel die away as slowly as 1 /p2 .
Further smoothing does not help. This is what to be expected since the ramp-filter in
the Fourier domain has an impulsive second derivative in the origin (see Bracewell
[3]). Nevertheless, the effect is highly unwanted. Truncation of the kernel at I p I =pt

may produce substantial errors since the integral of the truncated tails are O(l/pt). On
the other hand, while filtering with an un-truncated filter, it is these tails which
produce the unwanted circular convolution effects.

Therefore, to avoid circular convolution artefacts, zeropadding is unavoidable, typi-
cally writh a factor 2, by which we mean that the number of datapoints in the two
domains is doubled.

The three-dimensional case

In the 3D-case the Radon inversion formula according to (2.17) is

71/2 27C

fix) = - —2 ̂ -L i *
f f

J J r)

(6.44)

n/2 2TC

= 2 J j 7~R
l\R2 7^(Rb\((x*l)i)sinQdifdB (6.45)

-7t/2 0
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Figure 6.7 a) The ramp-filter with and without smoothing, b) The inverse Fourier transform of the
smoothed ramp-filter, c) A blow-up of the smoothed ramp-filter in the signal domain.

Observation: In the signal domain the filter die away as slow as 1/p2.

We notice that the convolution kernel to be applied is the second derivative with
respect to p. In the Fourier domain this corresponds to the filter R2. In practice this
filtering will be performed with two first derivative filters, the first one during phase 1
as described in this chapter and the second one during phase 2 as described in
Chapter 7.

Let us now bandlimit and smooth the second derivative filter and the first derivative
filter in the same manner as we did with the ramp-filter in Figure 6.7. The result is

shown in Figure 6.8 and Figure 6.9. For both these filters the tails die away as O(l /p3).

The integral of a truncated tail is then O(l/p2).
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Figure 6.8 a) The second derivative filter ivith and without smoothing, b) The inverse Fourier trans-
form of the smoothed filter, c) A blow-up of the signal domain.
Observation: The filter die aivay as 1/p3 in the signal domain.
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Figure 6.9 a) The derivative filter ivtth and without smoothing, b) The inverse Fourier transform

of the smoothed filter, c) A blow-up of the filter in the signal domain.

Observation: In the signal domain the smoothed derivative filter die aiuay as 2/p .

The conclusions of the above is that 3D-reconstruction is "easier" than 2D. Contradic-
tory to intuition the 3D reconstruction is less ill-posed than the 2D-case. Natterer [24]
treats Radon inversion formulas for arbitrary dimensions. He emphasizes, page 21,
that because the Hilbert transform 9i

(6.46)
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appears in Radon's inversion formula for even dimensions 2, 4,... but disappears for
odd dimensions 3, 5,... (compare (6.40) with(6.44)) the reconstruction from hyper-
plane-integrals (i.e. backprojection) are not local for even dimensions. To fingerpoint
the Hilbert transform as the culprit is equivalent to blame the corresponding filter
function for having an impulsive second derivative.

The benefit of the 3D-case can be quantified as follows. Assume that a projection
consisting of N datapoints projection is zeropadded to kN, see Figure 6.10. Then, in the
worst case the circular convolution contribution of the tails in the 2D-case with zero-
padding ki is bounded by

1 J
1

(Ifc2-1)N
(* 2 - l )N

(6.47)

In the 3D-case, assume we use zeropadding £3. The circular convolution contribution
of the tails is then bounded by

J > • 2(*:3- l )2A/2
(6.48)

To get the same circular convolution effects for the 2D- and 3D-case these two inte-
grals should yield the same result, that is

(6.49)

Assuming, as a typical real case that N = 512 and ki- 2, then k^~ 1.03 and about

16 zero-points should be sufficient in the 3D case. Such a zeropadding factor of 1.03 is
totally insignificant in terms of increasing the computational burden.

Much more elaborate quantifications and comparisons can be envisioned, e.g. equal-
izing the energies in the overlapping tails, taking into account the frequencies in these
tails, selecting different types of smoothing functions, etc.

Circular jonvolution
coftributwii

i
Kernel envelop

The projection Zcropadding

N points

kN points

Figure 6.10 Circular convolution effects when the projection is zeropadded to kN.
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6.4 Zeropadding

Filtering without smoothing

Even without any smoothing it seems that the derivative filter is more well-behaved.
In Figure 6.11 the ramp- and derivative filter are shown. Note that the samples of the
ramp-filter in the signal domain are negative everywhere except in origin. Therefore
circular convolution will consistently produce incorrect negative contributions to the
convolved result.

Signal domain

Rump-filter

\J

i : •

\

Vi V

Fourier domain

Ramp-filter

Derivative-filter Derivative-filter

!! \

ft
f\

Figure 6.11 The ramp- and derivative-filter. The sample points are shown as small stars connected
with line-segments.

Figure 6.12 a) shows a 2D object consisting of a circle and Figure 6.12 b) shows the
linogram of this circle. In Figure 6.12 c) all projections in the linogram have been
ramp-filtered by a multiplication in the Fourier domain. No zeropadding were
applied. As expected, there are circular convolution effects which can be seen as a
dark .shadow on the left-side of the filtered projections, where the object ends up close
to the edge. In Figure 6.12 d) we have applied the inverse linogram method without
zeropadding for production of the projections in the image in Figure 6.12 a). Ramp-
filtering was performed in the Fourier domain, which produces the evident circular
convolution effects.
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b)

d)

Figure 6.i2 a) The 2D object, b) Projection* in a liiwgrnm. c) Rump-filtered projections, d) Riitnp-
filtcml projections obtained with the inverse linogram method, e) and g): Derivative filtered projection.

f) and h): The inverse linogrum method until a derivative filter a) Image contrast 0.0-1.0 b): 0.0-10.0
Oand'd): -0.04-0.04 e) and f): -1.18-1.18 g) and It'): -0 04-0.04



6.5 Missing data and resampling the Radon space

By substituting the ramp-filter for a derivative filter, the circular convolution effects
are reduced. The samples of a derivative filter oscillates around origin in the spatial
domain (see Figure 6.11), so that the oscillating samples in the tails reduce each other
for homogeneous objects. For an object consisting of an odd amount of pixels there
will be a larger circular convolution effect than for an even object. However, in both
cases the ringing is limited. This is shown in Figure 6.12 e) and g) where the projec-
tions in the linogram have been filtered with a derivative filter without any zeropad-
ding. In Figure 6.12 f) and h), the inverse linogram method with a derivative filter is
seen to produce the same result.
Note that in Figure 6.12 g) and h) we have enlarged the grey scale around zero to be
able to observe details in the remaining circular convolution effects.
Thus, for most homogeneous objects the circular convolution effects with the deriva-
tive filter will be ringings of small amplitude and zeropadding is not necessary.

The alleviation of the zeropadding requirement is highly welcome for all 3D-recon-
struction algorithms. As have been shown in Magnusson, Danielsson, Edholm [21]
also direct Fourier methods are implicitly liable to the filtering given by the Radon
inversion formulas. Therefore, in direct Fourier 3D-reconstruction all three dimen-
sions seemingly would have to be zeropadded to avoid the circular convolution arte-
facts. A factor of two in each dimension would then increase the number of data
points with a factor of 8. But thanks to the less ill-posed situation in the 3D-case,
almost all of this extra costs in memory and computation can be saved.

6.5 Missing data and resampling the Radon space

Missing data

Theoretically each source-position S can deliver Radon data positioned on a sphere,
the Radon shell of S. With a source trajectory which fulfils the sufficiency condition
(Chapter 4.3), these spheres sweep out the Radon space of the object.

A commonly used trajectory is the circular orbit. See Figure 4.6 a). The corresponding
spheres sweep out a torus of the Radon space as shown by Figure 6.13. In practice the
cone-beam angle is not 180° as in Figure 6.13 but limited by the detector or by the X-
ray source itself. The Radon shell is then reduced to an umbrella-like surface and the
volume swept by this umbrella is then reduced to something like half a torus. Regard-
less of the cone-beam angle it is easy to see that there is a shadow zone with missing
data. Thus, for a single circular orbit we have to fill this shadow zone by other means
or methods, e.g. by zeroes or by interpolation from known Radon values nearby. The
latter has been proven [14], [27] to be vastly superior of the first one. Of course the
best solution to the problem is to use a source trajectory that fulfils the sufficiency
condition.
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Shadoiv zone

Figure 6.73 A circular source orbit sivceps out a torus in the Radon space.

Resampling the Radon space

After phase 1 we have obtained the derivative of Radon data on umbrellas. To recon-
struct the object from the Radon space however, we need other sampling patterns.
The specific pattern depends on which reconstruction method we are going to use for
phase 2. These things are treated in detail in Chapter 7 and for our present purpose
we simply conclude that between the two phases an interpolation in the Radon space
is necessary.

Thus, the interpolation-geometry depend on which reconstruction method that will
be used tor phase 2 but also on the source-path. In our simulations we have used two
perpendicular circular orbits according to Figure 4.6 b). Therefore we have two sets of
umbrella data to be used by the interpolation. Both sets can be described by the same
geometry and here it seems satisfactory to describe the interpolation for a single
circular orbit. If a Radon output point is positioned in the shadow zone of one circular
orbit, then we interpolate data from the other one.

Suppose we are going to obtain a Radon value in an arbitrary point p^. We then have
to find the corresponding input data coordinates which are the source position <ps, and
the detector coordinates a and s. Figure 6.14 shows the circular orbit from above.

Figure 6.14 A circular orbit seen from abort
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6.5 Missing data and resampling the Radon space

p^ is positioned somewhere on the Radon shell of source position S, corresponding to

rotation angle (ps. The equation of a Radon shell, i.e. the equation of a sphere is

( x - x c ) 2 + ( y - i / c ) 2 + ( z - 2 c ) 2 - r 2 = 0 (6.50)

where (xc,yc,zc) is the centre of the sphere and r is the radius. For the circular orbit in

the (*,i/)-plane we have

r - ^ (6.5!)

SO SO
(xc,yc,zc) = (— cosy^ — smcps,0) (6.52)

From (6.50) - (6.52) follows

— cos(ps) + ( y - — smcps) + 2
2 - - ^ - = 0 (6.53)

(6.53) gives

(6.54)x +V +z1 =

For computation of the line-integrals we have implemented the linogram method in
reverse, i.e. after the line-integration the detector plane will contain the 2D Radon
transform of the detector data sampled in linogram fashion. According to Chapter 3.3
the angular increment in linogram sampling is not constant but varying as A tana.
Thus, we would like to obtain tana and in Figure 6.15 a) we see that

tana = - = -j= (6.55)

cosfi = lS°so
 P (6.56)

Inserting (6.56) in (6.55) yields

tana = - 7 = ^ - 2 = * = (6-57)
)p2(5O2-p2) _ 1 p2(SO2-p2) _ 1

SO2 i zSO1
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The equation for s is also found in Figure 6.15 a)

— (6.58)

But in linogram sampling the sampling distances varies with a as described by equa-
tion (3.15). Thus the distance s maps to the correct index d in the s-direction
(Figure 6.15 b) with

d = s
cos a cosp cos a

(6.59)

n Jp2cos2p-z2 _ F~_ z
cos a = — = n

m pcosp p2cos2p

Inserting (6.60) in (6.59) yields

(6.60)

d =

cosp 1 -
P2(SO2-P

2)

p2cos2p SO1

(6.61)

(6.54), (6.57) and (6.61) describes the relations between p^ and (cp_, tana, d).

= (x,y,z)

b)

d = s/cosa

d cos2a

Figure 6.15 a) The cone-beam geometry, b) In linogram sampling is the index d dependent
on the angle a.
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6.6 Time complexity

6.6 Time complexity

Suppose an JV' volume is reconstructed from M projections with the detector size
IV.Y/V.

The cost for pre-vveighting of N" detector values in M detector planes is

MN2 FLOP

In our experiments we have adopted the inverse linogram method for calculation of
the line-integrals in the detector planes. Thus, the inverse direct Fourier method in the
overview in Figure 6.5 is exchanged for the inverse linogram method. More details are
found in Figure 8.8.

One copy of the detector plane data is used for each linogram. The varying sampling
distances for linogram sampling imply that 2N line-integrals in each direction are
required to reach out to the corners of the detector plane. Therefore each copy is zero-
padded from N to 2N in the what is latter to be the radial direction. As illustrated
above in Chapter 6.4, no additional zeropadding is necessary, since the derivative
filter in most cases doesn't produce circular convolution artifacts.
The cost for computation of FFT on real indata in found in (3.10).
The cost for horizontal FFT in the first linogram and vertical FFT in the second lino-
gram is then

M 2N(~ 2N lo$2N) = \0MN2log2N FLOP

The cost for ID chirp z-transform is found in (3.18). Here we have N indata- and N
outdata-points. The chirp z-transform is performed on half of the columns, due to the
hermitian Fourier domain.
The cost for chirp z-transforms in both linograms is

M 2 N (10 (N + N) log (N + N)) = 40MN2/o#2N FLOP

We have a hermitian Fourier domain. Therefore it is sufficient to multiply half of the
points in each radial line with the derivative filter. Due to the complex data, 2 multi-
plications for each point are required.
The cost for derivative filtering in both linograms is

M 2N(2N ,| 2) = 4MN2 FLOP

The cost for radial inverse FFT in both linograms is

M 2N(^2N hg2N) = \0MN2hg2N FLOP

The cost for post-weighting of 2Nx2N line-integrals in M detector planes is

M 2N 2N = 4MN2 FLOP
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Chapter 6. Computation of the derivative of the Radon transform using Fourier techniques

The next step is to interpolate from the umbrellas to the geometry required for
phase 2. The cost for this step depends on the amount of desired Radon data points,
which depends on the reconstruction method for phase 2. Therefore we postpone this
cost-estimation till Chapter 7.

The total cost for phase 1 is

9MN2 + 6QMN2log2N FLOP

Since M is O(N), the complexity for phase 1 in 0(N3logN). Suppose there are 2N
projections in each of the two perpendicular circular scans. Then the cost for the
different steps in phase 1 for these different values of N is shown in Table 6.1.

Operation

Pre-weighting

MN2

FFT

20MN2log2N

Chirp z-transforms

40MN2log2N

Derivative filtering

4MN2

Post-weighting

4MN2

Total

N=256

6.71*107

1.21*10'°

2.42*10'°

2.68*108

2.68*108

3.69*1010

N=512

5.37*108

1.07*10"

2.15*10"

2.15*109

2.15*109

3.27*10"

N=1024

4.29*109

9.45*10"

1.89*1012

1.72*10'°

1.72*10'°

2.87*1012

Table 6.1 Computational cost for phase 1.
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7. Reconstruction from the derivative of

the Radon space

7.1 Introduction

Our aim is to reduce also the complexity of phase 2 from O(N4) to 0(N3logN), by
applying direct Fourier techniques in the reconstruction. Phase 2 involves the recon-
struction of the object function from the derivative of the Radon space.

Radon's inversion formula (2.17) describes the filtered backprojection reconstruction

of the object function from the Radon space. To obtain a 3D-object consisting of A/3

voxels, O(N^) Radon data points are required. According to (2.17) each Radon data

point is backprojected over the plane having produced it. Thus, all O(N^) Radon data

points are backprojected over O(N2) object-voxels and the complexity of (2.17) is then

O(N5).

Fortunately, (2.17) can be separated into a two-stage reconstruction procedure
consisting of O(N) 2D filtered backprojections in vertical and horizontal planes (see

Chapter 5.4), yielding the complexity O(N4). For this two-stage technique direct
Fourier methods can be applied for the 2D-reconstruction of the vertical and hori-
zontal planes, yielding complexity O(N logN).

Another possibility is to apply straight 3D Fourier methods for the reconstruction,

which also yields complexity O(N^logN). See Figure 7.1. There are O(N2) radial lines
with O(N) data points in the Radon and Fourier spaces so that the radial FFT in

Figure 7.1 are O(N logN) in complexity as is the inverse 3D FFT.

Both the two-stage and the straight 3D method may be implemented in various ways.
I lowever, in this thesis we have focused on linogram techniques. The straight 3D lino-
gram method (see also Herman [15]) will be described briefly in Chapter 7.3. Two
versions of two-stage reconstruction applying linogram techniques are presented in
Chapter 7.4 and Chapter 7.5. Implementation and experimental results of the latter
will be given in Chapter 8.
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Chapter 7. Reconstruction from the derivative of the Radon space

7.2 The 3D-direct Fourier method

The generalisation of the 2D direct Fourier method •. :th sinogram data (Figure 3.4) to
3D-reconstruction is rather straight forward, p ; Jed that the 3D Radon space have
been obtained. See Figure 7.1.

Radon space
Spherical limit

Constant radial density

Fourier space
Spherical limit

Constant radial density

Radial Fotiiier
transform

Interpolation

3D inverse Fourier
transform

• •
• » • «
* •

Reconstructed object

Figure 7.1 The 3D direct Fourier method.

Fourier space
Cubic grid

The "sinogram sampled" 3D Radon space consists of data equidistant positioned on
radial lines through origin. The 2D angles (directions) of these radial lines sample the
unit sphere equidistantly. This is a counterpart to the 2D-case with samples on
concentric circles although here, data are positioned on concentric spheres. According
to the 3D Fourier slice theorem, the 3D Fourier transform of the object function is
obtained by a radial Fourier transform of the Radon space. The sample pattern in the
Fourier space is the same as in the Radon space and to be able to do a 3D inverse
Fourier transform we have to interpolate from the spherical grid to a cubic grid. This
is an interpolation which is at least as much of a problem here as in the 2D-case and
just as in 2D, linogram sampling would be beneficial. The generalisation of the lino-
gram from 2D to 3D in not quite obvious however, and different strategies will be
pursued in the following sections.

We know from Chapter 6 that in phase 1 we obtain the derivative of the Radon space.
Kadon's inversion formula (2.17) tells us that the filter for 3D reconstruction of the
object from its Radon transform is the second derivative filter. Since we obtain the first
derivative during phase 1, we are already on the right track. In the direct Fourier
method however, no filtering is involved and to apply (2.17) implemented as a 3D
direct Fourier method our input data need to be the true Radon space, not its deriva-
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7.3 Straight 3D-reconstruction

tive. Thus, we have to filter with the inverse derivative before we start the reconstruc-
tion. This can be done by a multiplication in the Fourier domain. We have the
following Fourier pair

(7.1)

j2nR

(7-2)

(7.3)

7.3 Straight 3D-reconstruction

The Fourier cube/inverse cube

The spherically sampled Fourier space in Figure 7.1, delivered by the 3D sinogram
sampled Radon space requires 3D-interpolation which has to be done very carefully.
Linogram sampling where the interpolation may be performed by the chirp z-trans-
form (i.e. exact interpolation) would be beneficial. 2D linogram sampling delivers
samples on concentric quadrates in Fourier space, the Fourier quadrate, as illustrated
in Figure 3.8. The generalisation of the Fourier quadrate to 3D is the Fourier cube. See
Figure 7.2 b).

Tlie inverse cube
(the Radon space)

The Fourier cube

2

The octahedral
object

a)

Radial Fourier transform

•

b)

Figure 7.2 The Fourier cube corresponds to the inverse cube over a radial Fourier transform.

In the Fourier cube the samples are positioned along radial lines through origin, on
the faces of concentric cubes. This is the sampling pattern used by Herman et. al. [15]
and applied to Magnetic Resonance Fourier data.

The x-, y- and z-axes are the symmetry axis for the faces of the cube. In the Fourier
cube there are the same amount of samples on each radial line and each line is
sampled equidistantly, i.e. along the radial lines we have the sample distance

1
(7.4)
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Chapter 7. Reconstruction from the derivative of the Radon space

where 6 is the angle from an arbitrary radial line to the nearest symmetry axes. For
lines intersecting the faces of the cube parallel to the (i/,z)-plane the nearest symmetry
axes is the v-axis and so on.

The inverse cube is the Radon space corresponding to the Fourier cube over a radial
inverse Fourier transform. See Figure 7.2. The inverse cube has the shape of a 3D
ginger bread biscuit with six lobes. From (7.4) follows that the sample distance along
the radial lines varies as

d(Q) = cosB (7.5)

The maximal object function supported by Radon data inside the inverse cube has the
shape of an octahedron and is outlined in Figure 7.2 a).

Tiie 3D linogram method

An overview of the 3D linogram method is found in Figure 7.3. In our case input data
to the 3D linogram method is the derivative of the Radon transform. As described in
Chapter 6.5 these data are to be interpolated from the "umbrellas" delivered by
phase 1 to the inverse cube sampling pattern described above. In accordance with the
2D linogram method, where the Radon space is divided in two subspaces (see
Figure 3.9), in the 3D-case we divide the inverse cube into three subspaces, see
Figure 7.3. Each subspace consists of two of the six lobes in the inverse cube. In each
subspace the sampling density for the radidi lines varies as (7.5).

As in the 2D linogram method, this procedure begins with ID Fourier transforms
along radial lines in each subspace, and we arrive then in the Fourier space, where the
three subspaces forms the full Fourier cube. In the Fourier domain each subspace
consists of two pyramids with their tops at origin. All Fourier data points are located
on parallel planes. These planes are found at unit sampling density along the
symmetry axis, so that taken together the three subspaces form samples positioned on
the faces of concentric cubes. The sampling density in the radial direction is described
by (7.4).

According to Radon's inversion formula (2.17) the 3D filtered backprojection convolu-
tion operator is the second derivative. From phase 1 we have obtained the first deriva-
tive of the Radon space, described by (6.7). Hence, we need to perform another first
derivative operator. This is best performed as a multiplication with the derivative
filter J2nl< in the Fourier domain, which is indicated in Figure 7.3.

Now we have obtained the properly filtered Fourier domain data of the final recon-
structed object to be. For each subspace we have the samples at unit sampling density
along the symmetry axis, i.e. on the faces of concentric cubes. But the size of the cubes
as well as the sampling density decrease whf?n we approach origin. In principle, we
could obtain samples in a Cartesian grid by interpolation. But for best image quality
the results in Magnusson [22] suggest the use of chirp z-transform instead.
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Radon data
"The inverse cube"

Object function
support

Filtering with the
derivative filter

Radial Fourier
transform

Z ik

•*• R

HOV=j2nR
Chirp-Z

x-direction

Radial Fourier
transform ,

Radial Fourier
transform

DM = 1/cosQ

DM = 1/cosQ
*• x

Chirp-Z I
y-direction I

Chirp-Z
z-direction

DM = VcosQ

• •

_——

Chirp-Z I
y-direction I

Inverse FFT
z-direction

Reconstructed object

Figure 7.3 The 3D linogram method.
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Chapter 7. Reconstruction from the derivative or" the Radon space

Each subspace is subjected to two chirp z-transforms, each of which performs a
combination of perfect interpolation and inverse Fourier transform followed by an
ordinary inverse Fourier transform in the third direction. See Figure 7.3. By adding
the three results we obtain the final reconstructed volume.

The maximal object function supported by the inverse cube, the octahedron, is
outlined in Figure 7.3. We see that the tops if the octahedron have been truncated in
the reconstructed volume, i.e. the remaining maximal object is a curtailed octahedron.
This is a deliberate limitation which attempts to maximize the size of the final recon-
structed volume, considering the spherical non-uniform sampling of the inverse-cube
in the Radon space. As indicated in Figure 7.3, the object function is assumed to be
zero outside the curtailed octahedron. The inverse cube of Radon data will then be
empty to an certain extend. In the three inverse transform steps (two chirp z-trans-
forms and the final inverse FFT) this will be taken advantage of as a truncation of
intermediate results (a more detailed description is found in Chapter 8.3). None of
these are shown in Figure 7.3 but the final result is a cube in the object space out of
which only the curtailed octahedron has relevant data.

Resampling the Radon space

The interpolation between phase 1 and phase 2 may be described by a first mapping

from the desired Radon data point p^ = (x, y, zj to the input data coordinates, which

are the source position (ps, and the detector coorcnnates tana, and d. This first mapping

was described in Chapter 6.5. The second mapping, which will be described here, is

from the indices in the 3D-linogram data array (A,B,C) to the Radon space

pc, = (x,y,z). The 3D data array for one of the three subspaces is shown in

Figure 7.4 a). We have

-N<A<N

-N/2 <B< N/2 (7.6)

-N/2<C<N/2

where A is the index in the radial direction and B and C define the radial line
according to Figure 7.4 b). Observe that there are 2N samples along each radial line.

The linogram sampling implies that the sampling density varies with the angle 0 so
that the sampling distance is Acosd. In the inverse cube the Radon data points are posi-
tioned on spheres. All data points on a sphere have the same /4-index. One of these
spheres is outlined in F'gure 7.4 b) and c). In Figure 7.4 c) we see that at array index
<A,B,C) we have a Radon value from (x,y,z) where

x = /I A cos2 9 ' (7.7)

i/ is found by projecting pc, onto the *,i/-plane. See Figure 7.5. We have
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7.3 Straight 3D-reconstruction

y =
2ABx IBAAcos^Q

NA N
(7.8)

Similarly we obtain

2 =
N

(7.9)

b)

a)
/

(
i

1

i

•2NA-

2NA

2A(B,C)

Figure 7.4 v There are one 3D data array for each subspace. b) and c) The 3D-linogram geometry.

™ Projection of pi[
2AB

JC-flJfIS

Figure 7.5 Projection of p^ on Me x,y-plane.
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Chapter 7. Reconstruction from the derivative of the Radon space

To simplify notations, let us define (a,b,c) as follows

a = AA -NA <a<NA
b = 2B/N -l<b<l

c = 2C/N -1<C<1

Now we get

x = acos 9

y = abcos^Q

z = accos 0

(7.10)

We have

cosQ
P

Insertion of (7.12) in (7.11) yields

(7.12)

P =

(7.13)

Equation (7.10) and (7.13) form the relation between the index in the 3D linogram
(A,B,C) and the Radon space coordinates p^ = (x, y, z). By insertion of (7.13) in
(6.54), (6.57), and (6.61) we obtain the relation between (A,B,C) and the coordinates in
the umbrellas ((p., tana, d).

— = cos<p => (p = acos
fa/SO±bJi+b2-a2/SO2

tan a -
l+b2-a2/SO2

(7.14)

d =
J\+b2-a2/SO2
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7.3 Straight 3D-reconstruction

Observe that cps and d is independent of c. Incrementing c from one interpolation to
the next in the inner loop during the interpolation will then only have influence on
tana, which can be utilized to speed up the interpolation.

For the right-most subspace in Figure 7.3, which is a rotated version of the one in
Figure 7.4 b), we have

(7.15)

p =

Insertion of (7.15) in (6.54), (6.57), and (6.61) yields

so

tuna •

d= -,

+ s cp = acos
-ab/SO ± - a2/SO2

77?

b2-a2/SO2

b2-a2/SO2

Note that <ps and d still is independent of c.

In the third subspace (the left-most in Figure 7.3) we have

(7.16)

. p = fl/^l +b

{7.17)

which inserted in (6.54), (6.57), and (6.61) yield
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Chapter 7. Reconstruction from the derivative of the Radon space

I l

so = ~

tana =

d = -^=

\-ac/SO ± b*lb2 + c2 - a~/SO2

bsiny^ => <p = acos | —
V b +c~

Jb2 + c2 - a2/SO2

(7.18)

Here, all three equations are dependent of a, b, and c. Thus for the third subspace, we
can not save any computational cost during the interpolation.

Time complexity

The first computation is interpolation from the umbrellas obtained in phase 1 to the
inverse cube geometry in Figure 7.3. In our experiments, we have used tri-linear inter-
polation, which consists of seven linear interpolations, see Figure 7.6 b). The equation
for linear interpolation is understood by Figure 7.6 a).

f(x) = (7.19)

Thus for one linear interpolation one subtraction, one multiplication and one addition
are required, which makes 3 FLOP for one linear interpolation and 7*3 = 21 FLOP for
one tri-linear interpolation.

outdata point

indata
a)

outdata point
indata

outdata
point

c)

Figure 7.6 a) Linear interpolation, b) Tri-linear interpolation, c) Faster interpolation in two of the
iiibsptices may be performed by incrementing c in the inner loop.

For the two first output subspaces with interpolations described by equations (7.14)
and (7.16), increment of c in the output data space causes change in tana but not in the
other two input data coordinates. This implies that 4 linear interpolations (12 FLOP)
are sufficient in these two subspaces, see Figure 7.6 c). The bilinear interpolation result
from a set of four input points may be used for the next tri-linear result. Thus, for each
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7.3 Straight 3D-reconstniction

desired Radon data point tana should be updated and the interpolation performed.
The computation of tana according to (7.14) and (7.16) requires approximately 7 FLOP.
(We assume that the square-root can be computed with 1 FLOP, which probably is an
underestimate.) Thus, for each desired Radon data point in the two first subspaces we
need

12 + 7 = 19 FLOP (7.20)

For the third subspace the interpolation is described by (7.18). No computational cost
can be saved during the interpolation since all three equations are dependent of a, b,
and c, i.e. an increment of a, b or c results in a change of in all three indata variables.
However, these equations describes the interpolation from a circular scan in the x,\j-
plane. In our experiments we have implemented two perpendicular circular scans.
One takes place in the .r,i/-plane and one in the .t,z-plane. For the third subspace the
cheaper interpolation in (7.20) can be applied by interpolation from the .Y,z-scan.

The Radon and the Fourier spaces have the same number of data points. The number

is easier to count in the Fourier cube. N~ radial lines intersect each face of the cube, i.e.

there are N~ radial lines in each subspace, each consisting of 2N samples. Thus, the

total amount of Radon data points in each subspace is N~*2N=2N~.
The cost for interpolation in the three subspaces is then

0 2 + 7) * 6/V3 = 114N3 FLOP (7.21)

As mentioned in Chapter 5.6 the interpolation can be performed in various ways.
Within each scan we can either interpolate from one half of the umbrellas or averaging
both halves according to Figure 8.7. In our experiments we have averaged both halves
and then the computational effort in (7.21) is doubled. Moreover, the interpolation
from two circular scans can either be performed by using one scan for the two first
subspaces and the other scan for the third subspace or by averaging the two scans
where possible. In the latter case the complexity is doubled again. We have imple-
mented both methods.

The cost for interpolation using one scan for each Radon data point is

2M14N3 = 228N3 FLOP (7.22)

The cost for interpolation using the average of the two scans becomes

4-M14N3 = 456N3 FLOP (7.23)

The cost for FFT on real indata is found in (3.10). The cost for radial FFT in the three
subspaces is

3N2d 2N lo$2N) = 15N3bg2N FLOP
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Chapter 7. Reconstruction from the derivative of the Radon space

We have a hermitian Fourier domain. Therefore we apply the derivative filtering to
half of the points in each radial line. Due to complex data, each point requires 2 multi-
plications for the filtering. The cost for derivative filtering is

3IST(2N 1 2) = 6N3 FLOP

Due to the hermitian Fourier domain, it is enough to perform the chirp z-transform in
one of the pyramids in each subspace. The cost for ID chirp z-transform is found in
(3.18). We have N indata- and A/outdata-points.

The cost for chirp z-transform in two directions in each subspace is

3 (N2 + AT) (10 (N + N) log (N + N)) = llorfloglN FLOP

The cost for FFT in the three subspaces is

3N2(^ 2N log2N) = \5N*log2N FLOP

The cost for addition of the three subspaces is

N 3 FLOP

The total cost for the 3D linogram method with interpolation according to (7.22) is

235N3 + 150N*log2N FLOP

The total cost for the 3D linogram method with interpolation according to (7.22) is

463N3* 150 N3log2N

The total amount of FLOP for different N can be seen in Table 7.1. The numbers in the
parenthesis for the interpolation cost correspond to averaging of both scans wherever
possible. The numbers without parenthesis correspond to the use of one scan for each
Radon data point.
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7.3 Straight 3D-reconstruction

Operation

Interpolation

228N3

(456N3)

FFT

30N3log2N

Filtering

6N3

Chirp z-transform

120N3log2N

Addition

N 3

Total

N=256

3.83*109

(7.65*109)

4.53*109

l.orio8

1.81*10!0

1.68*107

2.66*1010

(3.04*1010)

N=512

3.06*1010

(6.12*1010)

4.03*1010

8.05*108

1.61*10"

1.34*103

2.33*10"

(2.63*10")

N=1024

2.45*10"

(4.90*10")

3.54*10"

6.44*109

1.42*1012

1.07*109

2.03*10]2

(2.27*1012)

Table 7.1 Computational cost for reconstruction with the 3D linogram method. The numbers in the
parenthesis correspond to averaging of both circular scans wherever possible.

The 3D direct Fourier method with linogram sampling

In this method we start with the linogram sampled inverse cube but use interpolation
and a straight-forward 3D inverse Fourier transforms instead of the chirp z-trans-
form, see Figure 7.7.

Radon derivative data
"The inverse cube"

Fourier cube

Radial Fourier
transform

-*• R

H(R) =
J2KR

Filtering

3D inverse Fcmrier
transform

Interpolation

Reconstructed volume The Fourier domain
sampled in a cubic grid

Figure 7.7 The direct Fourier method with linogram sampling.
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Chapter 7. Reconstruction from the derivative of the Radon space

Since the Fourier cube consists of data sampled at unit sampling density along the
symmetry axis only a 2D interpolation is necessary instead of a 3D interpolation as in
the direct Fourier method in Figure 7.1.
Just as in the 3D direct Fourier method however, we have to filter with the inverse
derivative filter (7.3) since phase 1 delivers the derivative of the Radon space. The
filtering is performed in the Fourier domain before the interpolation.
We refrain from estimating computational cost for this method.

7.4 The two-stage reconstruction technique

Chapter 5.4 described how to reconstruct a 3D volume from its Radon transform, by
first dividing the Radon space into vertical planes and then reconstruct each vertical
plane with 2D filtered backprojection. In a second stage the intermediate result was
distributed over horizontal planes, which were then reconstructed with 2D backpro-
jection to yield the final result.

The intermediate result in the vertical plane can be understood if we for each Radon
data point visualize the plane of integration having produced it. See Figure 7.8. To
such a point on a vertical plane correspond integration planes all of which are perpen-
dicular to the vertical plane (Figure 7.8 a). Their cross sections with the vertical plane
is an exact copy of a Radon transform, a line-integral, of a 2D-function.

Thus, if we perform a 2D-reconstruction in the vertical plane we resolve (invert) one
of the integration dimensions of the 3D Radon data. The result of this 2D-reconstruc-
tion is no longer plane integrals through the vertical planes, but line integrals along
parallel rays perpendicular to the plane (Figure 7.8 b).

This is how we should interpret the output data of the first stage which form the input
data to the second. In one horizontal slice of the intermediate result data volume, we
then find that from the various vertical planes, there are sets of parallel projection
data, i.e. a sinogram sampled 2D Radon space. Consequently, each horizontal plane
(slice) of the final 3D volume can be reconstructed with a 2D reconstruction proce-
dure.

Crossline

Vertical plane

Integration plane

Integration plane

b)

Figure 7.8 a) Two integration planes and their Radon values in a vertical plane, b) Integrals along
parallel rays perpendicular to the vertical plane.
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7.4 The two-stage reconstruction technique

By exchanging the 2D filtered backprojection with complexity O(N3) (see Chapter 3.1)

for the linogram method with complexity 0(N~logN) (see Chapter 3.3) in the recon-

struction of O(N) vertical and horizontal planes, we reduce the complexity from

to O(N'logN).

Vertical planes in
the Radon space

Horizontal planes in
the intermediate result

iiCiiCri Oi

Reconstructed
vertical plane

the vertical planes

•
Filtering -with the deriva-
tive filter in Fourier space

Linogram samples
in a vertical plane

Reconstructed
horizontal plane

i

Reconstructed ,
object ,

>—•—•—•—•

i • • • i

*—•—*

. • •

. • •

y*

Sinogram samples
in a horizontal plane

Interpolation

Linogram samples in
a horizontal plane

ID reconstruction of
the horizontal planes

Figure 7.9 Two-stage reconstruction with interpolation.

An overview of the reconstruction is found in Figure 7.9. We interpolate the derivative
of the Radon space obtained during phase 1 from the umbrellas to vertical planes.
Each plane is interpolated to linogram sampling, because we intend to do the recon-
struction with the linogram method. When the vertical planes are reconstructed with
the linogram method, we first perform an ID Fourier transform along the radial lines
through origin in the 3D Radon space. With this operation we arrive to the Fourier
space. The 3D reconstruction filter is the second derivative filter, but from phase 1 we
have obtained the first derivative of Radon space. Thus we apply only another first
derivative filter by multiplying the radial lines with j2nR, instead of the rampfilter
I R I as in the original linogram method.

The result of the reconstruction of the vertical planes are line-integrals perpendicular
to the plane. These data are distributed over horizontal planes. In one horizontal slice
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Chapter 7. Reconstruction from the derivative of the Radon space

there a a* parallel projections of the object in this slice, i.e. the horizontal planes are
sinogram sampled. To be able to reconstruct the horizontal planes with the linogram
method we interpolate in each plane from sinogram to linogram sampling. Linogram
reconstruction of the horizontal planes yields the final reconstructed volume. During
the reconstruction of the horizontal planes we perform no filtering at all.

7.5 Two stage reconstruction with linograms

A potential problem with the method described in Chapter 7.4 is the interpolation
between the reconstruction of the vertical and horizontal planes. In this chapter we
will show that by a proper initial sampling geometry of the Radon space, it is possible
to avoid this interpolation.

The basic idea is to arrive to the horizontal planes with different sampling densities
for different reconstructed vertical planes in such a manner that it delivers data in a
proper linogram fashion for each horizontal plane.

According to Chapter 3.3 the sampling density along a projection for Iinogram
sampling varies as

[ cosB -45° < 8 < 45°
d(B) = { (7.24)

[sm8 45°<e<135°

where 8 is the angle of the projection. To obtain linogram sampling in the horizontal
planes without interpolation, the reconstructed width of the vertical planes has to
vary as

[N cosy -45°<<p<45°
W(y) = (7.25)

\N siny 45°<<p<135°

where y is the angle of the vertical plane and NxN is the size of the plane. See
Figure 7.10.

Such vertical planes are obtained by a modified linogram sampling. Let us observe
the sampling distance d(B) along radial lines in a vertical plane of the original Radon
space.

[ cosBcosy -atan (cosy) < 8 < atan (cosy)
d (6) = \ (7.26)

\sinB atan (cosy) <B<K- atan (cosy)

y is the angle of the vertical plane and 0 the elevation angle of the line, -atan (cosy) is

the angle 8t1, atan (cos y) the angleS/, and n- atan (cosy) theangle8c.
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Radon space in
the 0" plane

Fourier space
in the (T plane

Reconstructed
(P plane

Vertical planes

t
2D linogram

reconstruction

1 0.,

N

2D linogram
reconstruction

• • •
o • • •

•—•—*

N

Radon space in the
45° plane Fourier space

in the 45° plane
Reconstructed

45° plane

Figure 7.10 Modified linogram sampling in the 0° and 45° vertical planes.

An overview of the method is found in Figure 7.11. By radial Fourier transforms we
arrive to the Fourier space. Again this is in the shape of a Fourier cube, though differ-
ently sampled on the horizontal faces compared with the cube in Chapter 7.3. The
horizontal face of the cube in Figure 7.11 is not the same as in Figure 7.3.

In the vertical planes of the latter cube, the samples are now positioned on concentric
rectangles instead of squares as in the original 2D linogram sampling pattern as
evident in Figure 7.10 and Figure 7.11. For radial lines in the Fourier domain the
sampling distance varies as

D(9) =
\i/cosQcosy -atar <cosy) < 6 < atari (cosy)

jl/s».'9 al.m cos(p) < 8 < r c - atan (cos(p)
(7.27)

We also notice that the angular increments between 6;, and 8C are larger than the incre-

ments between 9(, and 8;,.

A tan® =

-AcotB =
Ncosq

-atan (cosy) < 8 < atan (cosy)

atan (cosy) <Q<n- atan (cosy)

(7.28)

As in Chapter 7.4 we perform the derivative filtering in the Fourier space before the
linogram reconstruction of the vertical planes. The reconstructed vertical planes
produces perfect linogram samples in each horizontal plane. We may then reconstruct
the horizontal planes with the linogram method without any filtering to get the final
volume.
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Radon data
"The inverse cube"

Fourier cube Filtering ivith the
derivative filter

Vertical planes
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Radon samples in a

vertical plane
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Reconstructed
object
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ID linogram
reconstruction

Horizontal
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H(R) = ;2TCR

Fourier samples in
a vertical plane

2D linogram
reconstruction

é • » » é
Reconstructed
vertical plane

Figure 7.11 Two-stage reconstruction with linograms.

Resampling the Radon space

For the interpolation from umbrellas to vertical planes, the equations (7.14) and (7.16)
can be applied for the samples on the radial lines between 0a and 0b- Which one of the
equations that is used depends of course on which face of the cube the present radial
line penetrate. By freezing b and incrementing a and c we obtain samples positioned
in a vertical plane. In equation (7.14) and (7.16) cps and d are independent of c. Thus,
the computational cost for the interpolation of the samples between 9a and 8̂ , can be
reduced by incrementing c in the inner loop, according to Figure 7.6 c).

For the samples between 8^ and 0C (Figure 7.11) we adopt the index variables D, E,
and F according to Figure 7.12.
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2NA

/

\

DA<

(AE,AF)—7

Z

\ A

IAF '

—> X

^2NA

2NA

Figure 7.12 For the radial lines between 6j, and 9C the incrementing variables are D, E, and F.

D is a radial discrete variable similar to A in Figure 7.4. £ and F define the radial line.
£ is a radial and F an angular discrete variable on the upper face of the cube.

-N<D<N
-N<E<N

-N/2<F<N/2

The radial distance / depends on the angle <p, i.e. the angle of the vertical plane.

2FA

(7.29)

/ =

NA

£A
coscp

(7.30)

(7.31)

The relation between A, B, and C for the third subspace in the 3D linogram method
and D, E and F follows below.

A = D

2AB = /sm<p = EAtanq =

[ 2AC = -/cos(p = -£A

£A2F
(7.32)

Insert (7.32) in (7.10)
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Chapter 7. Reconstruction from the derivative of the Radon space

(7 = DA

b_2_EF

N2 (7.33)

_ - £

Now equation (7.18) may be used for the interpolation. Since all indata variables are
dependent of a, b, and c no computational cost can be saved during the interpolation.

Time complexity

Suppose an N3 volume is to be reconstructed with the method in Figure 7.11. (A more
detailed description is found in Figure 8.12 and in Figure 8.14.) First we interpolate
from the umbrellas obtained in phase 1 to vertical planes. Each vertical plane is recon-
structed with the 2D linogram method. Recalling from Chapter 3.3 that for reconstruc-
tion of an NxN image, 2N projections consisting of 2N detector values are sufficient,
we understand that 2N radial lines consisting of 2N samples in each vertical plane are
required. The reconstructed vertical planes are divided in horizontal planes, which
also are reconstructed with the linogram method. Thus, we need 2N radial lines in
each horizontal plane, which implies that 2N vertical planes are required. The total

amount of desired Radon data points is then 2N*2N*2N=8N^.

For half of the points, those between 8a and 6 ,̂ cps and d are independent of c,
according to (7.14) and (7.16), when interpolating from the circular scan in the x,y-
plane. Therefore, for each point we only need to update tana and perform 4 linear
interpolations, for which 19 FLOP are required according to (7.20). For the other half,
those between 6̂ , and 9 ,̂ the cheaper interpolation may be applied by interpolating
from the x,z-pane scan. The cost for interpolation is then

19'SN3 - 152N3 FLOP

In our experiments however, we have averaged the interpolated Radon data points
from the two halves of the umbrellas. See Figure 8.7. The computational burden for
the interpolation is then doubled. We could also average Radon data points obtained
from both circular scans wherever possible. The computational cost for the interpola-
tion is then doubled once again.
The interpolation cost when using one circular scan is

2M52N3 - 304N3FLOP

The interpolation cost when the average from both scans is computed is

4M52N3 = 6081V3 FLOP
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Due to the derivative filter no zeropadding is necessary (see Chapter 6.4). The cost for
FFT on real indata is found in (3.10) so that the cost for radial FFT in both linograms in
2N vertical planes is

2N 2 N ( ^ 2N log2N) = 2QN3Iog2N FLOP

We get a hermitian Fourier transform. Hence, the derivative filtering and all other
operations may be restricted to half of the points on each radial line. Due to the
complex data, the filtering takes two multiplications for each point so that the cost for
derivative filtering in 2N vertical planes is

2N 2N(2N 1 2) = 8N3 FLOP

The cost for ID chirp z-transform is given by (3.18). For the first linogram we have N
indata- and N outdata-points. Due to the hermitian Fourier domain, the chirp z-trans-
form is applied to half of the columns so that the cost for chirp z-transform in the first
linogram in 2N vertical planes is

2N N (10 (N + N) log (N + N)) = 40N3/o«?2N FLOP

For the second linogram we have N indata- and 2N outdata-points (see Figure 8.12)
therefore the cost for chirp z-transforms for the second linogram in 2N vertical planes
is

2N N(1C(N + 2N)/0£(N + 2N)) = eOI^logSN FLOP

The cost for horizontal FFT in the first linogram in 2N vertical planes is

2N N ( | 2N log2N) = ION3'log2N FLOP

The cost for vertical FFT in the second linogram in 2N vertical planes is

2N 2N(^ 2N log2N) = 20N3log2N FLOP

The cost for addition of the 2N*N sub results in 2N vertical planes is

2N*2N*N = 4N3 FLOP

The result is divided in N horizontal phnes, each consisting of 2N radial lines of 2N
samples.

The cost for radial FFT in both linograms in the N horizontal planes is

N 2N(^ 2N log2N) = 10N3/og2N FLOP

For the chirp z-transform we have N indata- and N outdata-points in both linograms.
The cost for chirp z-transforms in both linograms in N horizontal planes is
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N 2N(10(N + N)log{N + N)) = 40N3/og2N FLOP

The cost for FFT in both linograms is

N 2N(^2N log2N) = ION3'log2N FLOP

The cost for addition of the subresults in N horizontal planes is

N 3 FLOP

The total cost for phase 2 with interpolation from one circular scan for each Radon
data point is then

317N3 + 150N3log2N + ÖOAp/ogSJV FLOP (7.34)

The total cost when averaging Radon data points from both circular scans is

621N3 + 150N3/og2N + é o A ^ N FLOP (7.35)

The complexity for phase 2 is 0(N3logN). The computational cost for different N is
found in Table 7.2. The numbers in the parenthesis for the interpolation correspond to
(7.35) and the numbers without parenthesis correspond to (7.34).

The total cost for our method with this two-stage reconstruction in phase 2 is found in

Table 7.3. For a 522^ volume our method is 5 times faster than the Feldkamp method
and 10 times faster than the Grangeat method.
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7.5 Two stage reconstruction with linograms

Operation

Interpolation

304N3

(608 N3)

FFT

50N3Iog2N

Filtering

8N3

Chirp z-transform

40N3log2N+60N3log3N

Addition

4N3

Total vertical planes

FFT

20N3log2N

Chirp z-transform

40N3log2N

Addition

N3

Total horizontal planes

Total

N=256

5.10*109

(1.02*1010)

7.55*109

1.34*108

1.57*1010

6.71*107

2.86*1010

(3.37*1010)

3.02*109

6.04*109

1.68*107

9.08*109

3.77*1010

(4.28*1010)

N=512

4.08*1010

(8.16*1010)

6.71*1010

1.07*109

1.39*10"

5.37*108

2.49*10"

(2.89*10")

2.68*1010

5.37*1010

1.34*108

8.06*1010

3.30*10"

(3.70*10")

N=1024

3.26*10"

(6.53*10")

5.91*10"

8.59*109

1.22*1012

4.29*109

2.15*1012

(2.48*1012)

2.36*10"

4.72*10"

1.07*109

7.09*10n

2.86*1012

(3.19*1012)

Table 7.2 Computational cost for two stage reconstruction with linograms. The numbers in the
parenthesis correspond to interpolation by averaging Radon data points from both circular scans.
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Operation

Phase 1

Phase 2

Total

N=256

3.69*1010

3.77*1010

(4.28*1010)

7.46*1010

(7.97*1010)

N=512

3.27*10"

3.30*10"

(3.70*10")

6.57*10"

(6.97*10")

N=1024

2.87*1012

2.86*1012

(3.19*1012)

5.73*1012

(6.06*1012)

Table 7.3 Total computational cost for our method implemented with the two stage
reconstruction in phase 2.The numbers in parenthesis correspond to interpolation with averaging of

Radon data points in both circular scans.
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8. Implementation and Evaluation

8.1 The simulation technique

All experiments have been made by simulations. The 3D phantom is mathematically
defined by a set of ellipsoids. We simulate the cone-beam projections by line-integrals
through the object, which forms the input to the reconstruction procedure.

Tfie phantom

The 3D phantom consists of superimposed ellipsoids, each defined by its density, its
midpoint (xc,yc,zc), the radii (a,b,c) in the x-, y- respectively z-direction and the rotation
angles a and p. See Figure 8.1. All parameters are given as continuous variables.

p/,-;

^7ir zir

Figure 8.1 Vie phantom consists of superimposed ellipsoids.

For comparison with the reconstructed volume we need a digitized phantom. In the
digitizing process the average density within each voxel is obtained as

voxdvaluc - -— (8.1)
k=\ / =
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Ak.J = °

if k is inside ellipsoid j

othenvise
(8.2)

where k is a point in the voxel and den: is the density of ellipsoid ;. Nt,/,w is the amount
of ellipsoids in the phantom and we average over tixnxn points in each voxel. See
Figure 8.2 b). For comparison the 2D-case is shown in Figure 8.2 a).

Pixel

Ellipsoid j

Voxel

Figure 8.2 Digitizing the phantom, a) The 2D-case, i.e. pixels, b) The 3D-case, i.e. voxels.

Projections

We use the Donner program package [16] for simulation of the cone-beam projections.
For each projection, the line-integrals are calculated over rays form the source position
S to a detector position A. A line-integral is obtained by

, A) = (8.3)

where ls,A,j is the length of the intersection line between the ray SA and the ellipsoid j ,
as shown in Figure 8.3 a). Thus for each detector position (8.3) suggests that one line-
integral from the source to the midpoint of the detector should simulate all the X-rays
hitting one detector in a real X-ray scan. This is a poor approximation. A better more
one would be to calculate the volume integral of the pyramid with the top at S and the
base coinciding with the detector, as shown in Figure 8.3 b). We have approximated
the X-rays in the pyramid by obtaining the average of a set of line-integrals, all of
which start at S and hit the detector plane at different positions within the detector, as
shown in Figure 8.3 c).
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Ellipsoid j

b)

Figure 8.3 a) A projection ray through the phantom, b) A better approximation of the detector value
would be a pyramid integral, c) A set of line-integrals approximates the pyramid.

The path of the source

All experiments adopt either one circular scan (Figure 4.6 a) or two circular scans
(Figure 4.6 b). Let us first consider one circular scan. The source rotates around the
object in the x,i/-plane, i.e. there are missing data in the shadow zone according to
Figure 6.13. In a few preliminary experiments this shadow zone have been filled with
zeroes, which resulted in severe artifacts. A better way to fill the shadow zone would
be by interpolation from points nearby, Grangeat [13], but this has not been imple-
mented. The source trajectory applied for most of our experiments is two perpendic-
ular circular scans which meet the sufficiency condition and eliminates the shadow
zone. One circular scan takes place in the x,y-plane and the second one in the x,z-
plane. For the Feldkamp method one circular scan in the x,y-plane is adopted. The
number of cone-beam projections in each scan and the radius of the circle may be
varied.

8.2 Computation of the derivative of the Radon space

The actual implementation of phase 1 (see Chapter 6) is presented in Figure 8.8. We
have adopted the linogram method in reverse for calculation of the line-integrals in
the detector plane. All reconstruction steps of phase 1 are described below.

Step V. The detector data are pre weighted according to (6.31).
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Step 2: We need two copies of the detector plane data. One is to be used for the first
linogram and one for the other. From now on the same operations will be performed
to both linograms therefore we only describe the right-hand track of Figure 8.8.

Zeropadding from N to kzN points, where NxN is the size of the detector plane, is
necessary in one direction. There are two reasons for this zeropadding. The first one
originates from the linogram sampling, which implies that 2N samples in each radial
line are required to reach out to the corners of the detector plane, thus

k >2 (8.4)

The other reason for zeropadding is to avoid the risk of circular convolution from the
derivative filter to be applied later on. Therefore it might be necessary to use kz = 4.

Step 3: The first step in the inverse linogram method is a horizontal Fourier trans-
form. Due to the zeropadding oversampling in the horizontal direction is obtained.

Step 4: The vertical chirp z-transform performs a combination of perfect interpola-
tion and Fourier transform in one step. The result is Fourier transform data sampled
in "Fourier squares".

Step 5: The derivative filtering in (6.34) is accomplished by a multiplication in the
Fourier space. For the sake of simplification all radial lines is multiplied with the same
filter coefficients. As the actual length of the lines L-](a) varies as

\N/cosa -45°<a<45°

lN/sma 45°<a<135c (8.5)

this is equivalent to using different slopes of the filter for different lines, as shown in
Figure 8.4. Later on during the post weighting this have to be compensated for.

The IF line

Figure 8.4 The same filter coefficients for all radial lines leads to a varying slope over
the different lines.

The ideal bandlimited derivative filter is

R
(8.6)
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where W - Rmax- This filter corresponds to the derivative of a smc-function in the
signal domain.

2W
(P) = j - 2Wsinc(2Wp) = ~ [co$(2nWp) -sinc(2Wp)] (8.7)

However, neither the objects nor their projections are bandlimited. Therefore it is
impossible to sample the projection for reconstruction purposes without getting
aliasing effects. The sharp edges of HrfR) introduce ringing phenomena. Thus, it
might be better using a smoothed derivative filter, Hi(R) or H^R).

wW r i
h2(p) = — cos(27tWp1) + cos (2KWp2)-sinc (2 W p ^ -sine (2Wp2)

(8.8)

(8.9)

(8.10)

W

where

cos (2nWp3) + 2cos (2nWp) + cos (2jiWp4) -

- smc(2Wp3) -2smc(2Wp)-smc(2Wp4)
(8.11)

4W

4VV

1
(8.12)

2W

1

~2W~

In Figure 8.5 we see the filters in the signal and Fourier domain. The ringing effects in
h2(p) and htfp) has been reduced compared to
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<r Signal domain

Derivative filter hj(p)

Fourier domain

Derivative filter Hj(R)

• r • • . • • • V

v » •

• • / " v - t

Derivathv filter hi Derivative filter H*>(R)

\

Derivative filler hy($) Derivative filter Hj(R)

Figure 8.5 The derivative filters H^R), H2(R) and HJR) in the Fourier and spatial domain. The

samples in the signal domain are shown as stars connected by line segments.
Continues curve: infinite band-width.
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8.2 Computation of the derivative of the Radon space

A derivative filter designed in the signal domain may be approximated by a filter
designed with oversampling in the Fourier domain (see Crawford [4] and Stearns et.
al. [29]). The filter is oversampled (typically with a factor of 4), inverse Fourier trans-
formed and truncated outside the interesting area in the signal domain. By a Fourier
transform of the curtailed filter we obtain a modified derivative filter, which might be
used instead of a filter designed in the signal domain. See Figure 8.6.

Signal domain Fourier domain

Oversampled
derivative filter

Curtailed
derivative filter /fr

Oversampled
derivative filter

Figure 8.6 The derivative filter Hj(R) designed with oversampling in the Fourier domain and trunca-
tion in the signal domain. In the Fourier domain the samples of the oversampled filter are shown by

small circles and the samples of the curtailed filter are shown as small stars.

Step 6: Zerofilling. High sampling density in the Radon space of the detector plane
is possible to obtain by zerofilling in the Fourier domain. It might be an advantage
during the interpolation in Step 11. But in general this zerofilling is unnecessary.

Step 7: Radial inverse FFT. By a radial inverse Fourier transform we arrive to the
Radon space of the detector plane.

Step 8: Truncation. Zeropadding with kz > 2 in Step 2 will produce zeroes in the
Radon space which can be truncated when we put together the linograms.

Step 9: The post weighting described by (6.37) is performed. We also apply another
weighting factor

\\/cos2a -45°<a<45°

[\/sirra 45°<a<135c
(8.13)

These weight factors have two origins. One factor 1/cosa and 1/sina respectively, orig-
inates from the different slopes in Step 5. A second factor 1/cosa and 1/sina respec-
tively is explained as follows. The varying sampling density for the linograms implies
that a correct linogram has varying energy in different radial lines. Higher sampling
density implies that more line-integrals intersects the object and the sum of the line-
integrals in such a projection increases. In the way we have obtained the line-inte-
grals, however, by the inverse linogram method the sum in all radial lines will be
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equal. Thus, the radial lines has to be multiplied with 1/cosa respectively 1/sitta (cosa
and sina are the sampling distances along the radial lines) to obtain the correct energy,
which gives (8.13).

Step 10: The data points in the obtained derivative of Radon space are actually posi-
tioned on umbrellas.

Step 11: We interpolate from samples on the umbrellas to samples on the vertical
planes, which form the input to phase 2. This basic interpolation was described in
Chapter 6.5. In practise, and given a certain source path the interpolation can be made
in a couple of different ways. For the experiments with two perpendicular circular
scans, either one scan is used as much as possible and the other one just to fill the
shadow zone, or data from both scans may be averaged wherever possible. In fact, we
may use the circular x,y-plane scan data except in its shadow zone where we apply
the x,z-scan data, or we may use the .r,z-scan data except in its shadow zone where we
fill in with the x,i/-scan data, or we can average the x,y- and x,z-scan data wherever
possible.

Within each circular scan arise another option. Figure 8.7 shows a cross-section in the
horizontal midplane of the umbrellas from the x,i/-scan. Obviously for the interpola-
tion we can either use the right half of the umbrellas, the left half or the average of
both. In our experiment averaging of both have been used.

77/c total umbrellas The right half of
the umbrellas

The left half of
the umbrel'as

Figure 8.7 Cross-section of the Radon space umbrellas.
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8.2 Computation of the derivative of the Radon space

Detector
plane

Copy the detector.
Zeropadding

() 0 O 0 O 0 i

() 0 0 0 0 O I

O 0 O O O O 1

k2N

1 • • • (

> — • — • • 1

» O 0 0 0 0 <

> O O O O O !

» 0 0 O 0 0 (

Weighting with

l/cas2a, l/sin2a

Post ivcighting

Truncate the zeroes.
Put together the linograms

Figure 8.8 Implementation of phase 1.
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8.3 Reconstruction from the derivative of Radon space

For phase 2 we have implemented the two stage reconstruction with linograms,
described in Chapter 7.5. An overview of the implementation is found in Figure 8.12
and Figure 8.14.

Reconstruction of the vertical planes

Step 12: Our input for phase 2 is the derivative of the Radon space, sampled in a
modifiea iinogram fashion in vertical planes. Each vertical plane will be reconstructed
separately with the 2D linogram method. The Radon space in the vertical planes is
divided in two linograms. The radial line 6 = -atan(cosq>) {= n - atanteosy)) and
8 = atan(cosy) belongs to both the linograms. Therefore they are weighted with 0.5. (p
is the angle of the vertical plane, see Chapter 7.5.

To avoid circular convolution effects from the derivative filter in Step 16 zeropadding
of data for each radial line with a factor of two might be necessary.

Step 13: In the first linogram (linogram 1) the sample distance for a radial line is
cos(pcos0. Denser sampling implies that more plane-integrals penetrate the object and
the sum of that radial line becomes higher than for a more sparsely sampled line. We
have to compensate for this by multiplying each radial line with

zv2 (6) = cosqcosQ in linogram 1 (8.14)

Otherwise the influence from denser sampled radial lines will be too large.

Step 14: In the second linogram (linogram 2) the sample distance varies as sinQ,
which for the same reason is the compensation weighting factor for the radial lines in
this linogram.

u>2(9) = sinQ in linogram 2 (8.15)

Step 15: By a radial Fourier transform we arrive to the Fourier space of the 3D object.
Due to the modified Hnogram sampled vertical planes, the Fourier space is bounded
by a cube, the Fourier cube in Figure 7.11.

Step 16: From phase 1 the derivative of the Radon space is obtained. Since the 3D
reconstruction requires a second derivative filter another derivative filter is applied by
a multiplication in the Fourier domain.

It is easy to see that the second derivative filter correctly compensates for the
increasing sampling density closer to origin in the Fourier domain. However, the
second derivative filter is designed for 3D sinogram sampling (see Chapter 7.2) which
consists of equidistantly sampled Radon data along radial lines and on consecutive
spheres. For such a sampling geometry the volume per sample in the Fourier domain

(and in the Radon space) increases proportional to R2 with increasing distance from
origin. The second derivative filter multiplies each sample with a factor corre-
sponding to this volume.
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8.3 Reconstruction from the derivative of Radon space

a) b)

Figure 8.9 a) Linogram sampling appearing in the 0° vertical plane, b) Modified linogram sampling
appearing in an arbitrary vertical plane.

Instead of calculating the local sampling density we will now observe its inverse, the
sample area. Figure 8.9 a) shows the area represented by the samples in the Fourier
domain for the ordinary 2D linogram sampling. The divergence of the radial lines can
be ignored for the small radial interval. Hence, the area may be approximated by a
parallelogram. The area of anyone of the outermost sample points is

A = (8.16)

Obviously, the area decreases linearly towards origin. By replacing Aj with A{ (8.16)
is valid also for the modified linogram sampling in Figure 8.9 b).

According to (8.16) all the outer-most samples in one vertical Fourier plane should be
weighted equally. What about the relation between the vertical planes, i.e. the relation
between A1A2 and Aj'A2? In the 3D-case the vertical planes in the Fourier cube forms
linogram sampling when seen from above in Figure 7.11. Thus, the equal areas for the
outermost points in a vertical plane carry over to equal volumes between the vertical
planes. The outermost samples in all vertical planes represent the same volume and
should be weighted equally. However, the volume and the required weighting factor
decreases quadraticly with decreasing distance to the origin. Note also that this means
a varying slope of the derivative filter for different directions of the radial lines
because the length of the radial lines varies as

L2(<p,6) =
[iV/coscpcosö

[N/sm 8
linogram I

linogram 2
(8.17)

Step 17: In Step 16 we compensated for the increasing sampling density towards
origin with the derivative filtering of the radial lines. In the Fourier cube in
Figure 7.11, the radial lines in linogram 2 penetrate the horizontal faces of the cube in
a linogram sampled pattern. Thus, the radial line density increases for linogram 2
towards the z-axis and we have to compensate for this by a weighting function across,
not along the radial lines. See Figure 8.10. All points along the same radial line are
multiplied with the same factor. Along the line that coincides with the z-axis the
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samples are multiplied by zero. This weighting of the radial lines in linogram 2 is the
counterpart to the smG-factor in (5.35).

Linogram 2 for the
0° vertical plane

Linogram 2 for the
45° vertical plane

1 0.5 0.5
0

Figure 8.10 All data along a certain radial line is multiplied with a weght-function.

Step 18: By a 2D inverse Fourier transform we would be able to arrive to the signal
space of the vertical planes. Due to the polar grid sampling however, inverse chirp z-
transforms may replace inverse Fourier transforms in the vertical direction for lino-
gram 1. We will then obtain our samples at unit sampling distance in the z-direction,
which is exactly where we need them to be able to make use of the result in the
vertical planes for reconstruction of the horizontal planes.

The maximal object function supported by the Radon inverse cube has the shape of an
octahedron. In Figure 8.11 the octahedron is outlined inside the inverse cube and a
vertical cross-section of this 3D-structure is shown. The height of the inverse cube is
2N, where NxNxN is the size of the final reconstructed volume. As a result of the
reconstruction of a vertical plane we obtain N valid samples at unit sampling density
in the z-direction, if we assume that the object function support is limited to the
curtailed octahedron. Thus a vertically curtailed octahedron remains after this step.

Radon inverse cube 45° vertical plane

2N N

Octahedron

Curtailed part of
the octahedron

Figure 8.11 The curtailed octahedron.
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The inverse cube

Distribute data to in
two linograms
Zeropadding

linogram 2

Radon samples in
vertical planes

Weighting
cosy cosQ

Weighting
linogram 2

Chirp-ZAX

(l8) ©

Distribute the result
into liorizontal planes

* t [
FFT' ®

»HMIHt

Reconstructed
vertical plane

1 0 0 0 1

1 0 0 O 1

9 0 O O 1

O O O I

0 0 0 1

i O 0 O 1

0 0 0 '

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

« > »•

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

Figure 8.12 Implementation of phase 2. Reconstruction of vertical planes.

Step 19: For linogram 2 we apply the inverse chirp z-transform in the horizontal
direction, but in this direction we don't want to cut the octahedron, since we need the
samples for reconstruction of the horizontal planes. Therefore we obtain 2N-1 hori-
zontal samples from the N radial lines in the linogram by inverse chirp z-transforms.
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Step 20: By an inverse Fourier transform perpendicular to the inverse chirp z-trans-
forms in Step 18 and Step 19 we arrive to the signal space of the vertical planes.

Step 21: The zeroes originating from the required 2N samples in each radial line in
linogram sampling and the potential zeropadding in Step 12 are truncated and by an
addition of the sub results, the reconstructed vertical planes are obtained.

Step 22: This intermediate result corresponds to filtered parallel projections of the
object. By distributing the result into horizontal planes, we obtain the filtered
2D Radon transform of each horizontal plane.

Reconstruction of horizontal planes

Step 23: Distribute the 2D Radon space of the horizontal planes, obtained by the
reconstruction of the vertical planes, into two linograms. As no filtering remains to be
done, no zeropadding is necessary. The -45 °(= 135°) and 45° projections are included
in both linograms and are therefore multiplied by 0.5. See Figure 8.14.

Step 24: By a radial Fourier transform we arrive to the Fourier space, with samples
along Fourier squares.

Step 25: Inverse chirp z-transforms in the vertical respectively horizontal direction
are applied.

In each linogram we obtain N radial samples at unit sampling distance in the chirp z-
transform direction, which means that the maximal octahedron supported by the
Radon space is curtailed according to Figure 8.13.

Curtailed part of
the octahedron

Figure 8.13 The octahedron is curtailed in the x- and y-direction.

Step 26: By a horizontal and vertical inverse Fourier transforms respectively, we
arrive to the signal domain.

Step 27: The zeroes originating from the 2N samples in each radial line are truncated
and the remaining two data sets in each horizontal plane are added, which yields the
final reconstructed volume. The curtailed octahedron in the resulting volume repre-
sents the net volume V of the useful reconstructed data. It is not difficult to find out
that

5 o
V = - JSr unit voxels

6

where the cubic volume in the final result is N3 unit voxels.

(8.18)
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Divide in tzvo linograms (23)

Radon samples in
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Figure 8.14 Implementation of phase 2. Reconstruction of horizontal planes.

8.4 Error measures

To estimate the (image) quality of the reconstructed result we use error measures e-[
and e2 according to Magnusson [22] which are defined as follows.
The size of the reconstructed volume is NxNxN. The average of the digitized phantom
(the true object) is

~z i
N N N

--* X X (8.19)

The standard deviation of this function is
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N N N

<V'W.*>-^>2 (820)

The error measure ej is then defined as the normalized average absolute difference
between the reconstructed volume and the digitized phantom which is

N N N

1 1
1 = 1 ; = 1 fc = 1

The normalized standard deviation for the difference between the reconstructed
volume and the digitized phantom forms the measure ej according to

(8-22)

It is also possible to compute the error-measures for a specified interval of the voxel
values. All grid points which has values outside the interval will then be ignored. This
might be significant for low density objects when the high density voxels otherwise
tend to dominate the measure.

8.5 Standard parameter setting

The parameter setting described below is the standard (default) in our experiments. In
the presented experiments we modify these parameters one at a time to be able to
observe their influence on the reconstructed result separately.

Phantoms

The experiments have been performed on a couple of different phantoms all with the
same volume size 128x128x128. The most frequent one is the 3D Shepp-Logan phantom
described by Table 8.1 and Figure 8.15.

The disc-phantom emphasizes artifacts inherent in the Feldkamp method, which has
rendered this phantom the nick-name "the Feldkamp killer". The disc-phantom consists
of seven identical ellipsoids with uniform density, all of them rotationally symmetric
and stacked on top of each other along the z-axis, see Table 8.2 and Figure 8.16

.In the rotated disc-phantom the ellipsoids are stacked along the x-axis instead of along
the z-axis as in the original disc-phantom. Hence, the rotated disc-phantom is
obtained by changing the x- and z-axis and the a- and c-values in Table 8.2.
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ellipsoid

a

b

c

d

e

f

g

h

i

i
k

1

xc

0.0

0.0

-0.22

0.22

0.0

0.0

-0.08

0.06

0.06

0.0

0.0

0.0

yc

0.0

0.0

-0.25

-0.25

-0.25

-0.25

-0.25

-0.25

0.625

0.625

-0.25

-0.25

zc

0.0

-0.0184

0.0

0.0

0.35

0.1

-0.605

-0.605

-0.105

0.1

-0.1

-0.605

a

0.69

0.6624

0.41

0.31

0.21

0.046

0.046

0.046

0.056

0.056

0.046

0.023

b

0.9

0.88

0.21

0.22

0.35

0.046

0.02

0.02

0.1

0.1

0.046

0.023

c

0.92

0.874

0.16

0.11

0.25

0.046

0.023

0.023

0.04

0.056

0.046

0.023

a

0

0

0

0

0

0

0

0

0

0

0

0

b

0

0

72

-72

0

0

0

90

90

0

0

0

den

2.0

-0.98

-0.02

-0.02

0.01

0.01

0.01

0.01

0.02

-0.02

0.01

0.01

Table 8.1 The 3D Shepp-Logan phantom.

ellipsoid

a

b

c

d

e

f

8

xc

0.0

0.0

0.0

0.0

0.0

0.0

0.0

yc

0.0

0.0

0.0

0.0

0.0

0.0

0.0

zc

0.0

16.0

-16.0

32.0

-32.0

48.0

-48.0

a

40.5

40.5

40.5

40.5

40.5

40.5

40.5

b

40.5

40.5

40.5

40.5

40.5

40.5

40.5

c

5.5

5.5

5.5

5.5

5.5

5.5

5.5

a

0

0

0

0

0

0

0

b

0

0

0

0

0

0

0

den

1.0

1.0

1.0

1.0

1.0

1.0

1.0

Table 8.2 The disc-phantom.
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y
t

Figure 8.15 The Slicpp-Lo$an phantom, seen in an x,z-slke, x,i/-slice and y.z-slke
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a) IMHHHHHiHi^HB^BHB b) I

Figure 8.16 a) The vertical mid cross-section through the disc-phantom, b) The mid x,i/-slice.

Projections

The simulated X-ray source performs one circular scan in the x,i/-plane for the Feld-
kamp method and two perpendicular circular scans in the x,y- and .Y,z-plarte for our
method. Each circular scan consists of 2N = 256 projections and the size of the detector
plane is 128x128. The standard cone-beam angle is 20°.
As an approximation of all X-rays hitting one detector we apply the average of five
line-integrals. We compute the detector value as an average of five X-ray line-integrals
for each detector position. With the respect to the square shape of the single detector
area the ray paths hit the detector in a pattern shown in Figure 8.17.

The interpolation of Radon data to vertical planes is performed as an average of both
circular scans wherever possible.

- * • •
Detector positionRay-path

intersections

Figure 8.17 One detector value is obtained by the average of five X-ray line integrals. Each dot icpre-
scnt the ray-path intersections.

Computation of the derivative of Radon space

Recalling that the circular convolution effects from the derivative filter are small
ringing artifacts, we have found that zeropadding with a factor kz-2 in Step 2 is suffi-
cient.
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The filtering in Step 5 is performed with the filter Hj(R) designed in the Fourier
domain.
The zerofilling in Step 6 to obtain higher sampling density in the Radon space is not
performed in the standard version of the reconstruction.

Reconstruction from the derivative of Radon space

Due to the well-behaved derivative filter no zeropadding is applied in Step 12.
The filtering in Step 16 is performed with H->(R) designed in the Fourier domain.

The Feldkatnp method

For comparison we have applied the Feldkamp algorithm to the same reconstruction
problem, using routines available in the Donner package [16].

We use the same cone-beam angle (20°), the same amount of projections (256) in the
single scan, the same amount of line-integrals (5) hitting each detector and the same
resolution (128x128) in the detector as for the reconstruction with our method.

The filter in the Feldkamp method is the ramp-filter H4(R), see Figure 8.18.

H4(R) = \R\ n(~) (8.23)

/i4(p) = 2W2smc(2Wp) -W2sinc2(Wp) (8.24)

W = Rmax (8.25)

The sharp edges may introduce ringing phenomena. Thus, it might be better using a
smoothed ramp-filter H$(R), see Figure 8.18.

H5(R) = ! K | n ( A ) c ^ (8.26)

i i W2 7 W2 •)
/i3(p) = Wzsmc(2Wp]) + W smc(2Wp2) - — sine (Wp^ - — smr(Wp2)(8.27)

1

(8.28)
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Signal domain Fourier domain

Rnmp-filier h4(p) Ramp-filter H4(R)

0 05

Ramp-filter h^tp) Ramp-filter H5(R)

Figure 8.18 The ramp-filters H4(R) and H5(R).

Contrast window

The contrast window is used to zoom the voxel-values in an interesting interval. In
each figure caption the current window interval is announced.

8.6 Experimental results

C'andard parameters

The disc-phantom in Figure 8.16 has been reconstructed with the standard parameters
described in Chapter 8.5. For this phantom the artifacts in the Feldkamp method are
significant. In Figure 8.19 a) we see a vertical slice through the reconstructed result
obtained with our method. The seven ellipsoids are almost identical. In Figure 8.19 b)
the result from reconstruction with the Feldkamp method is shown. As expected the
Feldkamp result is good close to the midplane, but the farther away from the
midplane we get, the worse are the artifacts. In the uppermost ellipsoid we see a
substantial blurring and di; Portion in the z-direction. Figure 8.19 c) and d) shows the
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midplane slices reconstructed with our and the Feldkamp method respectively. Here,
the Feldkamp method is mathematically exact and no artifacts are visible.

For evaluation the measurements e-[ and t'j described by (8.21) and (8.22) have been
applied. The result is shown in Table 8.3. As expected the error measures for our
method (We have used H^(R) in Step 5 and HiiR) in Step 16) are significantly smaller.

Method

Our

Our

Feldkamp

Filter
Step 5

Hi(R)

Hj(R)

-

Filter
Step 16

H!(R)

H2(R)

-

el
total volume

0.0916

0.1121

0.5874

total volume

0.1026

0.1432

0.3680

Table 8.3 Error measures in the reconstructed disc-phantoms.

It should also be noted that our result is slightly low-pass filtered compared to the
result of the Feldkamp method. Using no high-pass suppression at all, i.e. the filter
H-j(R) in both Step 5 and Step 16 is no real remedy since our result will produce less
low-pass filtering but increased ringings instead. Slices through the result obtained
without high-pass suppression is shown in Figure 8.20. In Figure 8.21 there are
vertical profile plots through the middle ellipsoid obtained with (Figure 8.21 b) and
without (Figure 8.21 a) smoothing and by the Feldkamp method (Figure 8.21 c). One
possible source of blurring is the interpolation in the Radon domain.

More likely the low-pass effect originates from the 2D-filtering. In the Feldkamp
method the filters are one-dimensional and therefore absolutely no blurring can take
place in the z-direction. These results seem to be consistent with the reports on other
implementations of the Grangeat method, e.g. Grangeat et. al. [14] and Rizo et. al. [27].

The rotated disc-phantom is less sensitive to the artifacts in the Feldkamp method as
shown in Figure 8.22. The blurring in the z-direction (the vertical fallout in Figure 8.19
b) does not become visible, since the ellipsoids are already somewhat decreasing in
density with increasing z. The measurements ej and ^ is found in Table 8.4.

Method

Our

Feldkamp

Filter
Step 5

HMR)

-

Filter
Step 16

H2(R)

-

total volume

0.1131

0.1709

e2
total volume

0.1480

0.1432

Table 8.4 Error measures from the reconstruction of the rotated disc-phantom.
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Figure 8.19 To the left: The disc-ftltatitom reconstructed with our method. To the right: Reconstruc-
tion with the Feldknmp method, a) and b): x,z-slices. c) and d): x,i/-slices. Image contrast 0.0-1.0
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a) w^mm^m^^am^^m^mm b) \
Figure 8.20 Reconstruction of the disc-phantom with our method. No smoothing have been applied

during the filtering, a) x,z-slke. b) x,y-slice. Image contrast 0.0-1.0.

a) 55

Figure 8.21 Vertical profile plots through the middle ellipsoid in the reconstructed disc-phantom
(solid lines) and the phantom (dotted lines), a) Plot through Figure 8.20 a) (our method without

smoothing), b) Plot through Figure 8.19 a) (our method with smoothing), c) Plot through
Figure 8.19 b) (the Feldkamp method).
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8.6 Experimental results

Figure 8.22 Reconstruction of the rotated disc-phantom. The middle vertical x,z-slice is shown, a)
Our method, b) The Feldkamp method. For tliis phantom the artifacts in the Feldkamp method

is not visible.

The 3D Shepp-Logan phantom has been reconstructed with the standard parameters
described in Chapter 8.5. The result is shown in Figure 8.23 where we have a small
contrast interval 1.005-1.04. In Figure 8.24 the interval is even smaller 1.017-1.023. Our
method produces a homogenous result in all directions (to the left in Figure 8.23). The
well-known artifacts in the Feldkamp method are visible in the x,z- and y,z-slices as
expected (to the right in Figure 8.23). In Figure 8.24 with the small contrast interval
more ringings in the result from our method are visible. One source of ringings is the
simulation of the X-rays, each consisting of five separately line-integrals instead of the
pyramid-integral, see Figure 8.3. That this may be an important source of ringing arte-
facts will be shown later where we compute the detector values with one instead of
five line-integrals.

The measurements in the Shepp-Logan phantom results are presented in Table 8.5.
The soft-tissue measurements have been applied to the voxels with values 0.99-1.05.
Otherwise, the bone (high density objects) tends to prevail over the soft-tissue result
in the error measures.

Method

Our

Feldkamp

Filter
Step 5

H,(R)

-

Filter
Step 16

H2(R)

-

total volume

0.0522

0.1067

C2
total volume

0.1345

0.1455

soft tissue

0.0011

0.0052

soft tissue

0.7053

1.1041

Table 8.5 Measures of the reconstructed Shepp-Logan phantom.
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c)

Figure 8.23 To the left: The Shrpp-Logiin phantom reconstructed with our method. To the right:
Reconstruction n'ilh the Tehlkamp method, a) and b) x,z-slices. c) and d) x,y slices, e) and f) y,z-sliccs.

Image contrast 1.005-1.04.
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8.6 Experimental results

Figure 8.24 To the left: The Shepp-Logan phantom reconstructed with our method. To the right:
Reconstruction with the Veldkamp method, a) and h) x,z-slices. c) and d) x,\/-slices. e) and f) i/,z-stices.

Image contrast 1.017-1.023.
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Chapter 8. Implementation and Evaluation

Reconstruction from one circular trajectory

By applying our reconstruction method to projections obtained from one circular
trajectory in the x,y-plane, there will be missing data in the shadow zone according to
Figure 6.13. In the experimental results in Figure 8.25 the Radon data in the shadow
zone was set to zero. This results in artifacts similar to those obtained by the Feld-
kamp method. Zeroes in the shadow zone obviously produce severe artifacts. The
result would be improved by interpolation in the shadow zone from Radon points
nearby (not yet implemented). Rizo el. al. [27] have used special interpolation
methods in the shadow zone for Grangeat's method. Their results show that for a
certain image quality (relative freedom from artifacts) a 6° cone-beam angle in the
Feldkamp method can be increased to a 24° cone-beam angle in the Grangeat method.
We expect a similar result with our method. The error measures ej and e2 can be seen
in Table 8.6 and can be compared with the results of Table 8.3 and Table 8.5 where the
measures for reconstruction from two perpendicular circular trajectories are
presented. The ej and e2 values for one circular bean with our method has error meas-
ures similar to the Feldkamp method.

Phantom

Shepp-Logan

Disc

total volume

0.0804

0.5971

e2
total volume

0.1460

0.3749

soft tissue

0.0054

-

e2
soft tissue

1.0360

-

Table 8.6 Measures for reconstruction with our method from one circular trajectory.
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8.6 Experimental results

Figure 8.25 Reconstruction with our mctlwd from one circular scan in the x,y-plane. The shadow
zone = 0. To the left: The Shepp-Logan phantom. Image contrast 1.005-1.04. To the right: The disc-

phantom, linage contrast 0.0-1.0. a) and b): x,z-slice. c) and d): x,y-slice. e) y.zslicc.
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Different filter combinations

The derivative filter in Step 5 and Step 16 may be chosen as H-[(R), H2(R) or
Hj(R) in both Step 5 and Step 16 (to the left in Figure 8.26) produces the result with
highest frequencies and most ringings. Hj(R) in both filtering steps (to the right in
Figure 8.26) results in the most low-pass filtered and least ringing version. All other
combinations of the filters will produce results in between those in Figure 8.26. The
optimal solution depends on the application. The measures e-[ and ei for the different
combinations are found in Table 8.7. Most experiments presented in this thesis apply
H-i(R) in Step 5 and H2(R) in Step 16 (Figure 8.23 and Figure 8.24), for which the error
measures in the soft tissue are low and which produce the most pleasing result for the
eye.

Filter
Step 5

Hj(R)

H!(R)

H,(R)

H2(R)

H2(R)

H2(R)

H3(R)

H3(R)

H3(R)

Filter
Step 16

Ht(R)

H2(R)

H3(R)

Ht(R)

H2(R)

H3(R)

H^R)

H2(R)

H3(R)

total volume

0.0415

0.0522

0.0635

0.0536

0.0646

0.0740

0.0656

0.0749

0.0829

total volume

0.0920

0.1345

0.1641

0.1376

0.1666

0.1887

0.1687

0.1905

0.2080

soft tissue

0.0032

0.0011

0.0014

0.0012

0.0014

0.0020

0.0016

0.0021

0.0031

soft tissue

0.7826

0.7053

0.8685

0.7147

0.9473

0.9473

0.8909

0.9500

0.9807

Table 8.7 Measures from reconstruction of the Shepp-Logan phantom with our method.
Different filter combinations.
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8.6 Experimental results

Figure 8.26 To the left: The Shepp-Logan phantom reconstructed with our method. H^R) in Step 5

and Step 16. To the right: Reconstruction with Hf(R) in Step 5 and Step 16. a) and b): x,z-slices.

c) and d): xy-slices. e) and/): \/,z-slices. Image contrast 1.005-1.04.
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Theoretically correct filtering

According to Magnusson [22] the ideal discrete ramp-filter should be designed as
follows. The infinite discrete convolution kernel (corresponding to the bandlimited
continues ramp-function in the Fourier domain) is truncated to an interval which is
twice the extension of the signal. The signal itself is zeropadded with a factor of two.
The Fourier transforms of the signal and the convolution kernel are multiplied in the
Fourier domain which has double sample density.

In Chapter 6.4 we found that zeropadding was virtually unnecessary for the more
well-behaved derivative filter. Therefore, we tried a straight-forward discrete filter
designed in the Fourier domain with single density and no zeropadding of the signal.
As a comparison we designed a derivative filter in the same manner as the
Magnusson recipe, which is obviously theoretically correct also for derivative filter
design.

We designed a special phantom for which circular convolution effects would be
clearly visible if they existed. The phantom consisted of the Shepp-Logan phantom
with a high density object added close to a corner in the vertical slice
((xc,yc,zc) = (0.6, 0.0, 0.69), (a,b,c) = (0.75,0.75, 0.75), (a,p) = (0, 0) den = 20.0). The result
can be seen in Figure 8.27. To the left we see the result from reconstruction without
zeropadding and with the filter designed in the Fourier domain. To the right is the
result from the theoretical correct filtering, i.e. zeropadded signal with a factor of 2
and the filter designed in the signal domain. In the slices in the upper row the soft-
tissue is windowed and in the lower row we concentrate on the background. In none
of the cases is it possible to see any difference between the results. This extra ordinary
similarity is further supported by the error measures in Table 8.8.

Method

No zeropadding
No oversampling

Zeropadding
Oversampling

ei
total volume

0.0563

0.0563

e2
total volume

0.1523

0.1523

ei
soft tissue

0.0022

0.0022

62
soft tissue

0.7978

0.7981

Table 8.8 Error measures in the circular-convolution experiment. See also Figure 8.27.

We like to explain the similar results as follows. The phantom has in fact a safe-
guarding boundary of zeroes and its general ellipsoidal shape tells us that its Radon
space is also out fitted with a band of zeroes along the boundaries. At the same time
the derivative convolution kernel (slightly smoothed) is extremely local in effect.
Circular convolution in the form of wrap-around in the signal domain may have been
visible if the phantom had contained strong pulses at the boundaries. But, as may be
understood from Figure 8.12, most of the outline of the object space (the truncated
octahedron) becomes padded by zeroes already from start when the inverse cube is
formed in the Radon space.
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8.6 Experimental results

We see the above experiment as a further evidence that 3D-reconstruction is easier, or
at least more well-behaved than 2D-reconstruction as predicted in Chapter 6.4.

Figure 8.27 To the left: Reconstruction without zewpadding and the filter designed in the Fourier
domain. To the right: Reconstruction ivith zeropadding and the filter designed in the signal domain.

All images shows the middle x,z-slice. a) and b): Image contrast 1.005 -1.04.
c) and d): Image contrast -0.04 - 0.04.

Amount of rays hitting each detector

As mentioned earlier, we approximate the pyramid-integral obtained by real X-rays
by the average of a set of line-integrals hitting different positions within each detector,
as shown in Figure 8.3 c). In the earlier experiments five line-integrals have been used.
The more line-integrals per detector value the more realistic is the simulation of the
real non-zero width detector. In Figure 8.28 we show the results from experiments
where just one line-integral that intersects in the middle of each detector have been
used. The ringings have increased in both our and the Feldkamp method, however
more significantly in our case. The error measures are found in Table 8.9. In real cxper-
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iments with infinitely many rays we may therefore expect the ringings in our method
to decrease even more than in Figure 8.23 where five rays were used.

Method

Our

Feldkamp

total volume

0.0440

0.1003

e->
total volume

0.1032

0.1247

soft tissue

0.0016

0.0053

e2
soft tissue

0.7033

1.1655

Table 8.9 Error measures obtained by one line-integral hitting each detector.

Figure 8.28 Reconstruction from detector data -with a single ray. a) Reconstruction with our method.
b) Vie Feldkamp method. Image contrast: 1.005 -1.04.

Detector resolution

In the experiments presented in Figure 8.29 and Figure 8.30 we compare the
commonly used NxN (128x128) detector resolution with a higher 2Nx2N (256x256)
detector resolution. All other parameters for the reconstruction is the same. A few
more details are visible in the latter case. Thus, it is possible to preserve higher
frequencies, which is easiest observed for the three small ellipsoids in the phantom.
Figure 8.30 shows horizontal profile plots through these small ellipsoids. Higher
frequencies are observed in both our and the Feldkamp method for the 256-detector
case. In our result a decreased ringing effect also can be observed. During the interpo-
lation in the Radon domain (Step 11) we applied a 2-points linear interpolation
between the Radon shells (the cp-direction) and between radial lines (the a-direction).
Between the samples along a radial line (the s-direction) however, a 4-points linear
filter was now adopted, which reduced the ringings without increased smoothing.
This 4-point interpolation makes the result in some sense comparable to experiments
with a very large amount of X-rays hitting each detector (not yet implemented other-
wise). This is another indication that the ringings may decrease in a real case. The
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8.6 Experimental results

error measures has decreased (except o for the soft tissues in the Feldkamp method,
which is slightly larger than before) as can be seen in Table 8.10.

Method

Our

Our

Feldkamp

Feldkamp

Detector
resolution

128x128

256x256

128x128

256x256

total volume

0.0522

0.0391

0.1067

0.0818

e2

total volume

0.1345

0.1116

0.1455

0.1085

soft tissue

0.0011

0.0007

0.0052

0.0050

soft tissue

0.7053

0.5448

1.1041

1.2125

Table 8.10 Error measures for different detector resolutions applied to the Shepp-Logan phantom.

c)

Figure 8.29 To the left: Reconstruction of the Shepp-Logan phantom with our method. To the right:
The Fetdkamp method, a) and b): 128x128 detector, c) and d): 256x256 detector.

linage contrast 1.01)5-1.04.
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a) >»'

c)

b)

02

\

d)

Figure 8.30 To the right: Horizontal profile plots through the three small ellipsoids, in the result from
the reconstruction of the Shepp-Logan phantom with our method. To the left: The Feldkamp method.
a) and b) 128x128 detector, c) and d) 256x256 detector. The phantom is plotted with the dot-lines.

Zeropadding in the Fourier domain

Improvement of the reconstructed quality by higher resolution in the detector plane is
expensive in terms of computational cost. A much cheaper way is to zeropad in the
Fourier domain in Step 6. In that way a higher sampling density in the Radon space is
obtained, which may be utilized by applying a 4-points linear interpolation filter in
the s-direction. The result is less ringings as seen from Figure 8.31. By applying a 2-
points filter an improved interpolation is obtained, since the samples now are denser
than without zeropadding in the Fourier domain (this variant has not yet been imple-
mented). The measures are presented in Table 8.11 and should be compared to
Table 8.10. They are rather similar to those obtained without zeropadding.
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c)

c)

Figure 831 Reconstruction with our method, a) and b): 128x128 detector, c) ami d): 128x128
detector and zerofiUing in the Fourier domain, e) and f): 256x256 detector. Left: Image contrast

1.005-1.04. Right: linage contrast 1.017-1.023.
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Method

Our
zeropadding

total volume

0.0514

total volume

0.1378

soft tissue

0.0010

?2
soft tissue

0.7390

Table 8.11 Measures of the Shepp-Logan phantom obtained with zeropadding in the
Fourier domain in Step 6.

Amount of projections in each scan

According to Kak, Slaney [17] the number of projections should be roughly the same
as the number of rays per projection for a 180° scan. Thus, for a 360° cone-beam scan
roughly 2N projections should be sufficient for an NxNxN volume. Most experiments
have indeed been performed with 2N (256) projections in each circular scan. In
Figure 8.32 we see the result from 512, 256,128 and 64 projections applied to our and
the Feldkamp method. The profile plots through the three small ellipsoids are shown
in Figure 8.33. For the Feldkamp method all results are rather similar, probably
because the three ellipsoids are positioned rather close to the rotation axis. The result
of our method is similar for 512 and 256 projections, while 128 and 64 projections
produces increased blurring. The error measures are accounted for in Table 8.12.

Method

Our

Our

Our

Our

Feldkamp

Feldkamp

Feldkamp

Feldkamp

Projections

512

256

128

64

512

256

128

64

ei
total volume

0.0521

0.0522

0.0532

0.0587

0.1059

0.1067

0.1143

0.1700

e2
total volume

0.1342

0.1345

0.1373

0.1475

0.1453

0.1455

0.1526

0.1985

soft tissue

0.0011

0.0011

0.0011

0.0013

0.0052

0.0052

0.0052

0.0053

*2
soft tissue

0.6973

0.7053

0.7306

0.7947

1.1060

1.1041

1.0978

1.0864

Table 8.12 Measures from different amount of projections in each circular scan.
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Figure 8.32 To the left: Reconstruction with our method. To the right: The Frldkamp method, a) and
/»).- 5/2 projections/saw, c) and d): 256 projections, e) andf): 128 projections, yj and h): 64 projections.
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a)

c)

e) .-..

b)

d)

f) .«

h)

Figure 8.33 Profile plots through the tree small ellipsoids in the previous figure. To the left: Recon-
struction with our method. To the right: The Feldkamp method, a) and b): 512 projections/scan, c) and

d): 256 projections, e) andf): 128 projections, g) and h): 64 projections.
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Different main-scans

The interpolation from umbrellas to vertical planes (Step 11) can be performed by
using the .v,i/-scan data everywhere except in its shadow zone where the x,z-scan data
are applied, or by using the .t,z-scan data except in its shadow zone where the x,i/-scan
data are applied or by using the average of the x,y- and x,z-scan data as much as
possible. The previous experiments were performed by the average of the two scans.
In Figure 8.34 a) and c) the ,t,t/-scan data were used as much as possible and in
Figure 8.34 b) and d) the .r,z-scan data were the major part of the input. The ringing
patterns in the two results differ but none of the results seems to be significantly better
than the other. Table 8.13 contains the error measures.

Figure 8.34 To the left: The circular scan in the x,y-plane used as much as possible. To the right: The
circular scan in the x,z-plane used as much as possible, a) and b): Image contrast 1.005-1.04. c) and d):

Image contrast 1.017-1.021
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Used scan

x,y-scan

x,z-scan

total volume

0.0540

0.0540

e2
total volume

0.1354

0.1347

ei
soft tissue

0.0012

0.0012

e2
soft tissue

0.7508

0.6796

Table 8.13 Measures from reconstruction using mainly the x,y- and x,z-scan.

Cone-Beam angle

In Figure 835 the cone-beam angle have been varied between 10° and 40°. In previous
experiments the cone-beam angle was 20°. As expected the result of our method is
rather independent of the cone-beam angle, while the result of the Feldkamp method
degenerates drastically with increasing cone-beam angle. The error measures are
presented in Table 8.14.

Method

Our

Our

Our

Fcldkamp

Feldkamp

Fcldkamp

Cone-
beam angle

10°

20°

40°

10°

20°

40°

total volume

0.0520

0.0522

0.0497

0.0844

0.1067

0.1787

e2
total volume

0.1340

0.1345

0.1294

0.1324

0.1455

0.2092

ei
soft tissue

0.0011

0.0011

0.0010

0.0017

0.0052

0.0105

*2
soft tissue

0.7055

0.7053

0.6626

0.8290

1.1041

1.0953

Table 8.14 Measures with varying cone-beam angle.
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e) • • • • I ^ H B H B H H H H fl
Figure 8.35 To the left: Reconstruction with our method. To the right: The Feldkamp method,

a) and b): Cone-beam angle 10°. c) and d): Cone-beam angle 20°. e) and/): Cone-beam angle 40°.
Image contrast 1.005-1.04.
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The method presented in this thesis can be summarized as follows. In the first phase
we use Grangeat's result on how to compute the derivative of the Radon transform
from cone-beam projection data by line-integration in the detector plane. However,
we follow Danielsson's proposal [6], [7] to implement this procedure as the direct

Fourier method in reverse. Hereby, the complexity is decreased from O(N ) as in

Grangeat [13] to O(N3hghI). Actually, the inverse direct Fourier method that has been
implemented and verified in this thesis employs linogram sampling as proposed by
Edholm [11] and further investigated by Magnusson [22].

The Radon data produced by phase 1 have to be interpolated to obtain a sampling
pattern suitable for phase 2, the reconstruction of the 3D object from the Radon data.
The speed advantage over Grangeat's method for phase 1 including the interpolation

seems to be 12,1 times for a 5223 volume.

Reduction in complexity from O(N4) to 0(N3logN) also for phase 2, again requires
employment of direct Fourier methods. There are several alternatives for phase 2. In
the first place we may decide to use linogram sampling (i.e. to use the linogram
method) or the circular- spherical symmetric sampling in the ordinary direct Fourier
method.
Furthermore, we may separate the 3D-reconstruction problem into two 2D-recon-
struction stages as proposed by Marr et. al. [23] and used by Grangeat [13]. The first of
this stage performs a 2D-reconstruction in a set of vertical planes. This intermediate
result is then redistributed in a set of horizontal planes where the second stage of 2D-
reconstruction yields the final result, the 3D object function. The speed advantage

over Grangeat's result in the second phase is 7.2 times for a 5123 volume.

Using filtered backprojection of Radon data in 3D without the above separation in

two 2D-stages requires an O(N j-procedure since each one of the O(N3) Radon data

points contributes to O(N2) object points. Thus, the separability of the inversion
formula is a must and a blessing for filtered backprojection. The direct Fourier method
in 3D, on the other hand, is not obviously simpler in the separated form. In fact, a
preliminary estimate reveals that it would be somewhat faster if performed in a
straight-forward fashion as illustrated for the linogram case in Figure 7.3. This sample
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pattern in the Fourier domain was first proposed by Herman et. al. [15] and applied
the MR Fourier data.
Thus, by applying direct Fourier methods in phase 1 and phase 2 we obtain the total

complexity O(N^logN) for our method.

The 3D-reconstruction filter is a second derivative, equivalent to a sequence of two
first derivative filters, to be compared with the ramp-filter in the 2D-case. The tails of

a smoothed derivative-filter die away as quick as 1/p3. Moreover, the samples in the
tails oscillates around origin, i.e. the samples in the tails reduce each other. Therefore
none or very little zeropadding is required in most cases of 3D-reconstruction. Thus,
the computational effort is further reduced.

The Feldkamp method, which has complexity O(N4), is not exact since the source
trajectory does not comply with Tuy's [30] sufficiency condition. In this thesis the
Feldkamp method has been used for comparison of experimental results.

The estimated computational cost for the Feldkamp method is found in Table 4.1, for
Grangeat's method in Table 5.1, and for our method in Table 7.3. In Figure 9.1 we have
summarised these tables graphically. The quotient qp shows how much faster our
method is compared to the Feldkamp method. qQ is a similar comparison with
Grangeat's method. Note that the Feldkamp method is 1.9 times faster than
Grangeat's method for all volume sizes. Using the complexity estimations of this

thesis our method is 10 times faster than Grangeat's method for a 522 volume.

We deplore that we have not yet been able to compare our reconstructed images qual-
itatively with those produced by Grangeat's original method. However, by compar-
ison with the Feldkamp result and from exchange of general ideas and lengthy
discussion on artefacts and phantom features we claim nevertheless that the image
quality is comparable to Grangeat's. For mid-axis slices, there is no doubt that the
Feldkamp method gives slightly better sharpness than any true 3D-reconstruction
technique, simply because the Feldkamp method avoids all filtering in the vertical
direction. However, it is this avoidance that is catastrophic for larger cone-beam
angles.
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Figure 9.1 Comparison of the computational complexity for the Feldkamp method, the Grangeat
method and our method.

Recently, Defrise and Clack [9], [10] have presented exact 3D-reconstruction from
cone-beam data using backprojection. In principle this method performs the first
phase of Grangeat's method to arrive to the Radon domain. Here, the necessary
filtering takes place whereafter the Grangeat procedure is taken backwards to obtain
correctly filtered detector data which then can be backprojected into the 3D-volume.
See Figure 9.2. It is interesting to note that our direct Fourier method (or the linogram
method) can be employed for both of the Grangeat procedure computations very
much as presented in this thesis. The backprojection is then similar if not identical to
the corresponding procedure in the Feldkamp method.

But since the remaining 3D-backprojection is an O(N4) procedure it would seem as the
point of using our method is lost on the way. However, it is quite common that the

end user is not interested to obtain a full N^-volume but rather a fraction of it. For

instance if the primary interest is an (N/2)^ cube the computational burden of the
backprojection is reduced with a factor of 8. The complexity in the filtering step going
back and forth to the Radon space is then of paramount importance.
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Object

Cone-beam
projections

Derivative of
Radon space

< •> Data acquisition Crangeat pliase 7

Weighting
Filtering

3D-backprojection

Reconstructed
volume

ID-backprojection in
the detector planes

Filtered
projections

Figure 9.2 3D filtered backprojection according to Defrise and Clack.

As already indicated, this thesis has by far not exhausted the variations of 3D direct
Fourier methods. An interesting issue is comparison of our results with the results of
the Grangeat method. Experiments on real data is an obvious and natural continua-
tion of the work presented in this thesis. The variations of the implemented method
that remains to be investigated are different source trajectories, different interpolation
filters for the interpolation between phase 1 and phase 2, exchanging the linogram
method for the direct Fourier method, 3D direct reconstruction instead of two 2D-
stages in phase 2, just to mention a few.
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Appendix A: The Chirp Z-transf orm

This description of the chirp z-transform has been copied from Magnusson [22].

Discrete implementation of Fourier transforms often requires computation of equidistant
points in the Fourier transform F(X) of a function/(x), (F(X) = 'J[f'(x)]). In most cases the
discrete Fourier transform (DFT) (computed by FFT) can be utilized. The DFT takes sam-
ples/OtT) (-NI2<k<NI2) as indata and computes F(n/NT) for -N/2<n<N/2 according
to

DFTjfjkT))

1
N/2

= \T\ S f(kT) e''1'lk"lN,
k= -N/2 + l

k,n = -N/2+ 1,...,- 1,0,1,..., N/2. (A.l)

The sample distance is 7'in the spatial domain and I/NT in the Fourier domain. We are thus
not free to choose the sample distance in the Fourier domain arbitrarily.

In the Linogram Method (LM) there is a step where we want to compute sample points with
mutual distances D different from \/NT, i.e. we want to compute

<P =
' Nil

F(mD) * | T\ V f(kT) e -P^
k= -N/2

k = - N/2,..., - 1,0,1,...,N/2,
m = -M/2+ 1,..., - 1,0, \,...,M/2. (A.2)

Here the Fourier transform F(mD) is sampled in M points (-A//2 < m < Mil), with the arbi-
trary sample distance D. As indicated in (A.2), the sum can be efficiently computed by
CHIRPZ^ which is a special case of the chirp z-transform. (We have here assumed that
f(x)=f(kT) is sampled in N+1 points instead of N as in (A.I), because an odd number of
indata points is more suitable for the actual step in the LM.)
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Appendix A: The Chirp Z-transform

We will first briefly present the general chirp z-transform. Then we will more carefully
deduce the special case of the chirp z-transform (CHIRPZ^,).

The General Chirp Z-Transform

The general chirp z-transform can be used to compute samples of the z-transform if they
Vie on a spiral contour equally spaced in angle over some portion of the spiral in the complex
z-plane.

The z-transform, X(z), of an Appoint sequence, x(k), can be written

N-l

X(z) =

By using the chirp z-transform,X(zm) can be computed at sample pointszm,

zm=AW~m, m = O,1,...,M- 1, (A.4)

where

\A = Atfl9, Ao > 0,

j<p w>o ( A-5 )

i.e.

't)~mzm = Ao e'e (Wo e-Jf) , m = 0,1 Af - 1. (A.6)

Thus

_ N-i _ m (k = 0,1,...,N - 1,

X(Zm) - / . *(k) A WKm, L = ni M - 1 (A.7)

The location of the sample points in the z-plane is depicted in Fig. A.I. The parameter WQ
controls the rate at which the contour spirals. If WQ > 1, the contour spirals toward the ori-
gin as m increases, and if WQ < 1, the contour spirals away from the origin as m increases.
The parameters Ao and 6 are the location in radius and angle of the first sample zm. The
remaining samples are located along the spiral contour with an angular spacing of (p. Con-
sequently, if WQ= 1, the spiral is a circular arc and if^o= 1 this circular arc is part of the
unit circle.
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Appendix A: The Chirp Z-transform

Fig. A.1 The general chirp z-transform can be used to compute the samples of the z-trans-
form on a spiral contour equally spaced in angle over some portion of the spiral.

(A.7) can then be rewritten to a convolution which in its turn can be computed by multi-
plication in the Fourier domain. The Fourier transforms in their turn can efficiently be
computed by FFT:s. The general chirp z-transform is thoroughly described in [Opp75].

Computation of Equidistant Fourier Transform Points Utilizing a Special Case
of the Chirp Z-Transform

We will start from the z-transform as it is defined in (A.8), which is a slight modification
of(A.3),

N/2

X(z)= - N/2 < k < N/2. (A.8)
k=-N/2

X(zm) can be computed at sample pointszm, where

- M/2 < m < Mjl. (A.9)

(Note that (A.9) is a simplification of (A.6) with/4n=l, 0=0, Wrj=l.) The equation for
X(zm) then becomes

N/2

X(zm) = X(e'"'*) = £ x(k)
k = N/2

' - N/2 < k < N/2,
- M/2 < m < M/2. ( A l l 0 )

This function becomes equal to the desired CHIRPZ0 in (A.2) ifx(k)=f(kT) and<f>=2aTD.
The sample points zm are located equidistantly along the unit circle in the z-plane as
depicted in Fig. A.2. Note the well-known fact that the Fourier transform values of a
sampled functionx(k)=f(kT) can be found along the unit circle in X(z), the z-transform of
x(k).
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Appendix A: The Chirp Z-transform

Fig. A.2 As a special case, the chirp z-transform can be used to compute the samples of
the z-transform on the unit circle. The samples are equally spaced in angle over a portion of
the unit circle, centered at 0=0.

Using the identity proposed by Bluestein [Blu70]

km = \ • [k2 + m2 - (m - k)2\

we can rewrite (A. 10) as

N/2

X(zm) = J x(k) exp[-;A:20/2] exp[/(m - k)2<j>/2\

(A.11)

(A.12)

or

N/2

X(zm) = exp[-;m20/2] j *(*) cxp[-jk2<p/2) exp[/(m - Ä:)20/2].
k=N/2

If we let

(A.13)

g{k) = x(k) exp[-jk2<p/2)

and

(A.14)

h(k) = exp\jk2<p/2],

we can write

(A.15)

N/2

X(zm) = ^— V g(k) h(m -
h(m)k=N/2

[g * h](m)

him)

N/2 < k < N/2,
M/2 < m < Af/2. (A. 16)
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Appendix A: The Chirp Z-transform

With X(zm) expressed in the form of (A. 16), we recognize the summation as corresponding
to the convolution of the sequence g(k) with the sequence h(k). If the involved functions
are limited, convolution can be carried out by DFT and computed by FFT according to

g*h = IFFT \FFT\g] • FFT[A] . (A.17)

It is clear that g(k) is limited to the interval —Nil <k< Nil. Certainly h(k) is unlimited, but
since we want only the limited interval — A//2 <m <Mil of \g * h]{m), the computation
can be carried out in the Fourier domain as we now will show. In Fig. A.3 is shown an exam-
ple with convolution of g(k) and h(k) for ^ = 8 and A/=8.

linear convolution

circular convolution

o o

k

. . . T T T T

h(k) 2

T T T T » . -

hJky

111
[g * h](m)

Tit!
M
2

m

N
2

Z2

• iO O O

© TT .T ITTT
[g3

TltliTTlT m

\g*h](m) M
2

Fig. A.3 Sequences involved in the chirp z-transform.
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Appendix A: The Chirp Z-transform

The function g(k), -Nil <k<NI2 of size N+1 =9 (Fig. A.3a) is to be convolved with the
unlimited function h(k) (Fig. A.3b). We are only interested in Af=8 samples in the middle
part of \g * h](m), -MI2<m<MI2. Then only the middle -L/2<k<LI2 points
L=N+M-16 of h(k) is.needed during the computation of \g * h](m). We give this middle
part of h(k), the name h2{k). Now this limited function h2(k) can replace h(k) during con-
volution.

The function h2(k) is only specified for -L/2<k<LJ2, but the periodicity property in the
DFT implies, for example, that h2(— L/2) = h2(L/2). Therefore, when computing convo-
lution with DFT we obtain a circular convolution instead of the linear convolution we want.
The circular, periodic version of h2(k) is called h3(k) (Fig. A.3e).

Likewise, we give the circular periodic version of g(k), the name g3(k) (Fig. A.3d). The
functions g3(k) and h3(k) must have the same repetition period, and therefore g3(k) is
padded with zeros.

The circular convolution (g3 * h^](m) (Fig. A.3f), gives exactly M values which are equal
to the linear convolution [g * h]{m) in the interval —MI2<m<MI2. The points outside
this intervaUre garbage. By visual inspection of Fig. A.3, it is easy to check that \g * h](m)
and [g3 * /i3](m) really have M equally valued points.

If we wish to compute the discrete Fourier transform by using a power-of-2 algorithm, this
can easily be accomplished by augmenting the (N+M)-point sequences with a sufficient
number of zeros so that their total length is a power of 2. The zeros must be added at point
Zi, and Z2 in Fig. A.3.

The discussion around Fig. A.3 gave that zero-padding of g(k) must be performed up to
at least (N+l)+(M)-\=N+Mpoints before the FFT in (A. 17), where N+1 is the size of
g(k) before zero-padding and M is the desired size of \g * h]{m). This fact combined with
(A.14), (A.15), and (A.16) gives an algorithm how to compute X(zm) efficiently, see
Fig. A.4.

1 /h{k)
i

A
x(k) w g(k)

N < k < N

2 " 2

FPJ[h(k)]

zero-
pad-
ding

M +

1> FFT
M + N

«, M -
2 - « - 2

IFFT
M + N

cut

^/h(m)

A

2 m - 2

Fig. A.4 Computation of (A. 10), a special case of the chirp z-transform, CHIRPZ0.

Compare the equation forX(zm) in (A.IO) with C\\\KP7j}>\f{kT)) in (A.2). They becomes
identical if x(k)=f(kT) and (p=2nTD. Fig. A.4 can therefore be modified to an algorithm
for computation of equidistant Fourier transform points F{mD) by using CHIRPZ0, a spe-
cial case of the chirp z-transform, see Fig. A.5.
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Appendix A: The Chirp Z-transform

h(kl) = exp(ik24>/2)
<t> = 2nTD

Vh(kT)

v7

-KxH>
f(*T), g(kT)

2 < / ( < 2

zero-
pad-
ding

M +
2

—-*>

N \

FFT[h(kT))

i
FFT

M + N

„ M + N
- 2

IFFT
M + N -£> cut

Mh(mT)

A
4rtDI 7 | F ( / T 7 D )

2 < m " 2

Fig. A.5 Computation of equidistant Fourier transform points F(mD) in (A.2), by using
CH\RPZ<p[f(kTj], a special case of the chirp z-transform.

The time complexity for computation of each FFT is O[(N+M) • log(N+M)] and therefore
the time complexity for computing (A.2) with the chirp z-transform is
O[(JV+M) • log(A'+M)]. In contrast, the direct evaluation of (A.2) has the time complexity
of O(N-M). Clearly the direct computation will be competitive for small enough values of
N or M, but for large N and M (say, larger than 50), the chirp z-transform algorithm repre-
sent a significant reduction in complexity.
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Appendix B: Computational cost for weighted

3D-backpro j ection

The Feldkamp method was described in Chapter 4.2. It is a generalisation of the 2D
filtered backprojection applied to fan-beam projections. The cone-beam projections
are weighted, ramp-filtered and backprojected. The most taxing procedure is the final

backprojection with complexity O(N4) = c^N4. The size of the constant q, is important
when we estimate the computational cost for the Feldkamp method. The backprojec-
tion is described by

fix) = — - dO p*[f(x) ,z( i ) ] (B.I)

(B.2)

(B.3)

A ray through a voxel x onto the detector plane hits the detector at position
(t (x), z (x)), described by (B.2) and (B.3). The filtered and weighted detector value

P<p (t (x) ,z(x)) is weighted and accumulated to the voxel value. The vector nr is the

normal to the detector plane intersecting the source S and nt is perpendicular to ny in

the detector plane, see Figure B.I.

so2

47C2 I
- 7 1 (
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- X •
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Appendix B: Computational cost for weighted 3D-backprojection

( f ( x ) , z ( x ) )

Figure B.I The projection of a voxel x onto the detector plane.

Obtaining (t(x),z(x)) requires computation of x»nr and x*w(. We may write

x= (xp,yp,z). The source rotates in the x,y-plane, i.e. we may write

nr - (xr, yr, 0). Therefore we have

x » r i T = x x r + y y r (B.4)

which involve 2 multiplications and 1 addition. The computation of x • n( is similar to

(B.4) and requires 3 FLOP as well.

To obtain (B.2) requires 1 multiplication, 1 addition and 1 division besides computa-

tion of x • n and x • «,, i.e. totally 9 FLOP are required. For (B.3) only 3 FLOP are

required since x • nr already is know.

The point (t(x),z(x)) does not coincide with the existing detector positions and
therefore a 2D interpolation is necessary. Assume that the interpolation is performed
by 3 linear interpolations each consisting of 3 FLOP. Thus for the 2D interpolation
9 FLOP are required. The interpolated value is weighted according to (B.I), which

requires 3 FLOP since x»nr is known. Finally the accumulation of the voxel value

requires 1 FLOP.

Thus, the inner loop in the weighted backprojection in the Feldkamp method seems to
require 25 FLOP.
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