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Abstract

For many tasks in illumination and collection the acceptance angle is required to vary along
the reflector. If the acceptance angle function is known, then the reflector profile can be
calculated as a functional of it. The total flux seen by an observer from a source of uniform
brightness (radiance) is proportional to the sum of the view factor of the source and its
reflection. This alio.vs one to calculate the acceptance angle function necessary to produce
a certain flux distribution and thereby construct the reflector profile. We demonstrate the
method for several examples, including finite size sources with reflectors directly joining the
source.

1 Introduction

Nonimaging optics was developed to solve a well posed but narrow set of problems [1]. A
prototypical example is the concentration of a light beam with divergence half-angle 8 and
cross-sectional area A\ into the minimum possible area /4j without loss of throughput or
conversely, the design of illumination systems that convert a larnbertian source into a beam
with divergence lialf-angle 8 and no stray light without loss of throughput. Two classes
of algorithms have been found which solve these problems exactly or nearly so. These are
summarized here; the details can be found in Ref ;2] The first is the "string" or "edge-
ray" method. The "Hottel string" is a useful concept for calculating radiative transfer
between lambertian surfaces [3j. It may be succinctly characterized as: fndl=: constant
along a string, where n denotes the index of refraction and dl the path length. Notice that
replacing "string" by "ray" gives all of imaging optics. The second class of algorithms places
reflectors along the lines of flow of a radiation field set up by a radiating source. In cases
of high symmetry such as a sphere or disc, one obtains ideal solutions in both two and
three dimensions. In either case, reflecting and sometimes refracting elements are shaped in
specific ways in combination to solve the problem.

A wider class of problems can not be solved by the known methods. Here are a few examples:
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It is well-known that the irradiance on a distant plane at an angle 9 from a long, cylindrical
lambertian source of uniform brightness falls off with cos2(0). Strip radiators and spherical
sources produce a cos3(9) irradiance on a distant plane, while circular disc radiators produce
an irradiance proportional to cos4(#). The angular power density of the flat sources (disc
and strip) falls off as cos(S) while the power density of cylindrical and spherical sources is
constant. But suppose one desires a predetermined far-field power or irradiance pattern e.g.
uniform irradiance? The classical designs will not suffice; they simply transform a lambertian
source radiating over 2ir into a lambertian source radiating over a restricted angular range.

The limitation of the old designs is that they are too static and depend only on a few
parameters, such as the area of the beam Ai and the divergence angle 6. One needs to
introduce additional degrees of freedom into the nonimaging designs to solve a wider class
of problems. The purpose of this communication is to indicate the lines along which this
additional freedom can be introduced.

2 Determining the reflector profile for small sources

In the usual design methods the profile of the reflector is determined by the given constant
acceptance angle 9 and the geometry of the entrance and exit surfaces. Thus we can regard
the reflector profile R as a function of 9, R(9). However, in certain situations a "constant
acceptance angle" design is unduly restrictive. But suppose 9 is itself made a function of
some other parameter of the problem say, <f>. Then R is determined only after the functional
relationship of 9 and <f> is known i.e., R is now a functional of 9, R = R{9}.

For illustrative and j. Jagogical reasons, we will consider first the simple case when the
size of the source is much less than the closest distance of approach Ro to any reflective or
refractive component. Thus the angle subtended by the source at any reflective or refractive
component may be regarded as small. Our approximation of small source dimension d and
large observer distance D amounts to

d « Ro<< D. (1)

In this limit the illumination problem has been solved earlier [4] We briefly review the
classical solution before we introduce a novel approach capable of deriving in closed form
the reflector for large sources.

Polar coordinates are used to represent the reflector profile by R - R(<j>), with the source
at the origin. The angle of th- reflected ray with the optical axis is denoted by 9, and
the incidence angle at the reflector with respect to its normal is denoted by >..- as depicted
in Fig.l. The geometry shows that the following relation between the reflector profile and
incidence angle holds:

Note, that the underlying assumption for this equation is, that the edge rays incident onto
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Figure 1: The reflector profile is represented in polar coordinates R(</>) with the source at
the origin. The reflected radiation has an angle 9 with the optical axis y and a with the
normal to the reflector.

the reflector travel along the vector i2. Clearly,

a =

Equation 2 is readily integrated,

so that,
(*>

(3)

(4)

(5)

This determines the reflector profile R(<f>) for any desired acceptance angle function 9{<j>).

Suppose we wish to radiate power with a particular angular distribution P"(8) from a source
which itself radiates with a power distribution P'{4>)- The angular characteristic of the
source is the combined result of its shape, surface brightness, and surface angular emissivity
at each point. A distant observer viewing the source fitted with the reflector under an angle
9 will see a reflected image of the source in addition to the source itself. This image will
be magnified by some factor \M\ if the reflector is curved. Ideally both the source and its
reflected image have the same brightness, so the power each produces is proportional to the
apparent size. The intensity perceived by the observer, P°{9) will be the sum of the two

P°{9) = P*{6) + \M\P'{4>). (6)

The absolute value of the magnification has to be taken because, if the reflected image and
the source are on different sides of the reflector and we therefore perceive the image as
reversed or upside down, then the magnification is negative. Actually, at small angles, the
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source and it3 reflection image may be aligned so that the observer perceives only the larger
of the two. But if |M| is large one can neglect the direct radiation from the source.

Thus one is concerned with the magnification of the reflector. A distant observer will sec a
thin source placed in the axis of a trough reflector magnified in width by a factor

This can be proved from energy conservation The power emitted by the source must be
conserved upon reflection: P'd<j> = M P'dO.

For a rotationally symmetric reflector the magnification Mm as given in Eq.(7) refers to the
meridional direction. In the sagittal direction the magnification is

M. = p = ̂ , (8)
dpi sin(ff)

where now fit and fij are small angles in the sagittal plane, perpendicular to the cross section
shown in Fig 1. Equation (8) can be easily verified by noting that the sagittal image of an
object on the optical axis must also lie on the optical axis. The reason is, that because of
symmetry, all reflected rays must be coplanar with the optical axis.

The total magnification Mt is the product of the sagittal and the meridional magnification

Actually Eq.(9) could also have been derived directly from energy conservation by noting
that the differential solid angle is proportional to dcos{8) and <ico3(̂ >) respectively.

Thus inserting the magnification given in Eq.(9) or Eq.(7), as the case may be, into Eq.(6)
yields the relationship between 6 and <fr which produces a desired power distribution P°(8)
for a given angular power distribution of the source P'. This relationship then can be
integrated as outlined in Eq.5 to construct the shape of the reflector which solves that
particular problem.

There are two qualitatively different solutions depending on whether we assume the magnifi-
cation to be positive or negative. If Mm > 0 this leads to CEC-type devices, whereas Mm < 0
leads to CHC-type devices. The te m CEC refers to Compound Elliptical Concentrator and
CHC to the so called Compound Hyperbolic Concentrator [5, 6, 7, 8].

Now the question arises of how long we can extend the reflector or over what angular range
we can specify the power distribution. From Eq.(5) one can see that if >j> — 8 — IT then R
diverges. In the case of negative magnification this happens when the total power seen by
the observer between 6 = 0 and 9 = 0"*°* approaches the total power radiated by the source
between ^ = 0 and ^ = IT. A similar limit applies to the opposite side and specifies 8mm.
The reflector asymptotically approaches an infinite cone or V-trough. There is no power
radiated or reflected outside the range 6min < 6 < 0miX.
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For positive magnification the reflected image is on the opposite side of the symmetry axis
(plane) to the observer. In this case the limit of the reflector is reached as the reflector on
the side of the observer starts to block the source and its reflection image. For symmetric
devices this happens when <j> + 8 = TT. In this case too one can show that the limit is actually
imposed by the first law. However, the reflector remains finite in this limit. It always ends
with a vertical tangent. For symmetric devices where 8""" - -8min and #""" = - ^ m m the
extreme directions for both the CEC-type and the CHC-type solution are related by

<f>ma* + 8na* = ir. (10)

In general CEC-type devices tend to be more compact. The mirror area needed to reflect
a certain beam of light is proportional to 1/ cos(a). The functional dependence of 8 and
# for symmetrical problems is similar except that they have opposite signs for CHC-type
devices and equal signs for CEC-type solutions. Therefore a increases much more rapidly for
the CHC-type solution which therefore requires a larger reflector, assuming the same initial
value Ro-

3 Reflector adjacent to a finite planar source

We have now developed the analytical tools to solve the real problems which involve reflectors
close to the source. We do this by combining the above technique with the edge ray method
which has proved so effective in nonimaging designs [2]. That is, we apply the above methods
to edge rays. As a first example, we design a reflector for a planar, lambertian strip source
so as to achieve a predetermined far-field irradiance. We design the reflector so that the
reflected image is immediately adjacent to the source. This is only possible in a negative
magnification arrangement. Then the combination of source and its mirror image is bounded
by two edge rays as indicated in Fig. 2. The combined angular power density for a source of
unit brightness radiated into a certain direction is given by the edge ray separation

Rsin(2a) = P°{8). (11)

By taking the logarithmic derivative of Eq.(ll) and substituting Eq.(2) we obtain

This describes the right hand side, where 8 < 0. The other side is the mirror image.

3.1 Deriving the reflector shape directly for a finite source

For 2a = r, R diverges just as in the case of the CHC-type solutions for small sources.
Thus in general the full reflector extends to infinity. For practical reasons it will have to
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Figure 2: The reflector is designed to produce a reflected image adjacent to the source. The
combined intensity radiated in the direction —9 is determined by the separation of the two
edge rays: i? sin 2a.

be truncated. Let's assume that the reflector is truncated at a point T from which the
edge ray is reflected into the direction <?r- For angles 9 in between ±9T the truncation
has no effect because the outer parts of the reflector do not contribute radiation in that
range. Therefore within this range the truncated reflector also produces strictly the desired
illumination. Outside this range the combination of source plus reflector behaves like a flat
source bounded by the point T and the opposite edge of the source. Its angular power
density is given by Eq.(ll) with R = RT = constant. The total power PT radiated beyond
B? is thus

PT = R(0T) r sin7^7 = R(9T)(l + cos(2aT)). (13)

In order to produce an intensity P"(9T) at 9T, R{9T) must be

sin(2aT)'
(14)

The conservation of total energy implies that the truncated reflector radiates the same total
power beyond 9r as does the untruncated reflector

+ CO3(2OCT)

sin(2ar)
= B(9T) (15)

This equation must hold true for any truncation 9 = 9j It allows us to explicitly calculate
a, and with it <f> and R, in closed form as functions of 9, if B{9), that is the integral of P°{9)
is given in closed form. The conservation of total energy also implies that the untruncated
reflector radiates the same total power as the bare source. This leads to the normalizing
condition

(16)
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This condition may be used to find fl"""; it is equivalent to setting 8T = 0, 2ay = 7r/2 in
Eq(15). Solving Eq.(15) for a yields

2a = arccos

Substituting Eq.(3) yields the acceptance angle function

<t>{6) = 6 + 2a. (18)

From Eq.(ll) the radius is given by

These equations specify the shape of the reflector in a parametric polar representation for any
desired angular power distribution P°(6). A straight forward calculation shows that Eq.(17)
is indeed the solution of the differential equation (12). In fact Eq.(12) was not needed for
this derivation of the reflector shape. We have presented it only to show the consistency of
the approach.

3.2 Example - constant irradiance

For example to produce a constant irradiance on a plane parallel to the source we must
hcive P°(9) = l/cos2(fl) and thus B(8) - cos2(0)(tan(0) - tan(0mas)). Using Eq.(16), we
find Qmtu = - ir /4, so that B(9) = cos2(0)(tan(0) + 1) with no undetermined constants.
The resulting acceptance angle function and the reflector profile are shown in Fig.3 and
Fig.4 respectively. The reflector shape is close to a V-trough. Though, the acceptance
angle function is only poorly approximated by a straight line, which characterizes the V-
trough. In Fig.5 we show the deviation of the reflector shape depicted in Fig.4. from a
true V-trough. Note, that a true V-trough produces a markedly non-constant irradiance
distribution proportional to cos(0 -f- :r/4)cos(0) for 0 < -6 < ir/4.

4 Conclusions

The classical nonimaging reflector shapes can be viewed as functions of an acceptance angle
which is constant along the reflector profile. A variety of problems, however, require variable
acceptance angles. In these cases the reflector profile is a functional of the acceptance angle
function or the function describing the desired power density distribution. For the calculation
of the reflector based on the variable magnification there are in general two different types of
solution, depending on whether the meridional magnification is positive or negative: a CEC-
type, characterized by positive magnification in which the reflection of the source appears
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Figure 3: Acceptance angle function which produces a constant irradiance on a distant plane
from a finite one-sided lambertian strip source. There is only a CHC-type solution.
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Figure 4: The reflector profile which produces a constant irradiance on a distant plane from
a finite one-sided lambertian strip source of width two units. Note that there is only a
CHC-type solution and it is truncated.
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Figure 5: Deviation of the reflector depicted in Fig.4 from a true V-trough.
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on the side opposite to the observer, and a CHC-type, of negative magnification, where
the reflection is on the same side. The CEC-type reflector is finite and always ends with a
vertical tangent, while the CHC-type solution is infinite and approaches a constant slope.
The end point of the CEC-type solution and the asymptotic slope of the CHC-type reflect
the conservation of total radiant power.

For a finite size source, we have shown how to calculate a CHC-type reflector profile touching
the source. For a flat source the solution can be given in closed form. The method presented
here does not entail in any way an optimization procedure. It yields the reflector profile
which produces a desired irradiance distribution from a given source by straightforward
calculation based on first principles.
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