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A Modified Finite Element Procedure for Underwater o

Shock Analysis !S.K. Chan _'_-_as n _o
_-°_

:
' Abstract _ _ _ _ _ _ o

Using the regular finite clement method for analyzing wave propagation _ " ° _

problems presents difficulties: (a) The finite element mesh gives spurious _ _ _ ._ _ o
reflection of the traveling wave and (b) Since a finite element model has _ _ _ _ _ _ __'_

to have a finite boundary, the wave is reflected by the outside boundary. _ "__ _ _.._ _ _
However, for underwater shock problems, only the response of the structure _ _ _ _ _ _ ]
is of major interest, not the behavior of the wave itself, and the shock wave _ ___ _ _can be assumed to be spherical. By taking advantage of the limited scope of _ _ _ _ "_

the underwater shock problem, a finite element procedure can be developed that _ _ . ,, _ _
eliminates the above difficulties. This procedure not only can give very _ s g __ '..._

accurate solutions but it may also include structural nonlinearities and effect _ ._ _ _ _ _

of cavitation. Three examples are given. _ _ _ _ ._ _ _

1. Introduction _-a:_ _
The analysis of an underwater structure subjected to underwater explosive load

is complex. It involves simultaneous solution of the transient wave scattering of
the surrounding water and the dynamic behavior of the structure. For moderate
shocks, the shock wave propagation can be considered as a linear acoustic problem.
Even the linearized problem is not an easy problem to solve analytically; only a
few simple problems can be solved. For most practical problems numerical methods
must be used.

The most common numericalmethod instructuralanalysisisthefiniteelement

method.However,thismethod was previouslyfoundtobe unsuitableforunderwa-
tershockproblems,Refill.The difficultywithapplyingthefiniteelementmethod
togeneralwave propagationisthatthefiniteelementmesh givesspuriousreflec-
tionsto thetravelingwave,Ref[4,5].Also,fortheproblemofwave propagation
inan infinitespaceorsemi-infinitespace,a finiteelementmodelmust havea finite
boundary, and this boundary reflects the propagating wave.

This paper describes a modified finite element procedure (MFE) which can elim-
inate these di_culties by limiting interest to only the structure response. The MFE
can be performed with most general structure finite element codes; and when used
in conjunction with a general purpose finite element computer code it can be used
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to analyze nonlinear response, such as plasticity, contact-separation, and large de-
formation. The effects of cavitation can also be included. Additional improvements
to the computer program used for this study will be needed to make the overall
procedure user friendly and require less computer time.

Even though the finite element formulation of the water element presented here
is based on displacement, this procedure can also be applied for pressure formulated
water elements.

A one-dimensional example is given to show the wave propagation characters in
a finite element model, and two spherical geometry examples to show the accuracy
of the MFE analysis.

2. The Governin8 Equation and Pressure Notations

If the shock pressure is not very large, the motion of the water particle is small,
such that the sound equation can be used. The field equations can be written in
terms of the displacement field:

c VV. = (1)

or the pressure field:

c2V2P = P (2)

where c = (B/p) 1/2 is the speed of sound in water, B is the bulk modulus, p the
density, V the gradient operator, _ is the displacement vector field, P is the pressure
field, and the double dot indicates the second time derivative.

The variable in equation (1) is displacement _ which can be coupled directly
with structure displacement for underwater shock analysis. On the structure water

interface, the displacement of the water and the structure is equal, provided no

cavitation occurs. In the following development, it is assumed that there is no
cavitation.

For the sake of solving problems, the pressure field, P, is decomposed into three
parts,

P = Pi,_ + P,.,! _ P,,d (3)

where P_,_, the inc,.'dent pressure, is the free field pressure, or the pressure field
generated by the incident wave as if the structure were not present• P,_/, the

reflected pressure, is the pressure due to the reflection of the incident wave from a

fixed rigid structure. P,_, the radiated pressure, is the pressure due to the motion

of the water-structure interface. The combination of P_e! and P,a_ is called the
scattered pressure,

Po_t = P,,! + P,,_

Each pressure can be calculated separately.
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Corresponding to the decomposition of the pressure field, the displacement can
also be decomposed as incident, reflection and radiation displacement fields,

= _,_ + _,.j + _o,.d (4)

The incident pressure at a point can be calculated easily for a spherical wave
traveling in an infinite body, Ref[2]:

where

is the retarded time and Po,=,_t! is the measured pressure at a standoff point (or
a reference point) such that the measured pressure does not include the effect of
the structure. R,,°,_oIy is the distance from the center of the explosion to the
standoff point, and R is the distance from the center of the explosion to the point of
observation. The scattered pressure is dimcult to calculate which brings us to the
need for using the MFE. Although the following discussions assume no free surface,
other equations are available, Ref[3], for the case where a free surface exists.

3. Modified Pinite Element(MFE)

To overcome the difficulty of the spurious reflection from the finite element mesh,
the finite dement method is used to calculate only specific parts of the solution.
As previously noted the pressure field can be decomposed into three parts as in
equation (3)

P = P_ + P,.y + P,.a,

The incident pressure will be calculated exactly using equation (5). The finite el-
ement method will only be used to calculate P,,I and P,=a. Since for underwater
structures, most of the reflected and radiated wave is emitted out to infinity and
decays rapidly, artificial damping can be employed to damp out the spurious re-
flection phenomenon from the finite element mesh without significantly attenuating
the structure response.

To eliminate spurious reflections from the outer boundary of the finite element
mesh, approximate non-reflection elements are put on the outer boundary. The non-
reflection element is formulated based on the plane wave approximation, and the
pressure-velocity relationship is P = pe_. 3, where _ is the outward normal of the
element. This pressure-velocity relationship can be modelled with an axial damping
element whose axis coincides with _ and has a damping constant, pc(area). Since
this is not an exact non-reflection element, some reflection will occur but it will not
effect the structure response, because only a small part of the reflected wave will be
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aimed at the structure. This reflected waves will be further reduced by the damping
of the elements on the path which this wave travels.

The finite element model consists of the structure and the water around the
structure. The water around the structure is modelled with damped water elements
(as discussed above) up to a certain distance away from the structure. Non-reflection
elements are put on the outer boundary of the water. The matrix equation for the
finite element model can be written as

M_ M_,, 0 fi + C_ C_ 0 u + K_ K_ 0 _ +
o o o _ o o o w o o o

°°° / °°° }°°° /0 M_ M_ u + 0 C_ C,_ 6 + 0 K._ K_
0 M_ M_w _ 0 C_,"_ C,,,_, w 0 K w_ Kw_, ffJ

where M, C, K and F indicate mass, damping, stiffness and force matrices. Also, the
superscript 's' and 'w' signify the submatrices belonging to the structure or water.
The column matrix elements correspond to displacements d for the dry nodes, fi
for wetted surface nodes, and @ for nodes in the water. The displacement @ is
decomposed as

The wetted surface and structure node displacements can also be decomposed as

= ul,w + U,'el+ firad.

and

d= d,,.,,+ d,.,.t+ d,.o,_.

Since _i._+_,,/ = 0, then _ = _.,_d; din_+d,,t = 0; and d= d, od. In order to
analyze nonlinear structure, di,,, = 0 and d,, t = 0 are used. Substituting these
relationships into equation (6) yields

M_'_ M_'= 0 g + C:,_ C_'_ 0 6 + K_a K_ 0 fi +
o o o w o o o w o o o

I°°° ° / °°° /O M_ M_ u + 0 C_ C._ u + 0 K_% K_
"" " 0 K_ K,o_ _,o_
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where

[ooo /o../[ooo ._/[oool/o/..0 My. M_ + 0 + 0 fii,_
0 M_ M_w _i,_ 0 C_,, Cw_ _i,,c 0 K_. K,o_ _i,_

and

/° )[000]/0}[00o l0)._. '_ --

: {p.,) ¢9)
Since $'i,_ is the nodal force corresponding to Pi,_, it can be calculated easily and

accurately with analytical equations, such as equation (5), so analytical solutions
will be used instead of equation (8).

F',e! is the nodal force corresponding to P, et, which is the solution of equa-

tion (9), here the wetted node displacement, fi,_f, is known and fi,_! = -_i,_. The
finite element model of this equation is the model of the water only.

After F_,,, and $'-1 have been calculated, they axe applied to equation (7) as ex-
ternal loads. The finite element model of this equation is the medel of the structure
and the water around it. Note that the structure submatrices in equation (7) operate

with the total displacement; therefore, structural nonlinearities can be included.

During the solution of equation (7) and (9) artificial damping is added. For

optimum use of computer time, the following questions have to be investigated.

a) What is the optimum artificial damping matrix which

may not be proportional to the stiffness matrix?

b) _nat is the sensitivity of the results to changes
in the artificial damping?

However, based on the examples presented here, damping proportional to the stiff-
ness matrix has i_roduced [_ood results without excessive computer time. Each water
element has a damping matrix which is the stiffness matrix multiplied by/3 = I/c,
where I is the smallest dimension of the element.

4. One-Dimensional Example

A one-dimensional example is examined here. This simple problem can reveal

many wave propagation characteristics. Dimensionless values are used in this ex-

ample. A one dimensional semi-infinite long rod extending from z = 0 to z = c¢ is
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being analyzed; the rod is free to move at z = 0 and it has a cross-sectional area of
1. Since it is impossible to model a semi-infinite long rod, the finite element mesh
is arbitrarily stopped at z = 1 with no constraint at this end. A pressure pulse is
traveling from right to left on the rod, Figure 1. The material of the rod has the
velocity of sound, c = 1, and mass density p = 1. The reference time, t = 0, is when
the front of the pressure pulse reaches z = 0.

L

4.1 Results of Regular Finite Element Procedure

For regular finite element analysis, the mesh is shown in Figure 2. The traveling
wave is initialized with two load steps (t = -0.2 and -0.1) by fixing the displace-
ment of the nodes at the theoretical calculated values. The resulting velocity of the
free end is shown in Figure 3. The spurious reflection of the travehng wave, Ref[4],
and the reflection of the wave by the outside boundary are clearly shown in the
figure.

To estimate the damping required to damp out the spurious reflection, a one-
dimensional dynamic system, with an infinite number of elements of the same size,
is examined. If the element length is L, cross-sectional area A, modulus of elasticity
E, and density p, the highest vibration mode is for each node to move opposite
to the other• In this mode, the center of an element does not move, and the
stiffness and lumped mass of a node are 4EA/L and pAL, respectively. The critical
damping is _. The frequency of this system is approximately equal to the
spurious reflection as shown in Figure 3. When this amount of structural damping
is artificially applied to the system, the damping multiplier is 3 = L/c. The free
end velocity result is shown in Figure 4 and the spurious reflection is damped out.
It can be seen that damping significantly attenuates the wave. Since the amount
of damping is proportional to the length of the elements, if the element length
is reduced, the amount of artificial damping is reduced. In theory, the system
converges as the element size approaches to zero. However, in practice, this would
require too many elements. A variable mesh should not be used with the regular
finite element procedure, because the incident wave will pass through the larger size
elements and will be attenuated by the large damping in these elements.

4.2 Results of Modified Finite Element Procedure(MFE)

For MFE, the variable finite element mesh size is used as shown in Figure 5. The
incident pressure in this procedure is calculated, with the equation P(z,t) = P(z+t)
as shown in Figure 1. Artificial element damping 3 = L/c is used, thus each element
has a different amount of damping. A non-reflection element is added at z = 1
which has a damping value pc(area) = 1. The first step is to calculate the reflected
pressure by specifying the node at the free end with a velocity V1 =pcP. The
resulting reflected pressure is shown in Figure 6.

The second step is to calculate the radiated pressure. The sum of the incident
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and reflected pressure is applied on the imaginary wet surface at z = 0; the outward
normal of this surface is in the positive x direction. The node force applied at the
free end is plotted in Figure 7. The resulting free end velocity is shown in Figure 8
which is much more accurate than the regular finite element result.

5. Multi-Dimensional Examples

As stated in the introduction, the underwater shock problems are very compli-
cated. Not many problems can be solved analytically. The most common problems

have the geometry of a circular cylinder or of a sphere. It was found that the

spherical problems are more difficult to analyze. In order to have a meaningful
comparison, two spherical problems are analyzed here.

5.1 Pressure Reflected by a Unit Sphere

The pressure reflected by a fixed spherical surface (see Figure 9) is calculated.
Dimensionless values are used. The spherical surface has a unit radius centered at
the origin. The properties of the water around it are p = 1 and c = 1. The plane
wave that impinges on the spherical surface is

1

P = ezp[-_(t- y- 4)].

Axisymmetric elements are used and the finite element geometry plot is shown in

Figure 10. The results are compared with the published separation of variables and

the numerical integrated retarded potential results, Ref[6], as shown in Figure 11.

All results agree with each other. However, the modified finite element is a little
more accurate than the numerical integrated retarded potential method at 0 -- 78 °
around t = 4. In the author's opinion, if more integration zones were used, the

retarded potential method would give better results.

5.2 A Unit Sphere Subjected to Plane Step Shock Wave

Dimensionless values are used in this problem. The spherical shell has a unit

radius, a shell thickness of 0.02, and it is subjected to a unit step plane pressure

wave as shown in Figure 9. The properties of the water are p = 1.0, and c -- 1.0.
The properties of the cylinder shell material are: density 7.7873, Poisson's ratio

0.3 and modulus of elasticity 96.992. This problem is treated as an axisymmetric

problem and the finite element mesh of the sphere is shown in Figure 10. The

results obtained are compared with the available analytical and double asymptotic

approximation (DAA) results from Ref[7]. One-half of the relative displacement

between the points (R=I, 0 = 0) and (R=I, 0 = 7r) is plotted in Figure 12 along

with the analytical results, Ref[7]. In these figures, the DAA method result is not as
accurate as the modified finite element result, compared with the analytical result.

The time histories of the radial velocity of the points (R=I, 0 = 0) and (R=I, 0 =
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7r) are plotted in Figure 13. The oscillations of the velocity obtained with the DAA
decrease rapidly, which shows excessive damping in the calculation. The velocity
obtained with the MFE compares much better with the analytical result than does
the DAA. However, there is a larger difference between the a_nalytical and the MFE
solutions for this result as compared to the previous result shown in Figure 12.
It should be noted that the analytical results, Ref[7], were obtained using a series
expansion and therefore can be made to converge to an exact solution; however, the
results given appear to have some numerical error. The error is dearly indicated
in the velocity response at 0 = 7r as the analytical result shows some movement
before any wave has arrived. The MFE result has high frequency oscillations for
the velocity at 0 = 0. Since the analytical result is obtained with an eight term
series, it may not be able to calculate this high frequency oscillation. The question
of whether this oscillation is a real response or a numerical error will be investigated
with a mesh and time step refinement study as part of future development work.

The MFE used significantly more computer time for this problem than DAA,
due to the fact that more DOF are being analyzed than in the DAA. Since only a few
structural DOFs are being used, the advantage of solving the banded matrix equa-
tion of the MFE over the full matrix equation of the DAA was not demonstrated.
For some very large problems (say > 10,000 DOF) with a long geometry such that
the matrices have a small band width, the advantage of solving the banded matrix
equation will be more apparent and it is expected that for that case, the MFE and
DAA will use comparable computer time.

8. Conclusion and Discussion

The modified finite element procedure (MFE) has been introduced to analyze
underwater shock problems. The results of the examples show that the procedure
can give highly accurate results. Because the incident wave is calculated analytically,
the artificial damping used in the procedure does not affect the result, and the
approximate non-reflection element works well also.

As stated in the last example, the MFE used significantly" more computer time
than the double asymptotic approximation method (DAA), due to the fact that for
this example more degrees of freedom (DOF) are being analyzed than in the DAA.
For some very large problems (say > 10,000 DOF) with a long geometry such that
the matrices have a small band width, the advantage of solving the banded matrix
equation will be more apparent and it is expected that for that case, the MFE and
DAA will use comparable computer time. An advantage of the MFE procedure
is that a mesh and time step refinement study can be performed to evaluate the
accuracy of the results• Finally, with the MFE procedure, cavitation effects can be
analyzed by putting water elements which can handle cavitation inside the fictitious
wet surface, Ref[8].
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Figure 3: Free End Velocity History of Regular Finite Element Procedure Without Damping
of the One-Dimensional Example
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Figure 5: Variable Size MFE Mesh of the One-Dimensional Example
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Figure 6: Reflected Pressure at X = 0
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