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ABSTRACT

The evolution of a diffusive scalar field subject to turbulent stirring is investigated by
comparing two new modeling approaches, the linear-eddy model and the clipped-laminar-
profile representation, to results previously obtained by direct numerical simulation (DNS)
and by mapping-closure analysis. The comparisons: indicate that scalar field evolution is
sensitive to the bandwidth of the stirring process, and they suggest that the good agree-
ment between DNS and mapping closure reflects the narrowband character of both. The
new models predict qualitatively new behaviors in the wideband stirring regime corre-
sponding to high-Reynolds-number turbulence.

INTRODUCTION

The advection of a passive, diffusive scalar field, whether by a deterministic or a stochastic
stirring mechanism, is a process whose richness becomes increasingly apparent as various configu-
rations are investigated. Diverse models of this process have been formulated, motivated by their
interesting mathematical properties or by their implications for turbulent mixing.

Here, results previously obtained by two methods, direct numerical simulation and mapping-
closure analysis, are reassessed in the context of two new models that are proposed. One of the
new models is based on the linear-eddy approach, in which mixing is simulated in one spatial
dimension by means of a stochastic process that emulates turbulent advection [1]. The other
new model is the clipped-laminar-profile representation (CLAPR), a geometrical construction that
subsumes the results of mapping-closure analysis as a special case and generalizes the class of
advection processes that is treated [2j. The comparison of the two previous and two new methods
leads to new insights concerning both the mathematical properties of diffusion-advection and the
phenomenology of turbulent mixing.

Before introducing the new models, the DNS and mapping closure results are summarized. The
particular DNS configuration that is considered [3] involves a statistically steady advection process
based on numerical solution of the Navier-Stokes equation with stochastic low-wavenumber forcing.
Both the advection process and the initial scalar field are homogeneous and isotropic, to a sufficient
approximation, within a periodic box. The probability density function (pdf) of the initial scalar
field approximates the double-delta-function form /(</>; 0) = (\/2)[6{<t>-1) + 5{<j>+1)] corresponding
to two initially unmixed streams. Under the influence of advection and diffusion (with Schmidt
number 5c = 0.7), the pdf f{<f>; t) evolves toward the large-* asymptote 6(0). The evolution of the
pdf is the principal focus of the present investigation.
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Mapping-closure analysis [4j has been used to predict the family of pdf shapes obtained during
this evolution, parametrized by a time variable whose relation to physical time is undetermined [5].
The method of analysis is not discussed here, but a new geometrical interpretation of the result
that is obtained is outlined shortly.

Figure 1 shows families of pdf shapes obtained by DNS and by mapping closure. Prior to the
present investigation, no mechanistic interpretation of the good agreement between these families
had been offered. The new results presented here suggest an interpretation and provide additional
insights.
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Figure 1. Scalar Pdf Families from Direct Numerical Simulation (Top Left; Parametrized
by Rms Scalar Fluctuation <f>' Normalized by its Initial Value <#,), Mapping Closure (Top
Right; Parametrized by a) and Single-Scale Linear-Eddy Simulation (Bottom; Parametrized
b y 4>'/<t>'o)

249



CLIPPED-LAMINAR-PROFILE REPRESENTATION

A purely geometrical construction is used to obtain a family of pdf shapes. The mechanistic
significance of this construction is inferred by comparing the results to those of other models.

A pdf of the scalar <p is obtained by taking the spatial domain to be a collection of line segments.
The length 2w of a given segment is obtained by randomly sampling w from a pdf h(w). Denoting
spatial location within a segment by x, where —w < x < w, the spatial profile of 4> on each segment
is assigned to be

where a has the same value for all segments. For given h(w) and a, the pdf of 4> for the scalar field
thus defined is given by [6]

> = ( 2 )

where H(w) is the cumulative distribution function (cdf) corresponding to h(w) and the functional
dependence x(<p) is determined implicitly by Eq. (1).

In Eq. (2), the pdf is parametrized by a. Variation of a generates a one-parameter family
of pdf's, indicating that a plays a role analogous to the time parameter of the mapping-closure
analysis.

For (7 = 0, the spatial profile on each segment reduces to 4>(x) = sign(x), so f(<p:O) is of
double-delta-function form for any h(w), corresponding to the initial condition for the mixing
problem under consideration. In the limit a —* oo, 4>{x) becomes identically zero, indicating that
the physically correct final state is reached. For finite a, the concentration profile on each segment
corresponds to a solution of the diffusion equation on an infinite one-dimensional domain. This
does not in itself justify the adoption of this functional form on clipped (finite) domains because it
neglects interactions between neighboring interfaces, not to mention the effect of advection.

The motivation for the error-function ansatz is that it allows a result of mapping-closure anal-
ysis to be reproduced. Namely, if the cdf of the segment-length parameter w is taken to be
H{w) = 1 — exp(—w2), then Eqs. (1) and (2) yield a family of scalar pdf's that is identical to
the mapping-closure family [6]. Moreover, by parametric variation of the functional form of H{w),
other families are obtained that may be compared to the mapping-closure family in order to identify
the mechanistic origin of particular behaviors.

For this purpose, cdf's of the form

H(w) = 1 - exp(-u;n) (3)

are considered, where the case n = 2 corresponds to the mapping-closure result. The key property
of Eq. (3) is that the bandwidth of H(w) increases with decreasing n. The family of scalar pdf's
corresponding to n = 1 is shown in Fig. 2. Unlike the pdf's in Fig. 1, this family exhibits a regime
of trimodality during its transient evolution.

This behavior can be understood as follows. A wideband segment-size distribution corresponds,
for intermediate a values, to a large number of segments much smaller than a and a few segments
much larger than a. The many small segments have <p profiles entirely contained within a small
neighborhood of 0 = 0, therefore contributing a peak in the vicinity of <p = 0 to the pdf of <t>. The
large segments, though few in number, contain a large enough fraction of the total scalar domain so
that their contribution to the pdf is significant. On these segments, a is so much smaller than w that
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the scalar on these segments is predominantly unmixed, corresponding to the double-delta-funrtion
form of the scalar pdf. The combination of the two contributions accounts for the intermediate
trimodality.

Though this reasoning relates properties of the scalar pdf to geometrical properties of CLAPR.
it does not assure that these considerations are pertinent to turbulent mixing. A qualitative justifi-
cation of this extension is as follows. High-Reynolds-number turbulence consists of eddies spanning
a wide dynamic range, including large, slow eddies responsible for initial length-scale breakdown and
numerous small eddies that rapidly complete the homogenization process. Due to intermittency,
different localities within the flow will be at different stages of length-scale breakdown at a given in-
stant. Some fluid parcels will have achieved a degree of breakdown such that rapid homogenization
occurs, while others will be in a largely unmixed state.

Thus, a connection between trimodality and eddy dynamic range is plausible in the turbulent
mixing context. The quantification of this connection by means of a mixing model is now considered.
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Figure 2. Scalar Pdf Families from CLAPR with n = 1 (Left) and Multi-Scale Linear-Eddy
Simulation (Right)

LINEAR-EDDY MODEL

The linear-eddy model is a stochastic simulation of advection-diffusion formulated so as to
capture the essential mechanistic features of the process in a computation that is affordable at
high Reynolds number (Re). The modeling strategy is to maintain full spatial resolution, so that
molecular diffusion can be correctly implemented, but to simplify the computation by reducing the
problem to one spatial dimension. Since continuum flow cannot be implemented in one dimension
(except for trivial Galilean transformations), advection is represented by a random sequence of
instantaneous events. Each event involves spatial rearrangement of a randomly selected interval of
the spatial domain. The rearrangement is a mapping, denoted the "triplet map," of the interval
onto itself.

This mapping is conveniently defined as a two-step process. First, the scalar field within the
chosen interval is replaced by three compressed copies of the original scalar field within the interval.
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Each copy is compressed spatially by a factor of three so that the three copies fill the original
interval. Second, the middle copy is spatially inverted ("flipped").

Graphical illustrations and a formal mathematical definition of this map, as well as a mechanis-
tic rationale for this formulation, have been presented [lj. The triplet map captures, in one spatial
dimension, the essential properties of the baker's map as commonly applied to mixing problems. In
particular, a spatially homogeneous, statistically stationary sequence of triplet-map events induces
exponential growth of material-surface area. In this and other respects, the rearrangement process
emulates compressive strain effects in turbulent flow [1].

Operationally, the linear-eddy model is implemented as a Monte Carlo simulation. Molecular
processes evolve in a conventional manner based on deterministic finite-difference solution of the
governing equations. Thif deterministic evolution is punctuated by the stochastic rearrangement
events.

In the simulations considered here, the size of the mapping interval either is fixed or is randomly
selected for each rearrangement event based on a size-versus-frequency distribution corresponding
to the eddy-size distribution in inertial-range turbulence. These are denoted the single-scale and
multi-scale formulations, respectively. Viewing each mapping event as the model analog of an eddy,
comparison of these formulations allows an assessment of the impact of eddy dynamic range on
mixing properties.

Scalar field statistics are gathered from the simulation by running an ensemble of realizations for
a given initial condition and mapping interval size-versus-frequency distribution. Each realization
constitutes a scalar field time-history. Thus, the time evolution of quantities such as the scalar
variance and scalar dissipation, as well as the family of pdf shapes, can be extracted.

For comparison to the DNS results, the initial scalar field and molecular diffusivity are assigned
in conformance with the DNS calculation. For the multi-scale formulation, the size-versus-frequency
distribution is determined by matching the turbulent diffusivity and dynamic range of the DNS flow
field. For the single-scale formulation, the eddy size is chosen so that kurtosis of the linear-eddy
scalar pdf converges to the same large-t asymptote as the DNS scalar pdf. The eddy frequency is
chosen to match the DNS turbulent diffusivity. The rationale for this procedure, and additional
details, are presented elsewhere [2,7].

The scalar pdf evolution obtained in this manner for the single-scale formulation is shown in
Fig. 1. It is in close correspondence with the pdf evolution indicated by DNS and mapping closure.
The multi-scale formulation yields the pdf evolution shown in Fig. 2. That formulation is seen to
be in close correspondence with the CLAPR result for n = 1. Several aspects of these comparisons
are noteworthy.

First, the linear-eddy results exhibit the relationship between trinaodality and eddy dynamic
range that was discussed in the previous section. This supports the mechanistic interpretation of
trimodality as an intermittency effect arising in flows with disparate times scales governing initial
length-scale breakdown and mixing completion, respectively. Moreover, the agreement between
CLAPR and linear-eddy pdf families indicates that pdf evolution may be insensitive to other aspects
of scalar field structure or evolution mechanisms.

Second, the connection between pdf evolution and dynamic range, in conjunction with the
good agreement between DNS and single-scale linear-eddy results, suggest that the DNS calculation
corresponds to a narrowband rather than a wideband mixing process. This inference is supported by
additional comparisons of DNS and single-scale linear-eddy results. For example, scalar variance and
scalar dissipation time-histories obtained from the single-scale linear-eddy simulations are in good
agreement with corresponding time-histories obtained from the DNS calculation [2j. The multi-
scale linear-eddy results do not agree as well [7], and the nature of the discrepancies suggests that
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this is due to higher stirring bandwidth in the linear-eddy simulations than in the DNS calculations
[2]. This implies that, for the moderate Re at which the DNS is implemented, it does not capture
the qualitative features of mixing at high tu bulence intensity. In particular, it does not exhibit
intermittency effects associated with wideband mixing processes. Linear-eddy simulations indicate
that stirring bandwidth influences not only the transient evolution but also the large-/ asymptotic
form of the pdf [2,7).

DISCUSSION

The comparisons among diverse representations of turbulent mixing indicate the likelihood
of high-i?e effects that are not apparent at Re values presently accessible using DNS. This raises
the following question concerning the interpretation of DNS results. DNS may be viewed as a
representation of a small region within a large flow, and as such, should capture the fine-scale
properties of that flow (e.g., molecular mixing), however large the flow Re may be. This is true
especially when scalar fluctuation length scales are small compared to the DNS box size, so that
large-scale entrainment intermittency does not play a role in the mixing process. What, then, is
the difference between mixing in a small region within a large flow and the DNS representation of
mixing in that region?

The difference is a consequence of the statistics of the low-wavenumber forcing adopted in DNS
computations. The low-wavenumber energy input rate corresponds to the mean energy dissipation
rate of the flow, incorporating order-unity random fluctuations of the instantaneous input rate
relative to the mean. In high-i?e turbulence, however, the variability of the energy dissipation rate
at a small scale corresponding to the DNS box size is much larger than the mean energy dissipation
rate. This extreme variability is a manifestation of the concentration of energy in a small, ostensibly
fractal subset of the flow volume [8].

To represent this extreme variability within DNS. it would be necessary to adopt a low-
wavenumber forcing consisting of long periods of near quiescence interspersed with brief periods
of intense activity. Though it is impractical to implement this computationally, a thought exper-
iment readily indicates its consequences for mixing. If an ensemble of initial-value problems were
computed in this manner, at intermediate times (i.e. several large-eddy turnover times based on
the mean energy dissipation rate), most realizations within the ensemble would experience little
advection and therefore would remain unmixed, but a few realizations would experience intense
advection and become well mixed. Gathering the pdf over this postulated ensemble of DNS realiza-
tions, it is plausible that the pdf would more closely resemble the wideband results obtained using
CLAPR and the linear-eddy model than the results of DNS as implemented to date.

As yet, there is no direct experimental or computational evidence of the validity of this conjec-
ture. If this picture of turbulent mixing holds true, then it is necessary to incorporate the influence
of fluctuations at all length scales in order to obtain a turbulent mixing model with the physically
correct fluctuation properties. The linear-eddy model is an economical formulation that satisfies
this requirement. For flows whose multidimensional large-scale structure cannot be represented
within the linear-eddy framework, a modeling approach that is presently being pursued involves
the use of the linear-eddy model as a subgrid model within large-scale flow computations such as
large-eddy simulations [9,10].
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