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ABSTRACT

Magnitude and phase related issues of modeling of ocean wave kinematic? are addressed. Causal and non-causal
filters are examined. It is shown that if for a particular ocean engineering problem only the magnitude representation
of wave spectra spatial relation is critical, analog filters can be quite useful models in conjunction with the technique
of statistical linearization, for calculating dynamic analyses. This is illustrated by considering the dynamic response
of a simple model of a guyed tower.

INTRODUCTION

A rational analysis of offshore structures exposed to wave-induced loads requires the estimation of the fluid
kinematics at different spatial locations along the structure. In fact available kinematics information at one point on
the water surface, must be propagated on a spatial grid that is commensurate with the structural analysis procedure
used. Both vertical and horizontal kinematics propagation are important in this context. However, each of these
propagations features a peculiar behavior not present in the other. For example, the vertical propagation is not
accompanied by any phase shift, while the horizontal propagation features no attenuation. It is obvious, therefore,
that no single filter can be used in addressing both the horizontal and the vertical propagation issues. Examples of
filter approaches to wave kinematics representation can be found in other references [1-5]. For the vertical propagation
case, a filter should be designed possessing a phase that is independent of depth. This criterion will relinquish the
traditional control over the magnitude of the transfer function, in favor of control over the phase. It will be shown
that this criterion can only be satisfied if a non-causal filter is used, thus resulting in a symmetric Moving Average
(MA) design. In contrast, the horizontal propagaf'on problem can be best accomplished using a filter with constant
magnitude, but with a phase that approximates the known phase of the wave propagation. This latter can be
obtained based on the dispersive character of horizontal kinematics propagation. The propagation of horizontal
wave kinematics is accomplished using an all pass filter with a nonlinear optimization criterion to match the phase
response function.

Once filters have been designed for representing the wave kinematics, they can be used efficiently not only for
synthesizing time histories, but for conducting, as well, dynamic analyses of offshore structures. Attention to the
analytical advantages of filter approaches to ocean wave kinematics representation has been called in references such
as [5].

In this paper, the analytical advantages are demonstrated, in conjunction with the technique of statistical lin-
earization [6] for predicting the random response of a guyed tower.

FILTER DESIGN

The analysis of the propagation of wave kinematics at intermediate water depth relies on the Airy, or linearized
wave theory. First, an analysis of the vertical propagation of wave kinematics, from a perspective of amplitude and
phase, will be considered.

Vertical Propagation of Wave Kinematics

The spectrum of the horizontal velocity of particles at any location z measured from the bottom is given by the
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equation [5]

where S , , denotes thfi spectrum of the surface particle elevation. The above equation can be normalized using the
following substitutions,

2 -
9 a = - , (2)

where d denotes the local water depth, and g denotes the acceleration of gravity. The resulting normalized equation
has the form

9 Snn{

Adopting the procedure described by [3,6], equation (3) can be approximated using the rational function

4 4
- - u7W">

(3)

_ - ^ — ^ - — ^ , (4)

where u>i, wj, f i , (2 are coefficients dependent on a. The right-hand side of the above equation can then be factorized
as

5u(a>) = JB J(iw)J3r«(-i0) , (5)

where HUJ denotes the frequency response function of the kinematics propagation iilter at depth z and is given by
the equation,

The impulse response function corresponding to the function Hux(s) is given by

where

l -

- C?) [(w? -

(7)

(8)

(9)

< fa < 1

h = - wf) - 2Ca«j

(11)

(12)

^ ; - | < * 2 < | - (13)

The vertical propagation of the vertical velocity component can be treated in a similar fashion, starting with the
following nondimensional form of the spectrum,

which is replaced by the following rational approximation,
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$ , (« )* 5,(«) = - i/2)2 + (2/3wS)2] [1 + (ai)2] '

This spectrum can again be factorized using the transfer function Hvl which is given by the equation,

. ,2

(15)

(16)t n ' ~ [w2 -»* + J2j3uw\ [1 + jew] '
where u, /?, and c are functions of a. Again, the coefficients in the above rational approximation are usually evaluated
so as to minimize a measure of the error between the target spectrum and its approximation, and are therefore a
function of the fractional depth a. The impulse response function corresponding to the transfer function of this
spectrum can be shown to be equal to,

+*)

where

(17)

(18)

The above formulations using cascaded single-degree-of-freedom models are based on an optimality criterion that
minimizes the error between the magnitude of the target and approximating spectra. Filters developed in this fashion
have a number of desirable properties, including a rational form of the spectrum which can be realized in the time
domain using cascaded differential operators. By restricting the error norm to the magnitude of the approximating
function, however, control is lost over the behavior of its phase. The implication of this fact on the simulated
process, is that although the magnitude of particle velocities are adequately reproduced, their phase relations are
arbitrary. This phenomenon can be crucial in designing structures to accommodate fluid-structure interaction where
the cross-correlation of the exciting force along the length of the structure is important. Based on this argument, it
is apparent that a constant phase is a desirable feature of a simulated process along the depth. Phase information
can be incorporated into the design of the filter by recasting the problem into a single-input-multi-output (SIMO)
framework [7] with the surface elevation being the input, and the kinematics at the various locations along the depth
being the outputs. In case the surface elevation is not a white noise process, it can always be considered as the
output of a digital filter to white noise input, and the system equations can be augmented accordingly. Based on the
kinematics propagation equations presented above, it can be shown that the phase transfer function for the vertical
propagation of the horizontal and vertical velocity components can be approximated by the following functions,
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M) = tan

for the horizontal component, and

for the vertical component. Both of the above expressions for the phase responses of the filter feature nonlinear
dependence on frequency and depth. Figures (1) and (2) show these phase spectra for different vertical locations.
Note that as much as 2ir rd phase difference can occur between values of a given realization at different water depths.
This is in contrast with the desired situation of zero-phase shift of the simulated process along the depth coordinate.
Such an ideal situation can be accommodated by using the following real transfer functions relating the kinematics
at the surface level to those at a specified depth.

and

The above functions are obtained by considering the square root of the spectrum for the propagation of the associated
kinematic, prior to making a rational function approximation. These transfer functions cannot be realized using causal
filters since they do not satisfy Kramers-Kronig relationships which require the real and imaginary parts of a transfer
function to be Hilbert transforms of one another. Infinite impulse response (IIR) filters cannot therefore be utilized
in this case, and only finite impulse response (FIR) filters are adequate for this task. This conclusion is expected
since the purpose of the filter is to simulate spatial variability of various kinematic quantities, and causality is a
property inherent only in processes with a preferred direction of propagation, this not being the case for the vertical
propagation of wave kinematics. As will be demonstrated below, this non-causality does not apply for the horizontal
propagation of wave kinematics, which again is expected in view of the preferred propagation in the direction of the
wave motion.

Coming back to the vertical propagation of wave kinematics, a two-sided, moving average (MA) filter can be
designed, based on an algorithm by Borgman [1]. The algorithm provides a mean for simulating the time evolution
of a specified wave kinematic at a specified vertical propagation distance, and a specified water depth and wind
velocity. The algorithm can be realized using the following equations,

1 f"Q

B« = — /
We Jo

(23)

tlTU)
—-)<L> (24)

ao = Ao, an = i4B + Bn , a_n = An - Bn . (25)

In the above equations, the subscript * on H is used to represent either of the horizontal or the vertical component,
and »(.) and $>(.) denote the real and imaginary components of a complex quantity, respectively. Once the above
coefficients have been calculated, the simulation can be performed using the following equation,

N

W = Y, a n * i - n ; k = N + l,N + 2 , . . . , (26)

where n denotes the nth time step. The time step A being related to the cut-off frequency uic through the Nyquist
relation, At = —. For the particular case at hand, and since the transfer functions involved are real, the coefficients

Bn above are identically zero, and the coefficients of the filter thus obtained are symmetrical about the origin. Figure
(3) shows a typical result for the transfer function associated with a filter designed according to the above criteria.
Note that the filter features zero phase response over the entire frequency range.

Horizontal Propagation of Wave Kinematics

The above treatment is specific to the vertical propagation of water wave kinematics in intermediate water depth,
and it relies on the particular form of the transfer function. The above recommendations are intimately associated
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with the fact that along the vertical direction, wave kinematics should be subject to pure attenuation with no phase
lag. For the horizontal propagation of wave kinematics, the picture is quite different. In this case, no attenuation is
expected, and the propagation is expected to be dispersive. The transfer function for any kinematics of interest in
this case, is given by the following equation,

n x (w, OkX) — e — e , /x — — ~ . \£i)
a

In general, the cut-off frequency for the Pierson-Moskowitz wave spectrum is a function of the wind velocity. The
transfer function, and therefore, the coefficients of a digital filter will in general be a function of the local water depth
and the wind velocity, as well as of the propagation distance Ax.

All-pass filters provide an attractive alternative for the horizontal propagation problem. These filters have a
constant transfer function over all frequencies, thus providing no magnitude attenuation, which is commensurate
with the horizontal wave propagation phenomenon. These filters have the feature that their poles and zeros are
complex conjugate of one another. Stability requirements are satisfied provided &(p>) < 0 where pj are the zeros
appearing in the expression for the transfer function,

+ P i ) • • • ( (28)

The phase spectrum corresponding to the all pass filter can be evaluated using the following expression,

(29)

where D(u) is the complex denominator in the expression for the transfer function. The filter coefficients are
evaluated to approximate the phase of the desired transfer function. This is a significant departure from the more
common problem of matching the magnitude of the transfer function. The determination of ihe coefficients based
on this criterion involves a nonlinear optimization problem which can best be solved using the Levenberg-Marquardt
algorithm. As an example, the transfer function of a second order all pass filter is given by the equation,

where wo, C> a n d w represent the natural frequency, the critical damping, and the independent frequency variable,
respectively.

M#tH»*foHi
WM.Kkm D.tM

•

0«U3M n

/

/

f

uamo
— — TfclllWll
— — mm*m»

u

M

M U M U M

Orator Fraqumey (wVMe)

.$0Kn,d-S.31ns )

•» « 1* 14 t» U

Ctrcuhf Frtqutncy (radfttc;

Pi* >M<A PIIUT AppratautlM of Vutleal prapigitlan

of HorUoatil VttocUjr COST oainl ( MA FtiUr Order . 10)

The phase of this second order system can be expressed as,

(31)

275



The target phase, based on the transfer function for the horizontal propagation is given by,

0,(u) = -<c(w)Ai , (32)

where «(w) is a frequency dependent wave number. Thus the optimization problem involv.s computing the filters
coefficients so as to minimize th.- error given by the following expression,

(33)

A number of properties of this procedure are notable. In particular, the distance over which the filter can
successfully propagate the wave kinematics depends on the filter order. An nth order oscillator model can feature a
phase shift of up to TIT. Thus the maximum phase shift attainable by the filter imposes limitations on the distance
through which the propagation can be carried out. Also, for a given wind velocity, the maximum propagation
distance is restricted since the product KAS must lie within the maximum phase delay of the filter, and the value o(
K is dependent on the wird velocity. Figure (4) shows the matching between the target and the approximate phase
response for a typical set of parameter values.

STOCHASTIC DYNAMIC ANALYSIS OF A GUYED TOWER

It has been shown in the preceding section, that both magnitude and phase characteristics of wave kinematics
spectra can be captured by filters. If only magnitude characteristics are important, the analog filters, such as the
ones associated with equations (4) and (15) can be useful for expeditious studies of offshore structures. This point
will be addressed in this section by considering the dynamic response of a guyed tower to random waves.

The governing equation of motion of the guyed tower considers its rigid body motions about the base hinge. The
motion in a plane can be obtained by taking equilibrium about the base. Thus, the governing equation is [8],

JQ9 + cd29 + Rxzea + (FiZh - Wze, -Rtzce)9 = F{t)h. (34)

In the above equation, Jo denotes the mass moment of inertia of the platform about the base, including the added
mass effects, d is half the depth of the idealized tower, W denotes the combined weight of the platform deck and
of the tower. Also, Ft denotes the buoyancy of the platform, zCf and *» denote the distance from the base of the
centers of gravity and buoyancy of the tower alone without the deck, and zca denotes the distance from the base of
the attachement point of the cables. All of the above distances are measured parallel to the tower centerline. The
symbol F(t) denotes the total wave force acting on the tower and A is the center of action of this force. Furthermore,
Rx and Rt denote the horizontal and vertical restoring forces, and are given by

Rr = ciO + CJ03 (35)

R, = ei + c79
2 , (36)

where 9 denotes the rigid body rotation angle of the tower. Substituting the above expressions results in the following
equation of motion,

Job + cdH + (z^ci - Wtc, - reaci + F»r») 9 + zca (c2 - £j) 9s = F(t)h . (37)

The above equation of motion is simplified using the technique of equivalent linearization [5,6], and is rewritten in a
non-dimensional form as

9 + 200*09 + u>lt8 = M(t), (38)

where u>o, denotes the natural frequency of the equivalent linear system. The wave elevation is considered to be
a random process, stationary in time and homogeneous in space. In addition, it is considered to be a zero-mean,
Gaussian process, specified by the Pierson-Moskowitz spectrum. The wave field kinematics are assumed to follow
the linear wave theory. The force on the structure is estimated by the use of the Morison equation. Using ail of the
above assumptions and the equivalent linearization technique for the non-linear drag term, an approximate model
for the spectrum of the wave-induced moment M(t) about the base can be obtained as [8],

Cbw)' ' ( 3 9 )

where the coefficients Go, A"o, and Co are obtained through least-squares approximation to the Pierson-Moskowitz
spectrum as discussed by [5]. It can be shown that a process whose spectral density function is a rational function
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can be realized as the output of a linear system of appropriate order excited by a generalized derivative of white
nokie. In this case, the process M(i) is the solution to the following equation, where VV(i) denotes a white noise
process,

M + C0M + K0M=\/GlW(t) . (40)

Differentiating the equation of motion twice with respect to time, the equation (40) can be incorporated into equation
(38) yielding the following fourth order equation,

6IV + aA9'" + azS11 + a26' + ax0 = \/G~0W(t) ,

where the various coefficients are given by the following equations,

va\ =

(41)

a^ = 2/do^o ~H Co • (42)

The above formalism involves the derivative of a white noise process, a quantity that is defined in a generalized sense
From an engineering perspective, the parameter 8 is merely the derivative of the response of a fourth order linear
system with characteristic equation in the Laplace domain given by

A(*) = s4 + a3s3 + O2«2+ais + ao (43)

and excited by a white noise process with constant power spectrum equal to Go- Thus, the variance <r| can be
determined ty the equation

-L
where i = %/—1, and |.| denotes the modulus of a complex function. Clearly, the power spectrum of 0 is

a] l(K0 - (Cow)'] '
from vhicii its variance can be calculated to be

<crj > = 2 2

(44)

(45)

(46)

The analytical form of the integral in equation (44) belongs to the class of integrals which can be calculated
analytically as described in [9]; particular attention for its application in offshore engineering has been called in [5].

N U M E R I C A L E X A M P L E

The approach described in the previous section is applied to an example featuring an idealized guyed tower. The
details of the specific values of the various parameters used can be found in [7]. The details of the regression analysis
to obtain the polynomial representation for the restoring forces can also ba found in that reference. The physical
set-up is shown in Figure (5). Table (1) shows the standard deviation at the deck-level of the guy tower for a number
of wind speed and associated wave height.

f Hodil of lrf(*l!z«d Cuytd Tourer

277



Wind (ft/s)

30
40
70
80

H. (ft)

5.81
10.38
31.84
41.58

Ho

0.84
0.52
0.20
0.16

0.11
0.88
0.062
0.041

Go (1011)

0.44
1.68
1.41
1.55

°xD (ft)

1.45
4.45

29.73
39.02

Table 1: Filter Parameters and Response Statistics

CONCLUSIONS

The problem of wave kinematics propagation was reviewed and new related concepts were introduced. Specifi-
cally, it was shown that causal filters cannot be effectively used to model the vertical propagation of water particle
kinematics. Moving average filters are found to be quite efficient for this situation. Filters were developed for the
propagation of both horizontal and vertical kinematics along a vertical line into the water. The horizontal propaga-
tion problem is complicated by the dispersive nature of gravity waves. This dependence on frequency of the velocity
of the waves was adequately modeled using an all pass filter. This filter featured non-attenuation of magnitude
while providing a nonlinear phase to represent the nondispersive nature. The filter was designed so that its phase
matches the theoretical phase of the kinematics propagation. The ease with which the various filters introduced can
be implemented was demonstrated in conjunction with the dynamic analysis of a simple model of a guyed tower.
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