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ABSTRACT

Several examples of mean-field calculations, relevant to the recent and planned low-
spin experimental works, are presented. The perspectives for future studies (mainly
related to spectroscopy of exotic nuclei) are reviewed.

1. Introduction

At first sight it is difficult to explain why a finite assembly of strongly inter-
acting nucleons in so many respects can behave like a set of independent particles
within a self-built shell model. However, particularly due to the Pauli blocking,
the mean free path of the nucleons increases by an order of magnitude inside the
nucleus, facilitating a mean-field description. The nucleonic motion may occur in
a highly correlated way, giving rise to rotational-like spectra as well as to large
intrinsic moments.

In the mean-field approach the average potential and the total energy is
a functional of the nucleonic density. The average nuclear mean field, in which
nucleons move as independent particles, can be obtained from the Hartree-Fock
(HF) theory. The starting point is the general two-body Hamiltonian

B = £ *"c-tc> + I Y, ^tictc^c,ck, (1)

where «,-,-« is the (antisymmetrized) matrix element of a two-body effective (density-
dependent) force. The wave function for a nucleus with A particles is approximated
by a Slater determinant whose orbitals are determined by a minimization of the
total energy. This variation leads to an eigenvalue-problem which defines both the
self-consistent single-particle orbitals {$•-,>= 1...A} and the single-particle energies

(t + r)$,- = «,-«,. (2)

The resulting self-consistent HF potential,

51 (3)
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depends on the orbitals through the density matrix p. The pairing components <«i
the effective force can be approximated in the framework of the BCS theory, or
they can be treated on the same footing as the particle-hole interactions through
the Hartree-Fock-Bogolyubov (HFB) theory. The solution of the HF(B) equations
gives the binding energy of the nucleus at the local minimum.

There exist many interesting phenomena associated with shape degrees of
freedom. Many regions of the nuclear chart are found to be well deformed, and
many nuclei have been found to have an excited state with deformation different
from that of the ground state. The explanation of all these phenomena has been
offered by the mean-field theory. This shows the power of mean-field calculations,
performed in the spirit of the HF, HFB, Relativistic Mean Field (RMF) method, or
in the more approximative but transparent Nilsson-Strutinsky approach (NS, shell
correction method).

In the first part of this Contribution, Sec. 2, self-consistent HF, HFB, and
RMF methods are used to make predictions for the spherical shell structure of exotic
drip-line nuclei. Section 3 contains selected results of recent NS calculations for the
hyperdeformed minima around 232Th. The concept of static (rigid) deformation is a
good approximation for well-deformed nuclei with large deformation energies. How-
ever, for transitional or vibrational systems with shallow potential energy surfaces
and small equilibrium deformations, the mean-field description is poor since fluctu-
ations (dynamical effects) due to missing many-body correlations play a major role.
A convenient way of treating nuclear correlations is the (Quasiparticle) Random
Phase Approximation (QRPA). An example of QRPA calculations for low-energy
isovector 1+ states in N~Z nuclei is presented in Sec. 4.

2. Spherical shell structure at particle drip lines

Nuclei far from stability have never been as close to us as they are now -
thanks to exotic (radioactive) ion beam (RIB) facilities currently under construc-
tion in Europe, U.S.A., and Japan. In the medium mass and heavy nuclei, explorers
are going beyond the proton drip line and are approaching very neutron-rich sys-
tems [1, 2]. Theoretically, the RIB physics is a challenge for well-established models
of nuclear structure and, because of dramatic extrapolations involved, it invites a
variety of theoretical approaches. Since the parameters of interactions used in the
usual mean-field calculations, such as the Skynne interaction in the HF approach,
are determined so as to reproduce the properties of beta-stable nuclei, the parame-
ters may not always be proper for use in the calculation of drip-line nuclei. In fact,
the predicted drip lines strongly depend on the models employed [3-6].

In a recent study [7] the global properties of shell structure of drip-line nuclei
have been discussed by means of three state-of-the-art mean-field models, namely
the HF and the HFB models with Skyrme-type interactions (SkP, SIII, SkM*),
and the RMF model with the NL1 and NL-SH forces. In order to analyze the
trends towards drip-line nuclei, the isobaric chains of nuclei with a constant A were
investigated.



The extreme situation expected at the A=100 drip lines is displayed in Fig.
1 for the proton-drip-line nucleus ^gSnso and the neutron-drip-line nucleus ĝZnTo-
Shown here are the self-consistent proton and neutron densities, and the central
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Figure 1: Top: Single-particle nudeonic densities of the NL1 RMF model for the A=100 drip-line
nuclei, 100Sn and 100Zn (neutrons: solid line, protons: dashed line). Middle (bottom): corresponding
single-particle densities (central potentials) of the SkP HF approach. (From ref. [71.)

potentials (plus the Coulomb potential for protons). It is seen that the densities
calculated in the HF and RMF models are fairly similar. A striking feature seen
in the neutron-drip-line nucleus 100Zn is the presence of a large diffuseness in the
neutron density, as well as in the proton potential. According to calculations, for a
given isobaric sequence the effective HF and RMF diffuseness of neutron densities
are very similar; they increase dramatically when approaching the neutron-drip-line
nuclei. On the other hand, the neutron radius parameter shows weak variations with
neutron number.

In the upper part of Fig. 2 the HF single-particle energies for the A=120
isobars are plotted as a function of N. Due to the finite radius of the box in which the
HF equations were solved, the calculated single-particle levels with positive energies
(continuum) are discrete. The results obtained in the RMF model are very similar.
(The positive-energy discrete states in RMF appear here as a result of the truncated
oscillator basis.) In both calculations it is seen that the bulk single-particle shell
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Figure 2: Spherical single-particle levels for the A=120 isobars calculated in the SkP HF model
(top) and SkP HFB model (middle) as a function of neutron number. The single-particle canonical
HFB energies are given by e*=('ftt|k|vpfc). Solid (dashed) lines represent the orbitals with positive
(negative) parity. The bottom portion shows the average neutron and proton gaps. (From ref. [7].)

structure exhibited by bunching of bound levels and the presence of magic gaps at
particle numbers 28, 50, and 82, does not appreciably change as one approaches the
neutron-drip-line. The positive-energy low-j continuum manifests itself through the
presence of many levels which practically do not vary as a function of N. Indeed,
since those states are not localized inside the nuclear volume their dependence on
the details of average potential is expected to be very weak (a weak Z-dependence
of proton continuum results from the change in Coulomb potential). It is also seen
that the combined effect of centrifugal and Coulomb forces gives rise to positive-
energy states which try to preserve their shell structure. Those can be interpreted
as quasi-bound resonances, especially pronounced for protons.

The pairing force may have a unique role in drip-line nuclei due to the scat-
tering of nucleonic pairs from bound states to positive-energy orbitals. In the HF



model with the state-independent seniority pairing, this leads to the presence of
unphysical "particle gas" surrounding the nucleus [8]. This problem is overcome in
the HFB method with a realistic pairing interaction in which the coupling of bound
states to continuum is correctly taken into account [8]. In order to describe the cou-
pling between bound states and continuum due to pairing, the HFB calculations
with the SkP force have been performed [7]. The lower portion of Fig. 2 shows the
expectation values «*=(¥* |fc|¥*) of the single-particle Hamiltonian, h=6El{FB/6p [9],
in the canonical basis. As argued in ref. [7], (i) the single-particle canonical energies,
ct, carry most information on the shell energy and (ii) the low-lying quasiparticle
excitations and proton and neutron separation energies, S~\+Et, are governed by

For the isobaric chain of A=120, the neutron Fermi energy approaches zero
near N=82. As seen in Fig. 2, the N=82 shell gap dramatically decreases near the
neutron-drip line. This effect is primarily caused by a lowering of single-particle
(canonical) energies of low-j orbitals relative to those of high-j orbitals. Such an
effect results from a strong interaction between bound orbitals and low-j continuum,
whereas the interaction with high-j resonance states is much less effective in modi-
fying bound orbitals. For heavier systems with N>82 there are more high-j orbitals
in major shells and the lowering of low-j subshells (which, in addition, are located
at the top of shells) is not sufficient to close the gaps. Therefore, the quenching
of shell effects at the neutron-drip line is only expected in the systems with N<82.
At the proton-drip line, the quenching occurs only for light systems with Z<28, be-
cause the Coulomb barrier prevents the low-j continuum from approaching bound
states. A quenching of this type has recently been demonstrated by the SkP HFB
calculations of spherical drip lines [6].

As discussed above, the diffuseness of the one-body neutron potential be-
comes larger as neutron number increases. Consequently, the shape of the potential
becomes more similar to that of an oscillator potential, see Fig. 1, and the neutron
single-particle spectrum for systems with large neutron excess can be well approxi-
mated by that of the Nilsson model without the I2 term.

3 . Hyperdeformed resonances

In heavy nuclei the best hyperdeformed states are the so-called third minima
in nuclei around 232Th. In these nuclei the second saddle point is split leading to
the weak reflection-asymmetric minimum with #,-0.85, /fe-0.35 [10, 11]. Experi-
mentally, the third rnir^m^Tn shows up as an alternating-parity microstructure of
resonances near the (n,f) fission thereshold [12]. Recent calculations based on the
Gogny-HFB model [13] predict the third minima to be deeper than in the previous
calculations based on the Nilsson model [11].

Recently [14], systematic calculations of potential energy surfaces of the
even-even Rn-Cm isotopes have been performed within the NS approach with the
axially-deformed average Woods-Saxon potential [15]. For the macroscopic part the
Yukawa-plus-exponential mass formula of ref. [16] was used. The particle-particle



interaction was approximated by the state-independent monopole-pairing Hamil-
tonian. The pairing energy was computed using the approximate particle number
projection in the Lipkin-Nogami version. The pairing strengths and the average
pairing energy were taken according to ref. [17].

According to the calculations, third minima appear in most actinide nuclei.
They are characterized by very large elongations, 02~O.9, and significant reflection
asymmetry, 0.35<^3<0.65. Figure 3 displays the Woods-Saxon potential energy

0.5

Figure 3: The Woods-Saxon-Strutinsky total potential energy for 232Th as a function of /32 and /?3.
At each (/32) 03) point the energy was minimized with respect to 0A-07- The distance between the
contour lines is 0.5 MeV. (From ref. [14].)

surface for 232Th. The heights of the second and third barrier (saddle point) are
1.4'MeV and 2.9 MeV, respectively. This should be compared with the value of
~400keVfromref.[ll].

The equilibrium shapes of 23aTh are displayed in Fig. 4. The results for other
nuclei are qualitatively the same. The most interesting observation is that the
structure of the third minimum corresponds to a bi-nuclear configuration involving
a spherical (or nearly-spherical) heavy fragment around 132Sn and a very deformed
lighter fragment around 100Zr. Since at the third minimum the neck is already
well developed, it is expected that the mass distribution of fission fragments should
be largely determined by the structure of the hyperdeformed configuration. This
results agrees nicely with the results of the harmonic oscillator scheme of ref. [18].
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Figoie 4: The equilibrium shapes of 232Th: giound-state (top), fission isomer (middle), and hyper-
deformed minimum (bottom). (From ref. [14].)

4. Low-lying 1+ states in the medium-mass N=Z nuclei

Spectroscopy of nuclei with Tt < 0 will certainly become one of the main
arenas of investigations around the proton drip line. It has been shown experi-
mentally that shape coexistence, large deformations, the presence of well-deformed
intruder orbitais, quenching of pairing correlations, low-lying octupole states, and
dramatic shape changes induced by rotation are quite common phenomena in the
zirconium region (Z~N~40). The microscopic reason for such a strong variation of
collective properties is the low single-particle level density in these medium-mass
nuclei. Because of spectacular shape effects, relatively small size, and high collec-
tivity, the nuclei from the A~80 mass region have become favorite testing grounds
for various theoretical approaches. Calculations based on the mean-field approach
applied to nuclei in the light-Zr region suggest an interpretation of experimental



data in terms of well-deformed prolate shapes, weakly-deformed oblate shapes, and
spherical (shell-model) configurations [19-21].

In the A~80 region both protons and neutrons lie in the same (pi/2,P3/2i/s/2,
g9/2) shell. For T.~0 systems, the proton and neutron shell corrections add coher-
ently and, consequently, dramatic shape effects are expected. A beautiful exper-
imental signature of large prolate deformations in the A~80 region, attributed to
the large single-particle gaps at Z,N=38 and 40, was observation of very collective
rotational bands in neutron-deficient Sr and Zr isotopes [22-24].

In the recent paper [25] predictions have been made for low-energy collective
Ml excitations around 76Sr. Since the Afl collectivity of low-lying 1+ states increases
with deformation (though the energies of those states may increase), it is anticipated
that in some well deformed nuclei in the A~80 mass region the strong magnetic
dipole strength should lie low in energy. In the A~80 mass region are several
good examples of very regular, rigid rotational bands. Among them are negative
parity bands in 76Kr and 78Kr built upon the first 7X=3~ state at 2258 keV and
2399 keV, respectively. These bands axe among the best normally-deformed rotors,
with remarkably large and nearly constant moments of inertia, jWsajW [26, 27].
Theoretically, those bands are associated with two-quasiparticle excitations built
upon the proton [431 3/2]®[312 3/2] Nilsson orbitals which happen to occur just
below the strongly deformed subshell closure at Z=38. (The proton character of
those bands was recently confirmed by the ^-factor measurement [28].) Other good
examples are the [312 3/2] band in 77Rb [29] and the [422 5/2] band in 81Y [30] that
have unusually large moments of inertia. In all those cases the BCS calculations
[31] suggest the dramatic reduction (or collapse) of the static pairing. Weak pairing
has important consequences for the low-energy electromagnetic transitions. Since
the B(M 1) values involving the ground state of even-even nuclei are proportional
to the BCS factor (u^Vu - t^a,,)2, weaker pair correlations enhance the low-lying Ml
strength.

The deformation dependence of 1+ states is a current subject of both experi-
mental [32, 33] and theoretical [34-37] studies. The low-energy B{M 1) strength (de-
fined as the summed strength over a given energy interval) increases with quadrupole
deformation as, roughly, /?|. Recently, it was demonstrated in ref. [37] that the sum
of B(M 1) values in the region of Ex<10 MeV at heavy superdeformed nuclei around
152Dy and 192Hg was several times larger than that at normal deformations. The
reason for this enhancement is twofold. Firstly, the proton convection current con-
tribution to B(M1) increases with deformation and at strongly deformed shapes
becomes comparable to the spin-flip contribution in the low-energy region. Sec-
ondly, as discussed above, the B(M\) strength increases if the pair correlations are
weak.

Since some of the A~80 nuclei are very well deformed in their ground states,
their equilibrium deformations exhibit rapid isotopic and isotonic variations, and
their pairing correlations are predicted to be weak due to deformed subshell closures.
Because the Kr, Sr, and Zr isotopes have these characteristics, they are ideally suited
for investigations of the low-energy Ml strength and its deformation dependence.
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(The lighter and heavier systems, such as Ge, Se, and Mo, are less deformed and
r-soft.)

The properties of the i f = r states have been investigated using the QRPA
Hamiltonian of ref. [38] containing the single-particle Woods-Saxon Hamiltonian,'
the monopole-pairing field, a long-ranged residual interaction (mainly of quadrrpo-
le-quadrupole type), and the spin-spin residual interaction.

As a representative example, results of calculations for Sr isotopes are shown
in Fig. 5 which shows the excitation energies of the low-lying K*=l+ states. The
values B(Ml;g.s -* 1+) (in /t%) axe indicated. The upper diagram was obtained by
using the standard pairing gaps. According to calculations, pairing correlations in
the excited states of Sr-Zr are expected to be seriously quenched. Therefore, we
performed a second set of calculations with Ap and An reduced by 50% with respect
to the standard values. As expected and seen in Fig. 5, the B(M 1) values calculated
in the "weak pairing" variant are approximately twice as large as the Ml rates
obtained in the "standard pairing" variant.

The best candidate for low-lying enhanced 1+ states in the A~80 mass region
is the N—Z nucleus 76Sr. Shown in Fig. 6 is the B(Ml;g.a. — 1+) strength of the
calculated K*=l+ QRPA excitation modes in 76Sr as a function of excitation energy.
In both pairing variants of calculations, there appears only one low-lying 1+ state
which has unusually strong Ml collectivity. In the "weak pairing" variant this state
is predicted at 2.2 MeV and the corresponding B(M 1;g.a. —> 1~) transition is 2.16 p%.
The main components of the wave function of the 1+ state in 76Sr are the w(ff9/2)

2

and i/(g9f2)
3 excitations involving the two Nilsson orbitals [431 3/2] and [422 5/2].

The contribution to the B(M 1) strength coming from the unique-parity bigh-
j excitations, such as (/in/2)2 or (jfo/2)2, has a simple shell model interpretation (in
terms of a single-.; shell) and cannot be viewed as -.oming from a collective "scissors"
mode (see discussion in ref. [38]). The synthetic orbital scissors state is defined as

.3.), (4)

where Jf is a normalization factor and the parameter a is determined by the require-
ment that the mode (4) is orthogonal to the spurious reorientation mode [37, 39, 40],
i.e.,

a = (g.s.\jin)l^\g.s.)/{g.,.\/l¥^\g.s.). (5)

The calculations show that for the lowest 1+ state in 76Sr the overlap between
its QRPA wave function and the state (4) is only about 12%. Consequently, al-
though this state is predicted to carry an unprecedented Ml strength, it cannot be
given a geometric interpretation of the "scissors" mode. The K*=l+ isovector giant
quadrupole resonance in 7BSr lying at £ex~32 MeV carries a significant Ml strength
(~4 M/v) a n d contains a major component of the "scissors mode" (around 50%).

When moving away from T6Sr, the low-energy Ml strength becomes more
fragmented. Good prospects where to find large Ml strength at low energies are the
well-deformed prolate nuclei 78Sr, 80Sr, 80Zr, 82Zr, and 74Kr. The most promising
oblate-shape candidate is the N=Z nucleus ^Kr. Similar to 76Sr, the 1+ state in
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72Kr has a (j9/2)2 character. However, in this case the main contributions come-
from the high-fl substates, i.e., the *([413 7/2]®[404 9/2]) and «/([413 7/2]®[404
9/2]) configurations.

5. Summary

The present investigation has been focused on the microscopic structure of
nuclei at exotic conditions (far from stability, large deformations). Predictions have
been made about the nature and properties of yet unobserved structures. The most
important observations can be summarized as follows:

1. The self-consistent analysis based on the HF and RMF approaches indicates
that there is is a significant isospin dependence of spherical shell effects in
medium-mass and heavy nuclei. The most interesting prediction is that the
shell structure of neutron drip-line nuclei is dramatically affected by the in-
teraction with the continuum. Due to large diffusenesses of neutron density
and central potential, the single-particle spectrum of neutron-drip-line nuclei
resembles that of the harmonic oscillator with the spin-orbit term. Clearly,
the concept of nuclear surface and shape-deformations becomes rather weak
for neutron-drip-line systems. Also, there are significant differences between
predictions of HF and RMF models for isospin dependence of the neutron
spin-orbit splitting.

2. In heavy nuclei the best hyperdeformed states are the so-called third min-
ima in nuclei around 237Th. Our calculations based on the the Woods-Saxon-
Strutinsky model involving many deformation degrees of freedom predict hy-
perdeformed minima to be deeper than in the previous calculations. Interest-
ingly, the density distribution at the third miTiimiiTn looks like a di-nucleus
consisting of the doubly-magic 132Sn and a well-deformed system from the
neutron-rich A~100 region.

3. In the light zirconium region there are many excellent candidates for the low-
lying 1+ states with unusually large B(M1;Q+ -* 1+) rates, around 1-2 p2

N. The
best prospects are the Z=N nuclei, such as 76Sr, ^Zr, and "Kr, where protons
and neutrons contribute equally strongly to the Ml collectivity. Interestingly,
the unusually strong low-energy Ml strength in those nuclei has a simple inter-
pretation in terms of (ffg/z)2 excitations, i.e., it does not result from a simplistic
scissors mode. Also, it does not resemble the strong Ml transitions known in
the light Z=N nuclei, mainly of the spin-flip origin.
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