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ABSTRACT

This report describes the computer model and mathematical method
coded into the AECL Research computer program CRYOCOL. The
purpose of CRYOCOL is to calculate the separation of hydrogen
isotopes by cryogenic distillation.
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1. INTRODUCTION

Cryogenic distillation can efficiently separate mixtures of

hydrogen isotopes. Distillation exploits differences in boiling

point, or equivalently vapour pressures at a given temperature,

to separate components. The liquid and vapour move in opposite

directions along a column in a counter-current flow. Less

volatile components are separated from more volatile components

in successive stages of evaporation and condensation. Hydrogen

adds its own special features to the general process of

multicomponent distillation: the decay heat of tritium; the

nonideality of hydrogen isotope solutions; differences in latent

heat of vaporization among molecular species. A computer program

that calculates the separation of hydrogen isotopes is useful in

the design and operation of distillation columns. Some care is

demanded in the mathematical calculation of the column,

particularly because of the need to account accurately for small

concentrations of certain hydrogen isotopes. Multiple feed

streams and mulciple side streams, possible heat losses through

the column wall, and pressure drops along the column are issues

that affect the simulation.

This report describes the computer model and the mathematical

method coded into the AECL Research computer program CRYOCOL.

The program was requested, adapted, and adopted by the Chemical

Engineering branch in 1988. I chose the calculational method and

wrote the code with their considerable assistance.

2. MODEL FOR DISTILLATION COLUMN

The purpose of the computer program is to calculate the

separation of hydrogen isotopes by cryogenic distillation. The

three isotopes of hydrogen—protium, deuterium, tritium—form six



diatomic molecules: Hp|/ HD, HT, Dn, DT, and T,,. The operating

temperature of the cryogenic distillation column is 20-24 K, the

boiling point of liquid hydrogen at pressures of 100-150 kPa.

The distillation column is analyzed as a series of theoretical

"plates" on which the liquid flow rate, the vapour flow rate, the

liquid mole fractions, the vapour mole fractions, the temperature

and pressure are calculated. The number of theoretical plates in

the column is variable in the computer program. The stream of

liquid and vapour leaving a plate is at equilibrium. The mixture

of hydrogen enters the column through one of a number of feed

streams at a specific flow rate, temperature, mole fraction, and

feed state. Hydrogen may also be extracted from the column at a

number of side streams, both with a liquid flow rate and a vapour

flow rate. Heat can be added or removed from each plate to

simulate reboilers, condensers, and heat losses. The liquid

flows "up" the column and the vapour flows "down".

For plate number j of a total of N plates, let L. be the liquid

flow rate, V. be the vapour flow rate, T. be the temperature,

x. . be the liquid mole fraction of hydrogen species i, and y.

the vapour mole fraction of species i. These are the 15N

fundamental unknowns of the simulation. Needed are 15N equations

relating these unknowns to given quantities.

The feed stream on plate j has a flow rate F. (possibly zero)

with liquid fraction a. (=0,1), liquid mole fraction z. . and

vapour mole fraction zv . of hydrogen species i. For the vapour,

the feed stream is at the end of the jth plate; for the liquid,

at the beginning. Flow L of liquid and flow VK of vapour are

known. Side streams allow a liquid flow of U. and a vapour flow

of W. (possibly zero) departing from the column at plate j. The

total material balance from the column top to the jth plate is:



( L - V ) - ( L . - V . ) + £ ( F - U - W ) + F . ( 1 - a . ) = 0
0 1 j j + l k k k ] + l D + 1

k= 1

f o r j = 1 , . . , N .

Also, independent of whether in liquid or vapour form, the

arrival and departure of each species of molecular hydrogen must

balance at each plate. For a component material balance,

V y + L x + F z1 + F zv

j + I i , j + l j - l i . j - l J i . J J + l i . j + 1

- V y - W y - L x - U x = 0
j y i , j j y i , j j i , j 3 i , i

f o r i = 1 , . . . , 6 a n d j = 1 , . . . , N .

Passing streams of liquid and vapour are in equilibrium at each

plate. With K. . the equilibrium constant, the liquid-vapour

equilibrium is

y - K x = 0
i,j i.j i,j

for i = 1,...,6 and j = 1,...,N.

By definition, the mole fraction of liquid and vapour must add up

to one:

for j = 1,...,N.

This gives 14N equations. The final N equations are the heat



balances on each plate. Generally, these quantities are very

difficult to calculate theoretically from first principles. The

heat of solution depends on the relative bond strengths of H-H,

H-D, H-T, D-D, D-T, T-T molecules taken in pairs at the liquid-

vapour interface, or fifteen separate quantities. (The same

information is also required for a first-principles calculation

of the equilibrium constant, K. ..) Enthalpies were determined

from empirical relationships [1]. Let h. be the enthalpy of the

liquid leaving plate j, H. the enthalpy of the vapour, h. the

enthalpy of the liquid feed, and HF the enthalpy of the vapour

feed. A large fraction of hydrogen is stored as liquid holdup,

H, in the packing of the distillation column. This inventory

contributes to the heat balance of the column from the heat

generated by radioactive decay of tritium with decay constant A

and atomic weight w. Also, let Q. be the heat directly removed

from plate j. Then, the heat balance is:

(V H - V H ) + (L h - L h ) - ( W H + U h )
j +1 j +1 j j j - I j -1 j j j j j j

+ (F a hF + F (J.-a ) HF ) - Q
j j i j +1 i + l I* 1 j

+ K w A ( x + x + 2 x ) / 2 = 0

for j = 1 N.

3. SOLUTION STRATEGY

In principle, one could solve the 15N equations simultaneously

and explicitly to determine the 15N unknowns. In practice, this

is a poor strategy, particularly because of the need for high

accuracy on mole fractions. Through experience, a better



strategy is to focus on improving the temperature profile along

the column. If it were precisely known, the equilibrium

constants, K , could be calculated and the vapour mole

fractions would follow from the liquid mole fractions. By

substituting the vapour-liquid equilibrium relationship into the

component material balance equations, the unknown liquid mole

fractions can be isolated by a tridiagonal matrix inversion.

Also, the normalization of the mole fractions can be applied

essentially as a secondary condition.

Ignoring the small correction due to tritium decay heat, the

total flow rates of liquid and vapour along the column are the

only unknowns entering both the material and energy balance

equations at each plate. The material balance equations can be

solved for the unknown vapour flow rates, V., in terms of the

unknown liquid flow rates, L., and then substituted in the heat

balance equations to eliminate the V . After solvina for L , the

V. can be calculated from the material balances. This procedure

occurs at each plate j.

Attention must now shift to improving the temperature profile.

At each plate j the vapour-liquid is in equilibrium. Therefore,

the function

S(T ) = £ x { K (T ) - 1 )
i 1

should be zero. By calculating analytically the temperature

derivative of the equilibrium constant, a Newton-Raphson

iteration of S(T) towards zero will rapidly give the correct

temperature distribution, provided a good initial guess of the

temperature is available.



4 . PROGRAM DESCRIPTION

This section of the report describes how the computer program is

organized.

First, the column is set up by an input routine that establishes

the number of plates, the column diameter, the stream flow both

in and out of the column, the internal liquid reflux, the

pressure at the top, the pressure drop across each plate, and

guesses for the top and bottom temperatures. The number,

position, temperature, flow rate, state, and hydrogen mole

fractions of the feed streams are specified. Then the number,

position, liquid flow rate, and vapour flow rate of the side

streams are specified. Finally, other parameters are specified,

such as liquid holdup and the height equivalent to a theoretical

plate. Some calculated values [1] are stored to eliminate

repeated, unnecessary evaluation.

Using the top and bottom temperatures and all feed stream

temperatures, an estimate is made by linear interpolation of the

starting temperature along the plates of the distillation column.

An initial balance of liquid and vapour flow rates is done for

the column and reboiler. Material balances are also checked.

The enthalpy of the feed stream is initialized. The source of

the enthalpy data as a function of temperature for both liquid

and vapour molecular hydrogens is given in reference 2.

The vapour-liquid nonideality is calculated next. Tnis requires

the calculation of the vapour pressure of the components as a

function of temperature and the calculation of the nonideality

constant that deviates from Raoult's law. As needed by the

numerical scheme, formulas for the analytical derivatives of

these quantities are also evaluated.



The liquid mole fraction is determined by inversion of a

tridiagonal matrix using Gaussian elimination. The liquid mole

fractions are normalized to ensure they add to one.

The vapour mole fractions are determined as a function of liquid

mole fractions and the nonideality constants, then normalized.

If the temperature, the liquid flow rates, and the liquid mole

fraction were all known precisely at each plate of the column,

the calculation would be complete. As it is, we have only

guessed a temperature distribution which has then entered the

evaluation of the liquid flow rates and mole fractions. What is

required is an iteration towards a better guess on temperature.

The enthalpy of the liquid and of the vapour are recalculated at

each plate. The liquid flow rates and the vapour flow rates are

solved by a balance of energy and mass. Then plate holdup is

calculated using data on the gas density as a function of

temperature from reference 3.

Again the liquid mole fraction at each plate is determined by

inversion of a tridiagonal matrix using Gaussian elimination.

The liquid mole fractions are normalized to ensure they add to

one. The vapour mole fractions are found from the liquid mole

fractions and the nonideality constants. They are also

normalized.

By employing the analytically-calculated derivatives, a Newton-

Raphson iteration is used to improve the guess of the temperature

distribution along the column. The Newton-Raphson iteration

works by zeroing the difference between total mole fractions of

liquid and vapour at each plate.



The vapour-liquid nonideality constants are recalculated at the

new temperatures, including the calculation of the vapour

pressure of the components and the nonideality constant. As

needed by the numerical scheme, formulas for the analytical

derivatives of these quantities are also evaluated.

Convergence is tested on all unknowns. The convergence criterion

is the maximum fractional difference on each unknown over all

plates. This is a very strict criterion and guarantees a minimum

number of significant digits, as requested. If convergence has

not yet occurred, the calculation returns to the evaluation of

the liquid and vapour enthalpy on each plate and proceeds from

there.

On convergence, the overall column material balance is verified.

A plate by plate balance is also verified. Final results of the

calculation are printed out in a suitable format.
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