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Abstract 

Theory of the L-mode confinement in toroidal plasmas is 

developed. The quantitative effect of the anomalous transport, 

which is caused by microscopic fluctuations, on the pressure-

gradient- driven modes is analyzed. The ExB nonlinearity is 

renormalized in a fora of tie transport coefficient sucti as the 

thermal diffusivity, the ion viscosity and the current diffusivi-

ty. The destabilization by the current-diffusivity and the stabi

lization by the thermal transport and ion viscosity are analyzed. 

By use of the mean-field approximations, the nonlinear dispersion 

relation is solved. Growth rate and stability condition are 

expressed in terms of the renormalized transport coefficients. 

The transport coefficients in the steady state are obtained by 

the marginal stability condition for the least stable mode. 

This method is applied to the microscopic ballooning mode 

for the toroidal plasma with the magnetic well (such as tokamak). 

The formula of the anomalous transport is obtained. The role of 

pressure gradient in enhancing the anomalous transport is identi

fied. Effects of the geometrical parameters such as the 

rotational transfon and magnetic shear are also quantified. The 

comparison with experimental observations are made. A good 

agreement is found in a various aspects of the L-mode plasmas; 

such as the power degradation of the confinement time, large 

transport coefficient at edge, ion mass effect and the favourable 

effect of the plasma current. The typical wavenumber and level 

of the fluctuations for the self-sustained turbulence is also 
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obtained. Important role of the collisionless skin depth is 

found. 

The analysis is also made for the plasma with magnetic hill 

and shear (such as torsatron/Heliotron devices). This method is 

applied to the interchange modes. Formula of the anomalous 

transport is obtained. Also investigated is the case of the 

magnetic well and low magnetic shear (conventional stellirator). 

The roles of the pressure gradient and the collisionless skin 

depth in determining the anomalous transport are found to be 

generic in toroidal plasmas. The difference in the magnetic 

configuration affects the transport coefficient. These formula 

explain major experimental observations on the L-mode confinement 

in helical plasmas including the differences from tokamak 

experiments. 
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1. Introduction 

The transport of the plasma across the magnetic field in 

tokamaks is much faster than that by Coulomb collisions. It has 

long been known as the anomalous transport (For a Review, see, 

for instance Liewer 1985). The L-mode confinement, in which tie 

energy confinement time r* decreases as the heating power P is 

increased, is observed in almost all of the toroidal plasmas. 

The L-mode confinement is a generic feature of toroidal plasmas. 

A database has been constructed (Goldston 1984. Yushmanov et al. 

1990) on how rg depends on the externally controllable 

parameters, such as P and the plasma current I_. The radial 

profile of the effective thermal conductivity x (the ratio of the 

energy flux per particle to the temperature gradient VT) has been 

studied. (For a review of present status, see, Houlberg et al. 

1990, Wootton et al. 1990, Ross et al. 1991.) The ion viscosity 

is also enhanced, and is the same order of the electron and ion 

thermal conductivities (Burrellet al. 1988, Ida et al. 1991). 

The paradigm to understand the transport phenomena is that 

the anomalous transport is caused by the microscopic instabili

ties (Liewer 1985). Theoretical development has been made based 

on the mixing length estimate (Kadomtsev 1965), the scale invari-

ance method (Connor and Tayler 1977) or the one/two point 

renormalization methods (Dupree 1966, 1972). (These gave 

identical results from the view point of the physics argument 

(Yagi 1989).) The theories has shown, in general, that the 
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transport coefficient is larger for hotter plasmas, which is 

consistent with the power degradation of rg. It was also shown 

that the ion viscosity can also be enhanced to the level of the 

thermal transport diffusivity (Itoh 1992). These results have 

shown the progress of the theories. It has been confirmed, 

experimentally, that the microscopic fluctuations play important 

roles for the anomalous transport process (footton et al. 1990, 

Ross et al. 1991). However, the experiments have shown that x-

value is increasing towards the edge while the plasma temperature 

is becoming lower. This fact is in contrast to what have been 

predicted by theories. The Ohkawa' s model (Ohkawa 1978), based 

on fluctuations of the scale length of the collisionless skin 

depth 6, is one of the few which can explain that the x-value is 

larger near the edge and that x is an increasing function of the 

temperature. But it does not fully explain the dependences of 

Tg. No theory has succeeded in explaining the radial shape of x 

and the scaling rg[P,Ip,•••] simultaneously (For a review, see 

for instance Callen 1992). The understanding of the L-mode 

plasma is far from satisfactory. 

We have recently reported a new theory to determine the 

transport coefficient which is enhanced by the pressure gradient 

itself (Itoh et al. 1992a, 1992b, 1993). In this new approach, 

we incorporate the effects of the anomalous transport process on 

the mode stability itself. (The magnetic shear-stabilized plasma 

can become unstable due to the fluctuation-driven dissipation, 

and the analysis on the self-sustaining turbulence has been 

developed (Hirshman and Molvig 1979. Scott 1990, Itoh et al. 
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1992a. 1992b. 1993, Wakatani et al. 1992.) It is found that, 

below the beta-limit of the ideal aagnetohydrodyaamic (MHD) mode, 

the microscopic ballooning mode can be unstable if there is the 

plasma transport such as the current-diffusivity x, and that 

other transport coefficients, z7and the ion viscosity j», stabil

ize the mode CItoh et al. 1992a, 1992b, 1993)- The transport 

coefficients are determined by the marginal stability condition 

for the least stable mode. This results on the selfconsistent 

treatment of the anomalous transport was confirmed by the scale 

invariance method (Connor 1993). 

In this article, we develop the nonlinear theory for the 

microscopic, pressure-driven instability, by keeping the ExB 

nonlinearity. The nonlinear interactions are renormalized in a 

form of the diffusion effects on the mode. By using the mean-

field approximation, the renormalized transport coefficients are 

obtained. The eigenmode equation, which includes the nonlinear 

interactions in a form of transport coefficients, are solved. 

The toroidal geometry and the effects of magnetic shear and 

well/hill are taken into account. The nonlinear growth rate and 

mode structure are obtained. It is found that the mode (i.e., 

the microscopic ballooning mode in tokamak geometry) is 

destabilized by the current diffusivity, and is stabilized by n 

and x. These transport coefficients are enhanced by the 

nonlinear interactions. The (de)stabilizing effects depend on 

the magnitude of the fluctuations. When the fluctuation level is 

low, the destabilizing effect is stronger than the stabilizing 

effects on turbulence itself. At a certain level of fluctuation 
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amplitude, the balance of destabilizing and stabilizing effects 

takes place, and tie stationary state is realized. The marginal 

stability condition is thus realized. From tee marginal 

stability condition of the least stable mode, the anomalous 

transport coefficient and the fluctuation level are 

simultaneously given. 

This method is firstly applied to tokamak plasmas. The 

explicit form of x due to the ballooning mode in tokamaks is 

obtained. Then the plasma with the magnetic shear and magnetic 

hill (such as torsatron/heliotron devices (Gouldon et al. 1968, 

Mohri et al. 1970a 1970b, Uo 1971) is analyzed. Finally, the 

tr nsport coefficient is discussed for the plasma with magnetic 

well and very weak shear Cconventional 1 = 2 stellarator; I is the 

multipolarity of the helical field). The anomalous transport is 

shown to be intrinsically dependent on the geometry and the 

plasma profile. The theoretical result of x is compared to the 

experimental observations on the L-mode plasma, where the key 

feature of the toroidal confinement is considered. The 

agreements are shown. In low temperature limit, the resistivity 

takes over the driving mechanism from the current diffusivity. 

This corresponds to the change from the Pseudo-classical 

confinement (Yoshikawa 1970) to the L-mode confinement in low 

temperature plasmas. 

The constitution of this article is as follows. In section 

2, the model equation is derived. The renormalization process 

and assumptions are discussed. In §3, the set of model 

equations, which include the nonlinear effects in a form of 
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diffusion effects, is solved for tokamak plasmas. The marginal 

stability condition is derived. In §4. the transport 

coefficients are derived. The typical wave number and the level 

of the fluctuations are also described. The comparison with 

experimental observations on tokamak L-mode is given in 55. 

The analysis on the torsatron/Heliotron plasmas and the 

comparison with experiments are given in §6. Transport 

coefficient in conventional stellarator is discussed in §7. 

Summary and discussions are given in §8. Change from Pseudo-

classical confinement to the L-mode is briefly discussed. 

Appendix A is devoted to the expression of the transport matrix. 

The theory in the main text is developed on the assumption that 

the background fluctuations are isotropic in the directions which 

are perpendicular to the magnetic field. The extension to the 

case of anisotropic turbulence is given in Appendix B. 
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2. Model Equation 

2. 1 Basic Equation 

We study the circular tokamak with the toroidal coordinates 

(r, 8. t). The reduced set of equations (Strauss 1977) is 

employed. The equation of motion: 

74 AI =n2 nimi{d(Vf<f>)/dt-jicVx**)=B^V//J + B{VpxV(2rcosG/R)}•£ Cl) 

The Ohm"s law: 

1 

6r 

E + vxB = — J - Arv^J 
mp d 
8 - J 

ne2 dt 
C2) 

and the energy balance equation 

dp/dt = x„Vfp c J. 
(3) 

constitute the set of basic equations. In these equations 

following notations are used: m^ is the ion mass, n^ is the ion 

density, me is the electron density, E is the electric field, B 

is the main magnetic field, p is the plasma pressure, and J is 

the current. The transport coefficients due to the Coulomb 

collisions are kept and denoted by the suffix c (the current-

diffusivity x, the thermal diffusivity x, the ion viscosity n. 
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and <s is the conductivity). <t> is the stream function, and the 

velocity is given as 

v - -V4>XD7B C O 

where I? is the uait vector ia the direction of the main magnetic 

field. The time derivative of the quantity Y, dY/dt, is given as 

dY/dt = aY/at + [<*». Y]/B (5) 

where the bracket [] denotes the Poisson's bracket: 

Cf.g] = CVfxVg)-tf C6) 

This bracket represents the ExB nonlinearity. We keep the finite 

electron mass effect in the Ohm's law, in order to study the 

influence of the current diffusion which causes the collisionless 

reconnection (Ohkawa 1978). 

2.2 Derivation and Assumptions of the Model Eouation 

In the following, we simplify the basic equation by the 

renormalization of the turbulence. We here overview the 

procedure and list the approximations and assumptions for the 

derivation of the model equations. 

First, we solve the process of the excitation of the driven 

mode CI<2̂ ) by the interaction of the test mode Ck) and the back-
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ground turbulence (k, ). [The process k + k, -+ kn- ] We then 

calculate the back reaction of the driven mode to the test mode 

through the interaction of the back-ground fluctuations. [The 

process k2+(-kj) -> k. ] By this procedure, the test wave equation 

is derived by keeping the nonlinear contributions of the back-

groung fluctuations. (One point renormalization.) By this 

procedure, the nonlinear term is treated as the effective 

diffusion on the test waves. For the simplicity, we in this 

article only keep the diagonal term in the diffusion-driven-

tran^por. effects on the test wave. We take the assumption that 

the back-ground fluctuation is isotropic. We finally employ the 

mean-field approximation, by which the nonlinear contributions 

are characterized into the three scalar parameters. 

2.3 Renormalization 

The nonlinear equations (l)-(3) are transformed to the model 

equation by employing the renormalization. In the process of the 

renormalization, we keep the process of the back-interaction of 

the driven modes (characterized by ^2^) to the original test mode 

(denoted by k). In this renormalization, we study the ExB non-

linearlity. This is because we are interested in the anomalous 

transport driven by the electric fluctuations. (The renormaliza

tion is also possible for the case of the magnetic turbulence 

(Lichtenberg et al. 1992). The analysis will be reported in a 

separate article: The result is summarized in a same form of the 

renormalized equation with different coefficients.) 
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The equation for the driven mode is derived from Eqs. (l)-(3) 

in the electrostatic limit as 

r3 

at 
*u2J + r)l0 Uo - A 9 P 2̂ 2 igk//2J2 

1 

B 
(7) 

(- + rj2)^2 + ^7/2*2 

1 

B 
- -l*vJl (8) 

and 

a , \ 1 
— +rp2 Jp2 + 7 C*2' p0 ] = " T C*l' p ] 

3t B B 
C9) 

where U s V <t>. and the suffix 1 indicates the background 

fluctuations, 2 indicates the driven mode with k2> and 0 

indicates the equilibrium profile, respectively. Classical 

collision term is neglected in Eqs.(7)-(9). Notations ru2> r-2 

and r 2 denote the decorrelation rates of U2> J2
 and P 2 by the 

back-ground turbulence, respectively. The symbol ~ denotes the 

test wave. The coefficients g and* £ and the operator A are 

introduced to simplify the notation as 

g = B2/mini (10) 

* = nee*/ne (11) 
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and 

B f 2 r c o s 8 , 
Ap = [v xiJ-VP C12) 

m - n -
1 1 

Components (U2.J2.P2) a r e solved in terms of [«|>j,U], [<t>j.J3, 

and [4»j, frj as 

! l "1 N, + 
l k 2 / / g k 2 ± „ A2k2-L 

r J 2 
N2 + 

rp2 

C13) 

1 
J 2 = — 

h 
7 u2 

T J2 

2 i A 2 k 2 B V p 0 

21 + ~ 
T u 2 T p 2 B 

N2 + 
i k 2 / / * 

r J 2 

Nl + 

rp2 
(14 ) 

and 

ru2 

rp2 

k 2 L 2 + 

g^k 2 / / 
2 i 

T u 2 T j 2 

i k 2 6 V p 0 

r
P 2 B 

N l + 

igk 211 

J2 

(15 ) 

where 

T u 2 k 2 1 2 + g * — 
r j 2 

i A 2 k 2 6 7 p 0 

TP2 B 

(16) 

Tu2=T(2)+ru2, Tj2=T(2)+rj2> Tp2=T(2)+rp2. T ( 2 ) is the eigenvalue 

of the k2 mode, a[ U2. J2- P2 1/
 9t = T(2) ( U2> ̂ 2' p2^' an(* nonlinear 

terms Ni j n are defined as 
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1 _ 
N, = - — C4>,.U] 

B 
(17) 

[+!• J3 (18) 

and 

1 
— [•,.?]. 
B 

(19) 

The terms Nj in the right hand side of Eq.(14). Ng in Eq.(15) and 

No in Eq. (16) are the diagonal terms, respectively, and others 

are the off-diagonal terms in the transport process. 

The equation of the test wave is given from Eqs.(l)-(3), by 

keeping the back interaction of the driven mode, as 

- U - gV,,J - Afr - Af, 
at 'I 

(20) 

at 
q? + v;/? + -J = Nj (21) 

and 
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a I 
— ? +—[*. P 0 ] = N. 
at B H 

(22) 

where fxQJ -Vj*. and the nonlinear terms are given as 

^ E U - 1 ^ 2 ] C23) 

* r 
me l 

(24) 
ne e B 

Np = E C*_1.P23 (25) 

and the suffix -1 indicates the modes of -kj, and summation is 

taken over ki. 

Substituting Eqs.(13)-(15) into Eqs.(23)-(25), the 

renormalized set of equation is obtained. 

2.4 Diffusion Matrix and Diagonal Approximation 

The nonlinear terms (23)-(25) can be expressed in the matrix 

form, because (Un, Jn. Pn) are given in the form of the linear 

combination of {N*. L , No). We write 
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A& 

^ 

^ 

< H l l H l l H 1 3 1 

H21 ^22 B23 
L H31 H32 H33 

r C+.j. [*!• II]] 

[*.j, [*r J]] 

C <J>. j . E <t>!. pr] 1 J 

(26) 

where summation is taken over kj. The matrix elements H^j are 

given directly from Eqs. (13)- (16) and the explicit form is given 

in the appendix A. 

The nonlinear operator [*_i. [<J>i . Y] ] is explicitly written as 

r 3+1 „ a* 3+1 „ a-i-
[•_! [*!.¥]] = l - 1 ! 2 - , - ^ I — l 2 - o V 

1 ax ay-* ay 3 x ^ 

a a 13 _ 
iklv — {•., — *,} — Y J ax 3x J sy 

[klyZ-(*-l*l} 

a _ 
— Y 
ax 

[ i k iy {*i-*-r*-i-*i }Jr7Y 

1 ax ax Jax3y 

(27) 

where x is taken in the radial direction and y is in the poloidal 

direction. When the envelop of the background turbulence is 

almost uniform in space i.e., 

|k, I » 
l y s l ^ l 2 ] 

C E | + , I 2 ] 
(28 ) 
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the term proportional to aY/3x is neglected. Ihen the convectivs 

damping of the wave is not important, i.e., 

•i 

3 < J > _ . 

ax 
- <t>_ 

a<t», 

ax 
<•< lltj*!*.! |. (29) 

the terms aY/ay and a 'Y/axay a re n e g l e c t e d . The 

n o n l i n e a r term i s approximated as 

0 _ K [*!• Y]] = I— l 2 - ^ + I — I2"? 
ay ax4 

(30) 

We employ the assumption of the isotropic turbulence, i.e., 

lacf j /ax j2 a. l a ^ j / a y l 2 = Iku_+i l 2 /2 . (31) 

By this assumption, Eq.(26) reduces to the diffusion form 

= E 
2B2 

Hll Hll H13 

H21 H22 H23 

H31 H32 H33 

r U , 

J 

1 P J 

(32) 

The nonlinear interaction is now renormalized in the form of the 

turbulent-driven transport coefficient for the test wave. 

For the simplicity of the argument, only the diagonal 
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elements are kept in the following analysis. We write 

Af, - »kY*V (33) 

*J " *kY?J C34) 

and 

K = xkvf? C35) 

where the effective ion diffusivity, n^, effective current 

diffusivity, Xy., and effective thermal diffusivity, x^, are 

defined as 

Mk = E 
l k l l * l l 2 k 2 i 2 

2B' 
C 3 6 ) 

4 = 6^| inH 0Hek C37-1) 

*»ek - E 
1*11+1 I2 1 T, 

2B' K2 T j 2 

u2 f , 2 , i A 2 k 2 B V p 0 
— k 2 i / + 

T u 2 T p 2 B 

(37 -2 ) 

l k U + l I2 1 r u 2 

2B' T r1! Vs 
g£k 2// 

K2 Tp2 T u 2 r j 2 
(38) 

P e d e n o t e s t h e e l e c t r o n v i s c o s i t y , and 6 i s t h e c o l l i s i o n l e s s 

s k i n dep th 
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6 = c/«i> (39) 

(o> .-electron plasma frequency). The suffix k indicates that the 

right hand side of Eqs. (36)- (38) can be dependent on. the choice 

of the test wave. The decorrelation rates of the driven mode, 

ru2» Tj2 an<3 T o are also given by the diffusion operator and are 

evaluated as M k 2
k2l 2 , Mek21<2i2 a n d xk2 k2- 2 , resPectively. 

2.5 Mean-Field Approximation and Model Set of Equations 

The original nonlinear equations are reduced to a coupled 

equations with the transport coefficients, (n^. A^. x^). The 

purpose of this study is to obtain the level of the anomalous 

transport, not to obtain the precise form of the turbulent 

spectrum. We therefore take the mean-filed approximation to 

obtain the analytic insight of the problem. 

The mean-field approximation is to characterize the 

nonlinear interactions on the different modes by a single set of 

constants, which are independent on the wave number of the test 

mode. We approximate the constants {j»k. A^, x̂ J by a set of 

diffusion coefficients {ji. A, x}. As is discussed in Horton 

(1984), quantities which are defined by Eqs.(36)-(38) reduce to 

the diffusion constants in the range of the long wave length. 

Since the range of kn is similar to that of k,, we approximate as 

»»k = M, (40) 
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Aj, = A, (41) 

*k = x C42) 

The transport coefficients In,A,1} are calculated as 

n = E 
l*ix*i I2 * U

2 

2 B 2 K, 
C43) 

A = ^ V e C44-1) 

*e = E 
l k l X * l l 2 1 T u l 

2B' K l T J 1 

2 , i A l k 1 8 V P 0 

KJ_L + 
T U l T p l B 

* t - g > 

and 

x = E 
! k u * i l 2 i r u i 

2B' K l ^ P l 

k 2 I g ^ 1 ; / 
K U + 

r u 1 T j 1 
(45) 

where 

2 , _ k l " , i A l k l 8 V P 0 

T J 1 TP1 B 
(46) 

T U 1 = r C D + i t k i J . 2 . T j l = T( l ) + p e k u
2 , r p l = r ( l ) + x k u

2 . and r ( l ) 

22 



i s def ined by aY^/at = rCDY, . {n, A, X} a re the sum of the 

c l a s s i c a l t e r n s , {j»c, x c , xc), and the t e rms i n Eqs. C43>-(45). 

Combining t h e s e p r o c e d u r e s , we have the s e t of model 

e q u a t i o n s fo r the n o n l i n e a r waves d r iven by the p r e s s u r e g r a d i e n t 

i n the fol lowing form. 

Equa t ion of mot ion: 

n ^ C a C v J ^ / a t - p V j * } = B2V„J + BVpxV(2rcos8/R)-£ C47) 

The Ohm's law: 

i + vxB = — J - xvf J C48) 

and the energy ba lance equa t ion 

3 1 

at B " "° 
- P t — [ * , p n ] = xV?P ( 4 9 ) 

where the tilde denoting the test wave is suppressed. 
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3. Solution of the Dispersion Relation for Tokanaks 

3 1 Ballooni-ne Transformation 

Figure l illustrates the geometry of the plasma. The 

ballooning transformation is employed as (Connor et al. 1979) 

+(r, e, 0 = SexpC-imB+inO U(T7)exp{im'?-inqi7}di7, (50) 
tri J 

(q i s the s a f e t y f a c t o r ) s i n c e we a r e i n t e r e s t e d in the 

microscopic modes. The p a r t i a l d i f f e r e n t i a l equa t ion i s reduced 

to the o rd ina ry d i f f e r e n t i a l equa t ion as (Yagi et a l . 1993) 

d F d* a[e+c.osT?+(sT?-asim?)sin'?]<i> 

d7 r+EF+AF2 dv t+XF 

(f+MF)F4> = 0. (51) 

In writing Eq.(51), we use the normalizations 

r/a -» f, (52-1) 

t/rAp - I, (52-2) 

trAp/a
2 -• x, (52-3) 
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^Ap/ a -» M, (52-4) 

W o 6 ^ - 1/s- C52-5) 

XTkp/iX0* - X' C52-6) 

TrAP-
r" C52-7) 

and use the notations 

rAp s a/MJpnTni/Bp. (53-1) 

E = n2q2/5. (53-2) 

A = An4q4, (53-3) 

X = xn2q2. (53-4) 

= iin2q2. (53-5) 

Other notations are standard: B =Br/qR, e=r/R, a and R are the 

major and minor radii, /3 is the pressure divided by the magnetic 

pressure (p= jignCTg + Tj )/B2), r is the growth rate, s is the shear 

parameter, 

s = r(dq/dr)/q. (54-1) 
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F=l +(s7?-asin77)2. (54-2) 

c is the average well, 

K=-(r/R)(l-l/q2), (54-3) 

a denotes the normalized pressure gradient. 

oc=q2/3' /e (54-4) 

and p' =d0/df. 

The partial differential equation is reduced to the ordinary 

differential equation, Eq.(51). This equation is the generali

zation of the previous ballooning equations (Connor et al. 1979). 

If we neglect x. i and jl, Eq. (51) is reduced to the resistive 

ballooning equation as 

d t F d<t> 

dy t+SF dy 
+ atK+cosT/Ks^-asin^sin^]* - f2F<t> = 0 (55) 

The ideal MHD mode equation is recovered by further taking 1/3=0 

(H=0) as 

d d<J> 
— F — + a C e + c o s ^ K s ^ - a s i n ^ s i n ^ ] * - t2Fcj> = 0 (56) 
dy dy 
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3,2 Current-Diffusive Instability 

We here review the stability analysis briefly. Details are 

given in Yagi et al. (1993). Since K is small but is negative, 

the interchange mode is stable and the ballooning mode is the 

most unstable. Equation (51) predicts that the current-diffusive 

ballooning mode has a large growth rate. 'We take the limit of 

1/5=0. (The validity of this simplification is discussed in the 

final section.) The growth rate of the short wave length mode, 

driven by the A term, is estimated by the Wentzel-Kramers-

Brillouin (WKB) method by neglecting it and jl terms. For the most 

unstable mode, we have 

n 

4 

q + A F 2 / t 
dV /oc{cosi7-(si7-asinT7)sin7?} - t 2 F (57) 

where the kernel of the integral vanishes at V=VC and the well 

term K is neglected. For the analytic insight, we take the short 

wave length limit, A/t>>l, which yields 

/ I / F + A F / W A F /r. (58) 

By approximat ing dF/dT?=<2s/F, Eq. (57) i s reduced to 

it/4 =* C/A7T/2s] /aF c , (59) 

where F = F('?c). We also consider the case that the inertia term 

27 



determines *;c, having the estimate Fc =a/TT. Using these 

limiting approximations, the dispersion relation Eq.(57) is 

written as 

n/4 = [yA/f /2s]a 3 / 2 / t 2 , (60) 

or ( I t o h e t a l . 1992b) 

r ~ A 1 / 5 ( n q ) 4 / 5 a 3 / 5 s - 2 / 5 ] (61) 

Since the exponent to A is 1/5, even the very small current 

diffusivity gives rise to the ballooning instability. The condi

tion A/t>>l requires S.n^q'Oor' //I~. 

This large growth rate is confirmed for a wide range of 

parameters by the numerical calculation (Yagi et al. 1993). 

Figure 2 illustrates a. vs t and A, VS t, keeping A/X and x/ji 

constant. The analytic estimation for small A is confirmed. As 

the transport coefficients are increased much, the stabilizing 

effects by x and ji overcome the destabilizing effect of A. 

3.3 Marginal Stability Condition 

The stability boundary is derived. Setting t=0 in Eq.(51), 

we have the eigenvalue equation, which determines the relation 

between x, A and jk. We here study the case that the ballooning 

mode is destabilized by the normal curvature, not by the geodesic 

curvature, i. e. , 
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l/2 + a>s. C62) 

For the strongly localized mode, s2T72<l and V <l, this eigenvalue 

equation is approximated by the Weber type equation as 

d2*/d*j2 + (axn2q2/i){l-(l/2+a-s)Tj2U 

- JiAn6q6Cl + 3s2772)* = 0. C63) 

This equation gives the marginal stability condition, which then 

yields the constraint between the plasma pressure gradient and 

the fluctuation induced transport coefficients, as 

a 3 / 2AX~ 3 / 2jT 1 / 2 = fjCN) (64) 

ftCN) = N~
2(l-N4)~2((l/2 + c<-s) + 3s2N4} (65) 

The normalized mode number N is defined as 

N = nq(iii/cOI/4. (66) 

This analytic result is confirmed by the numerical computation as 

is shown in Fig.3. 

From Eq.(63), the eigenmode structure of the Gaussian form 

is expressed as 
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*(*?) - exp{-C^/^70)
2} (67) 

with 

2vQ'2 = a 3 / 2Ai" 3 / 2M' 1 / 2N 2Cl-N 4)- C68) 

Figure 4 compares the analytic solution Eq.(68) with that of the 

numerical solution of Eq.(51). For the parameter of the 

calculation, ^C1?) is given as exp(-2.337 ). The existence of 

the localized eigenmode solution with the marginal stability 

condition (T=0) is confirmed. 

The growth rate of the mode is decreased by the further 

enhancement of the transport coefficient n and i as is shown from 

Eqs.(64) and (65). The stabilization occurs for the finite 

values of x and ji. By obtaining the minimum of RHS of Eq.(65). 

the upper bound of a for the stability is calculated. For the 

analytic estimate, we assume that N'*<<1, and Eq.(65) is 

simplified as 

fj(N) =* (l/2 + a-s)[N"2+{2 + 3s2/(l/2 + oc-s)}N2]. (69) 

The function fj(N) takes the minimum value f(s) at N = N;)[, where 

f(s) = (]+2a-2s)/{2+3s2/(l/2+a-s)} (70) 

and 
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= {2r3s2/(l/2+a-s)}1/2. (71) 

(The solution Eq.(71) satisfies the assumption that N4<<1. ) If 

we neglect a-s, for the simplicity, the minimum f(s) is estimated 

as /2+6s . In the limit s=0, f reduces to /2. (More exact 

value is given from Eq. (65). The minimum is given as 25/F/32. 

The value of /2 is a good approximation for our interest.) We 

have the stability limit of oc for the least stable mode as 

a 3 / 2 = f(s)/Si3/2X"1. (72) 

where f is given by Eq. (70). If |ot— s |<< 1 holds, 

f(s) =* /2 + 6s 2. (73) 

When shear is strong and the mode is driven by the geodesic 

curvature, stability boundary is obtained, and f is given as 

(Yagi et al. 1993) 

f(s) -v 1.25s2. (74) 

3.4 Modes Not Localized at v=Q 

The potential V(7?) = cos77+s7?sin7 has many minima in addition 

to v^O. All nodes are not localized at T?=0, and the strong 

localized approximation may not always hold. We here discuss the 

mode which has maximum amplitude at y=Vi. 
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The minimum of the potential V is given at V'Vi^ which 

satisfies the coaditioa 

ST? = (l-s)tanT7. C75) 

The solution is approximately given by T?-1ta«(2J + l/2)ii Cj = 1.2, ••*) 

for the case of s=«l. Expanding the potential near V^7!;** we have 

V('7) = S7?j<!{l-(T?-7?jt)
2/2}. (76) 

The marginal stability equation is approximated as 

a2 c a n V s T ? - u2 

— , + + — ( 1 - —} + - jiXn6qbF!k
3<t> = 0 (77) 

3u' x 2 

where u = vV;t and ?t = ?(V; * ) . The dispersion relation is given as 

/2i / x 

j* /X4nq / 8An2q2 
/s^T^T = _- + / o o + s^./iixnV (78) 

The least stable mode satisfies 

1 f 5 -"« 
nq = 

si?-, V32MA J (79) 

For this mode number, the pressure gradient satisfies 
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25 32 x 1/3^ 

«- S,J« [31(7] 7 M j (80) 

Compared to Eq.(72), these modes (j=l,2,«-*«) have higher 

stability boundary compared to the mode which is localized near 

V=Q for the parameter of s=4. 
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4.Transport Coefficient and Fluctuations in Tokanaks 

Based on the stability analysis, we derive the formula for 

the anomalous transport coefficient. When the mode amplitude and 

accordingly the associated transport coefficients are small, the 

mode is unstable (Eq. (61)). The mode continues to grow until 

Eq. (72) is satisfied. In the self-sustained turbulent state, the 

enhanced transport coefficients has the relation to the given 

pressure gradient a (Eq. (72)). This state is thermodynamically 

stable, namely, the excess growth of the mode and enhanced 

transport coefficients lead to the damping of the mode. 

4.1 Formula of the Transport Coefficient 

From Eq.(72), i is expressed in terns of the Prandtl numbers 

p/i and X/x. (Note that A comes from the electron viscosity ne; 

Schmidt et al. 1971. Kaw et al. 1979.) le have 

x = f(s)"1cx3/2(A/x)^7A. (81) 

Use of the Prandtl numbers to notify the state is convenient, 

because the fluctuation amplitude less affects the ratio of 

transport coefficients, X/x and Ji/i, compared to the transport 

coefficients themselves, {JJ, A, x}. To obtain the <-*-plicit 

expression for the transport coefficient, the Prana.i numbers are 

set to be constant. From Eqs. (43) - (45). we have the ion Prandtl 
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number as 

ji/i =• 1 (82) 

and the relations between the ion viscosity and the electron 

viscosity as 

J» =• M f (83-1) 

for electrostatic perturbations. The electron Prandtl number, 

jie/x, nearly equals to unity, or the relation 

A/i * 62/a2 C83-2) 

holds. Substituting these relations Eqs.(82) and (833 into the 

expression of x, Eq.(81), the formula of x is reduced to 

f(s)"1a3/2C6/a)2, (84-1) 

or to an explicit form of 

x =• 

f(s) 

R ap 

r 3r. 

3/2 
2lA 

(84-2) 

It is noted that the estimation of x, by use of r/k' for the most 

unstable mode, gives the same results as x-\- or'^(6/a) . 

This result is compared to the Ohkawa formula (Ohkawa 1978) 
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2 VA / e , 
LOhkawa " 6 t * 

qR v A 

C85) 

which has shown that the typical scale length is the collision-

less skin depth. 5, and the time scale of v^/qR with finite 

pressure correction of /ejp/me. By performing the 

renormalization of the nonlinear dynamics, we demonstrate his 

original idea, concerning on the scale length and the unit of the 

time. In addition, our theory is constructed to include the 

profile and geometrical factors of the plasma. The contribution 

from the pressure gradient and the magnetic shear are correctly 

incorporated in the formula Eq.(84). 

The formula Eq.(84) quantifies the effect of the magnetic 

shear, which is favourable on the confinement. The contribution 

of the magnetic well, (which has also been considered to be 

favourable for the confinement,) does not appear in Eq.(84). It 

is a straightforward manipulation to include the effect of the 

well as a K-term in the formula of the thermal conductivity. The 

correction of the form of (l+CjC) appears in Eq.(84), where Cj is 

a numerical coefficient of the order of unity, and the correction 

is of the order of the inverse aspect ratio, e. The main 

features are unaltered. However, the existence of a small but 

finite magnetic well is essential to constrain the most unstable 

mode to be the ballooning mode. The case of the magnetic hill is 

treated later in §6. In such a case, the interchange mode can be 

unstable, leading to the anomalous transport coefficient which is 
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a strong increasing function of the magnetic hill. 

it. 2 Characteristics of the Thermal Conductivity 

First,, th.e dimensional dependence of x is given 

[t] -v m ^ / C a H B ] 2 , C86) 

representing that the global thermal transport [x] becomes larger 

when the average plasma temperature [T] increases. The 

dimensional dependence is similar to that obtained from the 

quasilinear estimates of drift wave fluctuations and of ion-

temperature-gradient modes (for a review, see Callen 1992). 

Secondly, the formula Eq.(84-2) clarifies that the anomalous 

transport is driven by the gradient of p, not by the pressure 

itself. The essential feature of the anomalous transport, that 

the gradient generates the enhancement of x, is predicted. As 

the pressure gradient increases, the heat flux increases 

nonlinearly. Figure 5 shows the dependence of the heat flux on 

VT for the fixed value of the density profile. When the 

temperature gradient is weak, x is independent on VT. As the 

temperature gradient scale length becomes shorter than the 

density scale length, the heat flux nonlinearly increases with 

respect to VT. 

Thirdly, the radial profile of x is governed by the density 

and q profiles as well. The transport coefficient x has the 
o 

dependence on 6 , and the col 1isionless skin depth 6 is larger 
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near edge. (Note that the density is lower near edge). The q 

value is usually larger near edge. Our result of x, Eq.(84), 

shows that x increases towards the edge. This result agrees with 

the x-profiles observed in the L-mode. Figure 6 illustrates the 

radial profile of the thermal transport coefficient predicted by 

our theory. Parameters are chosen from JFT-2M experiments CIda 

et al. 1992) as B-1.2T. q(a) = 1.2. TCOO-lkeV. n(0)=3xl0I9m~3, 

a=0.35m and R=1.3m. Profiles are chosen as e(r)=e(0)Cl-f2), 

niCfD/njCO) = T(f)/T(0). q(r) = q(0)+{q(a)-q(0)}r2. The 

conductivity x takes the value in the range of 1 to 10 m /s. The 

radial shape, that x is increasing towards the edge, is shown. 

4. 3 Topical Mode Structure 

Characteristics of the self-sustained turbulence is 

evaluated from the nature of the most unstable mode. 

The scale length is estimated from the mode number n. The 

normalized mode number N = nq(xft/a) ' for the most unstable mode, 

Nfc, is given as of the order of unity. 

When the shear is small but finite (i.e., the mode is driven 

by the normal curvature), an approximate value is given as N^ =« 

f(s)~*' . Therefore the mode number n is given as 

nq = (a/xii)1/4f(s)"1/2. (87) 

Employing the relation |i=x, the typical perpendicular wave number 

of the most unstable mode satisfies 
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kj_6 =« l//a. C88) 

It should be noticed that kj_ does not scale with the 1 ocal 

gyroradius though the dimensional relation kx« [B]/[/F] holds. 

The collisionless skin depth, 6, is the more relevant length. 

When the geodesic curvature drives the node, the shear 

dependence of the mode number for the least stable mode is 

studied numerically (Yagi et al. 1993). The result shows that 

N̂ 'l/v/3-, and the approximate relation 

n « s -1 (89) 

holds. This indicates that the longer wave length mode is 

expected to appear for the high shear case. For the typical 

parameters of n=x, A=x/1000, q=3 and a=0.432. n is close to 10. 

The correlation time rc is estimated as 1/T. From the 

expression of the growth rate, Eq.(61), and (87), and using 

Eq. (81 ), we have 

t -v a1/2f(s) -l/5s-2/5 (90-1) 

An approximate form of rc is given as 

rc - /6s/«rAp. (90-2) 

This expression also shows that the pressure gradient, not the 
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local pressure itself, is the key parameter to determine the 

correlation time. When the pressure gradient increases, the 

correlation time becomes shorter. 

Mode amplitude can be estimated from Eq.(84). By the 

definition of ji. the order estimate 

ti * jk^+j/B^/T C91) 

holds. Writing kn*i a s E, this relation can be written as 

E a 
- = * — /jit vA C92) 
B qR 

Substituting the expressions of t, ft and x, we have 

E 6 
— ^ — 
B qR 
— =< —a[s~ l / 5f(s)~ 3 / 5] vA C93) 

The mode amplitude is larger for the higher pressure gradient 

(i.e., for the higher heating power). The shear dependence is 

favourable (E/B -v s * / a ) . The normalized velocity E/Bv^ is 

approximately rewritten as (1/L- = |VP/P|) 

6/cT 

Bv Ti /RTps
4/5 (94) 
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where v ^ is the ion thermal velocity, and the approximate 

relation S^ii. 'Yk *s use<*. The turbulence velocity is much 

smaller than the thermal velocity. The fluctuation level, <J» = 

E/k, is estimated as 

e<t> 

T 

/me 6 

ni Lp s 4/5 
•a (95) 

where the relation kj6 ̂  l//oTis used. The normalized level of 

turbulence is shown to depend on the plasma profile and 

geometrical factor. The bigger the plasma is, the smaller the 

relative amplitude becomes. 
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5 Comparison with L-Hode Discharge of Tokaaak 

The form of x is consistent with experimental results known 

for the L-mode. In the following, we compare the theoretical 

prediction to observations by choosing n^=ne and T^=Te. 

5 1 Local Thermal Conductivity 

Two characteristic features of the local thermal 

conductivity in experiments are that (1) the value of x is larger 

when the pressure gradient is larger, and that (2) the radial 

form of x is increasing toward the edge. These are the commonly 

observed on the L-mode plasma. Figure 6 shows the theoretical 

prediction and also illustrates the range of the experimental 

observation for the JFT-2M tokamak plasma (Ida et al. 1992). The 

theoretical prediction (solid line) is slightly smaller than the 

experimental observation (shaded region) by the factor of 2 or 

so, but the radial shapes agree with each other. 

The experiments to study the parameter dependence of x have 

recently been performed. The dependences on the magnitude of the 

magnetic field and the strength of the magnetic shear are 

reported as 

x<vBp
 Js y0-z (96-1) 

Ky<2 and 0<z<l (96-2) 
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from JET tokamak CChallis et al. 1992). The important role of 

the poloidal magnetic field, not the toroidal magnetic field, 

which is predicted in Eq. (84), is confirmed. The result Eq. (96) 

is consistent with Eq.(84). Analysis on the JT-60 experiment was 

reported in a form of 

a eB 
(97) 

(Takizuka 1992). This result is qualitatively consistent with 

the theoretical prediction. 

The preliminary conclusion on the a-dependence of x has been 

given on the JET experiment (Thomas 1987), which suggests the 

form 

x « a/a,. (98) 

where ac is the critical pressure gradient against the ideal 

UHD instability. The theoretical formula is written, apart from 

the slow shear dependence, as 

x « (a/a^1-5. (99) 

The qualitative agreement is found. In deriving Eq.(99), the 

approximate relation (Connor, et al. 1979) ac ^ fs is used. 

The gradual increase of the thermal conductivity with 
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respect to the increment of VT is reported (Alikaev et al. 

1987). This fact is also reported from JET (Keilhacker et 

al. 1992). These observations are consistent with the 

theoretical prediction Eq.(84). 

S ?, Scaling Study 

The energy balance argument based on the point model, 

rE=a
2/x (100-1) 

2n2a2RneT=rEP, (100-2) 

provides the scaling law. Using Eq.(84) and (100) and 

eliminating the averaged temperature T, we have 

r£ = C a0.4R1.2Ip0.8p-0.6A0.2f-0.4ne0.6Lp0.6f ( 1 0 1 ) 

where C is a numerical coefficient, A is the ion mass number, and 

Lp is the gradient scale length of the pressure, (nT)/ |V(nT) |. 

This result is consistent with the L-mode scaling law, 

including the dependences on a, R, I_, P and also the favourable 

dependences on the ion mass A and magnetic shear f (Yushmanov et 

al. 1990, Zarnstorff, et al. 1991). Slight difference is seen in 

the density dependence in Eq.(lOl), which requires some 
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consideration. Since x of Eq. (84) is dimensionally independent 

of the density, z-g of Eq. C101) includes the density dependence 

(see. e.g.. Lackner et al. 1990). 

There are two possible reasons to explain the density 

dependence of r-g in the L-mode plasmas. Firstly, the density 

dependence can be offset by the gradient scale length. In the L-

mode plasmas, the high density plasma "has more steeper edge 

density gradient; Tsuji found that ne(0)/n^-l is a decreasing 

function of h~e and Ln~n̂  is an weak function of the density (Tsuji 

1992). (Since the density gradient profile is often steeper than 

the temperature near edge. Lp in Eq.(lOl) would be replaced by 

Ln=|nj/Vn^|. ) The other reason is that the formula Eq.(101) is 

for the thermal component of the plasma energy. The usual L-mode 

scaling is often taken for the total energy which includes the 

energetic ions generated by the neutral beam injection. This 

energetic component is larger for the lower density plasma, and 

makes the density dependence of the total plasma energy less 

apparent. [For some dataset of JT-60. Takizuka reported the 

dependence as rg(thermal) «n~g -5 (Takizuka 1992).] These results 

suggest that the classification of the dataset by the profile is 

necessary. 

S 3 Profile Resilience and i.^ dependence 

The strong dependence of x on the pressure gradient and on 

the magnetic shear can explain the experimental observations on the 

'profile resilience' (Coppi 1980, Furth 1986) and the improvement 
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of the confinement time by the current peaking (Zarnstorff et al. 

1991, Simonen et al. 1992. JT-60 Team 1992). 

The temperature profile TeCr) is predicted from Eq.(84). To 

illustrate the effect of the plasma profile on x (through the e*. 

q and s dependences), we solve the energy transport equation, 

«heat " -*nVT- C l 0 2 ) 

A simple form of the power absorption Pabs is chosen as 

Pabs^x) = P0exP{-(x-xheat)
2/A2) (103) 

where x is the radius measured along the pencil beam of NBI, and 

parameters Xjiea^. and A characterize the location of the power 

absorption. For the simplicity, we assume |Vn/n]<<JVT/T| and 

choose the q-profile 

q(r) = qQ + (q(a)-q0}(r/a)
2 (104) 

The boundary condition is chosen as T(a)=0. and qg is set to 

satisfy the condition q=l at r/a=l/q(a). 

Figure 7 shows the total plasma energy, i.e., the volume 

averaged plasma temperature <T> in this case, and the peaking 

parameter TCat q=l)/<T> as a function of the location of the peak 

heat absorption or the edge q-value. The total stored energy 

weakly depends on the location of the heat deposition, Xj..... 

The peaking parameter. TCat q=l)/<T>, is also found to be weakly 
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dependent on the location of the peak of the power deposition. 

This explains the experimental o'bservation on the weak dependence 

of T profile on the heating profile (See- e.g.. Cordey et al. 

1987). 

The peaking parameter depends strongly on q(a). (See 

Fig.8.) The result is fitted as 

T(q=l)/<T> -v q(a)0-6. C105) 

These results may explain the 'profile resilience*. (Experimental 

data was fitted to T(0)/<T>'vq(a)2/3 in Waltz et al. (1986). 

Equation (105) is consistent with the data.) The strong 

dependence of the thermal conductivity on the temperature 

gradient resists against the change of the temperature gradient. 

The dependences on shear and on the poloidal magnetic field 

cause the i^ dependence of Zj? (&•: internal inductance). The 

solution of Eqs.(102)-(104) for the fixed value of q(a) are 

summarized in Fig.9. (In drawing Fig.9, the internal inductance 

is varied by changing q(0).) It is shown that, higher the 

internal inductance is, larger the energy confinement time 

becomes. This result is consistent with experimental 

observations (Zarnstorff et al. 1991. Simonen et al. 1992. JT-60 

Team 1992). 

rE « JL±. (106) 

The s- and q-dependences of the thermal transport coefficient is 
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confirmed at least qualitatively from the experimental 

observations. 

5.4 Heat Pulse Propagation 

The nature that the transport coefficient is a strong 

function of the gradient can also be tested by studying the 

pulsative response of the plasma. From the relation 

x«{VCnT)/n}*• , the thermal diffusion coefficient deduced from 

the heat pulse propagation, Xjjp, Is- larger than that evaluated by 

the power balance x. 

The variation of the heat flux associated with the 

perturbation of the temperature is calculated from the formula of 

Eq.(84). We assume that the perturbation is limited to the 

temperature, and the density, current and velocity are assumed to 

be unchanged. Writing T = TQ + Tl and q h e a t = qheat, 0 + <*heat,l' 

we have 

^heat.l " -Z.SnXpuVTj + 1.5nxpB| 
TQVn0 

VCn0T0) 
IVT, 

VnnVTn 

+ 1.5nx P B|—-——IT, 
P B VCn0T0)

 l 
C107) 

where Xpg is defined as 

qheat.0 ~ " nXPBVT0- C108) 
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If the density gradient is weak, i.e., the relation {Vn/nj 

<< 1VT/T J holds, we lave the effective thermal diffusivlty 

associated with the heat pulse, 

"*HP s ShMt.i'CnrW,}. C108D 

as 

x H P = 2.5x. C110) 

If the equilibrium temperature profile is flatter, 

|Vn/n| >> |VT/T|, then we have 

•HP = x. O H ) 

For the case of comparable temperature and density gradients, 

|Vn/n J -v |VT/T j, the heat convection term (the last term in 

Eq.(107)) appears. 

5.5 Characteristics of "Fluctuations 

The typical perpendicular wave number of the most unstable 

mode satisfies kj_ s =* l//eT as in Eq.(88). The dimensional 

relation kj_« [B]/[/T~] holds. Experimental observations have been 

performed (Mazzukato 1976, Surko and Slusher 1983, Surko 1987. 

Crowley and liazzucato 1985). An experimental relation was given 
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Ak ~ B (112) 

by Surko (1987). The linear B dependence is consistent with 

Eq. C88). 

The mode amplitude Is predicted as Eq.(95). It is shown 

theoretically that the bigger the plasma is, the smaller the 

relative amplitude becomes. The dimensional dependence which is 

derived from Eq-(95) is 

e<t»/T « [/FUCarkBr1 (113) 

Exper imenta l da ta was summarized in Liewer (1985) as, a p a r t from 

d imens ion le s s pa ramete r s . 

ff/n -v* S P J / L J J . (114) 

This result is consistent with the theoretical prediction, 

Eq. (95). 

It is also shown in Eq. (95) that the mode amplitude becomes 

larger for the higher pressure gradient (i.e., for the higher 

heating power). The enhancement of the fluctuation level 

associated with the increased heating power was reported (For 

instance. TFR Group 1984). 

The result Eq.(93) shows that the mode amplitude is large near 

plasma edge (6v^ dependence). The radial form of the fluctuation 

level shows the increase towards the edge (Durst et al. 1992). 
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These comparison shows that the experimental result on 

fluctuations are. at least qualitatively, consistent with our 

theoretical predictions. 
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6. Study for the Systen with Magnetic mil 

The theory can also be applied to the system with magnetic 

hill, such as torsatron/heliotron plasmas. In. this, case, the 

average aagnetic hill allows a perturbation of interchange 

type (Rosenbluth and Longmire 1957), 

»•1 Model 

We use a model equation based on the reduced set of 

equations for stellarators (Strauss 1980}. The cylindrical 

geometry is employed, and the case of zero equilibrium current is 

considered, to look for the analytical insight. The model 

equations consist of the Ohm's law, equation of motion and the 

energy balance equation. Replacing V(rcosB) in Eq.(47) by the 

average hill term, we have 

m ^ f — V?*-MV?*} = B2V..J + BO" P, 

at x ~ " rae 
(115) 

a*/ at = -v„ + - J/a + AV£J. (116) 

ap/at = 
dp0 a 2 

Bdr rae x 
(117) 

where fi' is the effective curvature of the vacuum field and is 
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defined as 

dfi 

dr R2ir2 dr 
-Cr*z) (118) 

where m is the toroidal pitch of the system, I is the 

multipolarity and l is the rotational transform. Z=l/q. Since 

the mode is treated as the interchange mode (i.e., the variation 

in the envelope of the mode structure along the field line is 

neglected), the operator V// is defined as 

RV // (.a/at- i3/ae). (119) 

We solve the eigenvalue equation by the Fourier 

transformation. The normalization is the same as in the previous 

sections. The variable is changed from x=r-?j to k (r^ being the 

mode rational surface) as 

<f>(x) = exp[tt + im8-in£] J4>(k)exp(ikx)dk (120) 

where m and n are poloidal and toroidal mode numbers, respective

ly. Eliminating J and p, we have the eigenvalue equation in the 

k space as 

3 
— <t> + 

L2 3k 1/8+Ak2 3k t+xk 2 
+ - (Tk 2 + j l k 4 ) * = 0, (121) 
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where k2 = kg2 + k2, kQ=m/?j 

1/L = kes, (122-1) 

D = Dnk 0*9 (122-2) 

D0 = 

R2 dp da 
(122-3) 

2r^ df df 

and DQ denotes the driving by the pressure gradient. In the 

following kg denotes the normalized poloidal wave number, m/r. 

fi.2 Current Diffusive Instability 

Firstly, we confirm the large growth rate of the current 

diffusive mode by the WKB method. New coefficients G and o as 

G = 1/3 + Ak, (123-1) 

o = A/G (123-2) 

and new variable R as 

dR/dk = 1 + ok*2, (124) 

are introduced. The WKB solution of the most unstable mode 

satisfies the eigenvalue equation, i.e., 
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n 

4 

He, 
dR Q. (125) 

and 

Q = L 
(1+ok2) .Cr+ik2) 

(rk2+£k4) (126-1) 

Q(RC) = 0. (126-2) 

The asymptotic form of the mode growth rate is studied in 

the limit of large growth rate, i.e.. 

t > ik2. jik2. (127) 

In this limit, Eq.(125) reduces to 

IT 
- - L/G" 
4 

fR, 
dR 

1 + ok' 
TV (128) 

The turning point Rc is given by the relation k = /d/f. Taking 

the limit u >> T^/D, the dispersion relation is approximated 

as (Itoh et al. (1992c)) 

L/XD3/2t~5/2 = 3n/4. (129) 
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This relation yields the growth rate of the current-diffusivity 

driven mode as 

r = C 4 / 3 7 0 2 / 5 s - 2 / 5 x l / 5 k e 4 / 5 D o 3 / 5 . (130) 

The growth rate of the mode is proportional to A1'5, as is the 

case of the ballooning mode in tokamaks.. 

To obtain the most unstable mode structure, Eq. (121) is 

solved by Rayleigh-Ritz method. Writing Eq.(121) as L u=0, the 

functional HLu] is defined as 

R [u]= Juindk/Ju2dk. (131) 

Test function of 

u = exp(-JL2k2/2) (132) 

is employed. Equations 

R [u]=0 (133-1) 

BR [u]/ai«0 (133-2) 

determine the growth rate T and the typical structure of the 

mode, A. The value A denotes the radial extent of the mode. The 

Rayleigh quotient R is obtained as 
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R= -s2A"1l2{y2-2y3exp{y2)Brfc{y)} + 2D0kg
2iexp(i2)SrfcCt) 

-tkB
2{Hl/2y2} -iik9

4{Ul/y2+3/4y4} (134) 

where y = JL2ke
2, t=JL2(t/x+k8

2), and Erfc(y)= J exp(-v2)dv. 

[Resistivity contribution is small if 1/3 C *kg2- This condition 

is satisfied, as shown a posteriori, and l/<s is neglected.] In 

order to obtain the physics insight, we obtain the analytic 

expression, and assume that x = ji. (It is straightforward to 

study the general case of arbitrary ratio of ji/x (Prandtl 

number), but this does not change the result qualitatively.) 

In the large IkQ limit, the asymptotic limit of the function 

Erfc is used. Taking the leading term in JLkQ (note i = ji = rJL
2), 

the eigenvalue equation R [u] = BR [u]/3JL=0 gives the growth rate and 

the radial extent 4 of the fast interchange mode (Greene and 

Johnson 1961) as 

t=/D^/Uk 0)
2 (135) 

JL2=v4(T+2iik9
2)/s. (136) 

For the small JLkg limit, the Taylor expansion of R is used. The 

first order term is written as 

t - (/8/5Hke/D^. (137) 
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From these results, the largest growth rate is given for the 

poloidal mode number satisfying 

kgJL •>. 1. (138) 

For such mode, we have the estimate 

r = /ffj (139-1) 

2 a. S ' V A / D X . (139-2) 

This result has been confirmed by Miller by numerical 

calculation. The maximum value of r was obtained as 0. 25/5T 

(Miller 1992). 

6,3 Transport Coefficient 

The stability boundary is calculated for the current 

diffusive interchange mode, and the transport coefficient is 

derived, as in the case of the ballooning mode. 

Following the analysis of §3.3, the marginal stability 

condition (Eq.(121) with T= 0 ) is simplified by neglecting the *' 

term as 

.* + 
dk' s2i 

<t> -
s2ke

2 
* = 0, (140) 
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9 9 9 

where kp =kg +k . Introducing the normalization 

b = k 9
2 C J i A / s 2 ) 1 / 3 (141-1) 

z2 = k2(AA/s2)1/3 (141-2) 

and the notation 

H = [V] 
s2x. 

f s 2 l 
MA. 

.1/3 
(141-3) 

Eq.(140) is rewritten as 

i 2 X / J , 2 6 d̂ <t>/dẑ  + [(H-b^) - GjZ^ -Ggz* - GgZ0]* = 0 (142) 

where Gj = 3b, G2=3, and Gg=l/b. Neglecting G, and G£ as in 

Yagi et al. 1993, we have the stability boundary, by use of the 

WKB method, as 

( H - b 2 ) 2 / 3 b 1 / 6 
IT 

U - x 6 } 1 / 2 d x = — 
4 

( 1 4 3 ) 

H is a function of b as 

H = b* + Cb -1/4 (144-1) 

where C is a constant defined by 
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C s 
4 

{l-x6}I/2dx 
-3/2 

044-2} 

The eigenvalue H has a minimum H^ of 

Et = (9/88/9)CS/9 C145) 

at 

b, = (C/8) 4/9 C146) 

By combining the results of Eq.(141) and (145), we obtain 

the transport coefficient 

3/2 * 

x = 
H*372 s2 x 

X 

Li* J 

1/2 
(147) 

The same argument, that the ratios Me/x and n/x are order of 

unity, is applied as in the case of the ballooning mode in 

tokamaks. Equation (145) is rewritten as H^"3'2 =* 0.8. Noting 

the normalization, and the explicit form of x is finally 

obtained as, 

x - F(f) {dp/dr}3/262vAR"
1 (148) 

where F(f) is the geometry-dependent numerical coefficient 
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0 . 8 
FCf) -

m i d 
j — U r 4 ) 

12 I r 4 dr 

3/2 
C149) 

The form of the thermal transport coefficient has the same 

B' dependence as that obtained for the tokamaks. The geometrical 

dependence is explicitly given in Eq.C148). 

6 4 Comparison with Experiments 

We discuss what is predicted from this model, comparing to the 

experimental results. Couple of similarity is found in the 

predictions on the torsatron/heliotron with those for tokamaks. 

Firstly, the dimensional dependence of x is 

[ x j c c E T D ^ ^ C R l C B ] 2 C150) 

and is independent of the density, [n]. 

Secondly, the formula x includes the radial dependence 

(.&' /n") ' . not T3' , and predicts a large transport near edge. 

With this radial dependence and that of FCf), x is larger near 

the edge CItoh et al. 1992a). The theoretical prediction of x, 

that x is larger for the high temperature or near the edge, is 

consistent with the result of experimental observations (Sano et 

al. 1990). 

Third, the heat pulse propagation time is the same as in §4. 

For the case where |VT/T|>>|Vn/n| holds. x H p satisfies the 
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relation 

x H P =2.3 xeff. C151) 

The larger thermal conductivity for the heat pulse, than, the 

equilibrium thermal conductivity, was observed in Heliotron £ 

Plasma (Zushi 1991X 

There are differences from the case of tokamaks. Namely* 

these are due to the geometrical and configurational dependence. 

The point model analysis gives the energy transport scaling 

law as 

= A0.2B0.8n0.6a2Rp-0.6<F>0.4 C152) 

where <F> is the average of F near the boundary. (The reason to 

choose the edge value is discussed in Itoh and Itoh 1991.) The 

weak but positive dependence on the mass ratio is obtained. We 

find that the improvement of the confinement by the increase of 

the shear (s~^ term in F) is almost offset by the increment of 

the magnetic hill ({m(r4/)'}3/2r"6 term in F). The coefficient 

<p>0.4 weaj{iy depends on geometrical parameters. The energy 

confinement time depends mainly on the toroidal magnetic field, 

not on the poloidal magnetic filed. This result may explain the 

fact from the comparison study of experimental data in different 

devices, that Tg seems to depend only weakly on the rotational 

transform or on the magnetic shear (Sudo et al. 1990). The 

predicted indices to B, n, a, R, and P, as a whole, are 
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consistent with the experimental scaling law CSudo et al. 1990). 

The nature of fluctuations are predicted "by the theory. 

Since the mode is an interchange type, not a ballooning type, the 

features are different from those in tokamaks. 

The ratio between the relative amplitude of density and 

potential fluctuations, fT/n and e<J»/T, is derived. The connective 

change dominates in S", and we have the relation 

ff/n=((*,/T)e*/T, (153) 

where w^ is the drift frequency. Tk0/LneB (we assume that Te=Ti). 

Using the condition kQ-D-̂ I and the expressions for T and I, we 

have 

a7n =« [3. lsDo"
10(a)E/Ln] e<j»/T. C154) 

From this relation we see that the density fluctuation is usually 

smaller than the potential fluctuation. For the case of 

Heliotron-E plasma, Dg ~ 6Oa0(O)/L and sM, that gives 

ff/n <v C2CLp/Ln)
2/3Ca)/^C0)]e*/T (155) 

The value in bracket [ ] is order of 10" . Fluctuation meas

urements in high power heating experiments have shown that ff/n is 

smaller than e<t>/T (Zushi, et al. 1988, Ritz et al. 1991), which 

confirms our model theory. This relation, Eq.(155), also 

suggests that (a7n)/ Ce<t>/T) increases as the pressure profile 
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becomes broader. This prediction is also consistent with 

experimental results CZushi et al 1988). 
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§7 Transport Coefficient in Stellarators 

We here discuss the confinement of stellarator plasmas based 

on our theoretical model.. The coaventional stellarators such as 

the 1=2 stellarator are characterized by the Magnetic well and 

the weak shear (Solov' ev and Shafranov 1970)- Not an interchange 

mode but a ballooning mode must be analysed in this configuration 

(Cooper et al. 1989). fe therefore apply the result of S3, 

taking the limit of s-»0. 

The thermal transport coefficient is obtained as 

x = O.6q2(R0'/r)3/2G2vA/R. (156) 

The similarity is prominent with tokamaks rather than torsatron/ 

Heliotron configurations. 

We compare the prediction of the transport theory with 

observations. We choose the simplification n^=ne and T^=Te, as 

in the case of tokamaks and torsatron/Heliotron. 

(i) The dimensional dependence of x is 

[x] <u [T] K 5/[a][B] 2. (157) 

(ii) The gradient of p generates x so that the density and q 

Profiles govern the radial profile of x. Equation (156) 

indicates that x increases towards the edge for the usual plasma 

Profiles in the L-mode. The increment of the thermal 
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conductivity near the edge was also confirmed in Wendelstein 

stellarators (Grieger et al. lAgfi). 

Cili) The estimate. Tg=aVx aad 2it a2£neT = rEP» provide the 

scaling law 

rE = C a*X-*B 
2^.4*0.8 ,0.8T>-0. 6.0. 2 

A u*'U eV 
0.6 (158) 

where C s is a numerical coefficient. This result predicts the 

positive l dependence of x-o. 

(iv) The TeCr) profile shows the difference from tokamaks. 

The peaking parameter, T(0)/<T>, only weakly depends on the 

safety factor at edge, qCa). This is because the safety factor q 

is almost uniform in stellarators and the change of the edge 

rotational transform does not cause the modification of the shape 

of z(r) through q^ and s. This is in contrast to the case of , 

tokamaks. This explains the observations that the 'profile 

resilience' is not prominent in stellarators (Wagner 1992). The 

radial shape of x can be different from that in tokamaks due to 

the same reason: The radial increment of x in tokamaks is partly 

owing to the radial shape of qCr). The flat q(r) profile in 

stellarators leads to a flatter shape of x(r) in stellarators, if 

profiles of density and pressure are common. 

(v) The similar argument to those in previous sections 

applies to Xjjp. This value can be larger than that evaluated by 

the power balance x. 

(vi) The typical perpendicular wave number of the most 

unstable mode satisfies 
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k , 6 = l//oT C159) 

The correlation tims zc is estimated as 1/T=«/1/ar^p. 

Cvii) The estimate P7p shows that the mode amplitude becomes 

large towards the edge and is larger for high heating power. 

In our present theory, the toroidal mode is treated as a 

continuous variable. This implies that the rotational transform 

is not the low-order rational number (i.e., when / is rational 

number and is written using the two integers as mj/nj, nj is not 

a small integer.) Therefore the theory may not be applicable to 

the case where / is very close to the rational numbers such as 

1/3, 1/2 and so on. The corrugations were found in the i 

dependence of Tg (See e.g. Grieger 1986). This is not included 

in the present theory. (The role of the magnetic island, for 

instance, is discussed in Wobig et al. 1987). 
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§8 Sunnary and Discussion 

In this article we developed 

sustained turbulence and the asso 

toroidal plasmas. The geometrica 

toroidicity, magnetic shear and m 

The mode is driven by the pressur 

nonlinearity is taken into accoun 

renormalized in a form of diffusi 

mode. By use of the mean field a 

transport coefficients (M^. A^, Xy.) 

of scalar diffusion coefficients 

of the microscopic ballooning mod 

under the influence of the anomal 

and n. It is found that this mod 

transport is small and finite, by 

current diffusivity, A. The mode 

enhanced anomalous transport, i.e 

the ion viscosity, M. The margin 

obtained, and the condition for t 

sustained turbulence is obtained, 

rewritten in terms of the Prandtl 

are little affected by the fluctu 

are assumed to be constant. The 

transport coefficient is thus der 

collisionless skin depth, which w 

model, is theoretically demonstra 

the theory for the self-

ciated anomalous transport in 

1 effects such as the 

agnetic well are incorporated, 

e gradient. The ExB 

t. Nonlinear interactions are 

on effects on the microscopic 

pproximation, the set of 

are represented by a single set 

(n.A, x}. The stability analysis 

e in toroidal plasmas are done 

ous transport coefficients x, A 

e becomes unstable when the 

the effect of self-induced 

s can be stabilized by the 

., the thermal transport, x, and 

al stability condition is 

he stationary state of the self-

The transport coefficients are 

numbers. The Prandtl numbers 

ation amplitude, so that they 

formula of the anomalous 

ived. The important role of the 

as first pointed out in Ohkawa's 

ted: The consistent calculation 
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for stability gives more explicit dependence on p' and on the 

geometrical factor. 

The formula of the anomalous transport which is caused by 

the pressure-gradient-driven instabilities can be summarized in a 

form as 

^» 3/2 v 

x = F(?)[—I 6 2 — (160) 
LdfJ R 

where the geometrical factor F is given as 

q2(R/r)!-5f(s)"1 Ctokamak) 

F ( r ) = \ 0. 6q 2CR/r) 1- 5 CStel larator) (161) 

F(r) (torsatron/Heliotron) 

Approximate form of f(s) is given in Eqs. (70) and (74). and that 

of F is given in Eq.(149). The result clarifies the role of the 

pressure gradient as the origin of the anomalous transport in 

toroidal plasmas. Simultaneously, the effects of the magnetic 

shear and the magnetic well, both of which have been known as 

favourable for improving the stability of the toroidal plasmas, 

are clarified. The magnetic well has clearly improved the plasma 

confinement, as was demonstrated in literatures (see e.g. Ohkawa 

and Kerst 1961 and Yoshikawa 1973). The result in this article 

clearly shows the positive effect of the average magnetic well on 
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the anomalous transport. 

The fluctuation level of the self-sustained turbulence is 

also given. For the ballooning mode turbulence in tokamaks, the 

formula 

e*/T =* /onig/Bi 6q/(L s 4 / 5 ) (162) 

is obtained. This result suggests the importance of the toroidal 

curvature and the pressure gradient for the driving source of 

instabilities in tokamaks. The geometrical factor, such as the 

safety factor, is included, confirming that the connection length 

is the key parameter for the stabilization of the ballooning 

mode. It is also noted that the level e4>/T depends, on the 

magnitude of the main magnetic field and plasma temperature 

through a. The plasma size has an important factor; the bigger 

the plasma, the lower the relative fluctuation level. The 

density is also influential; the level decreases if the density 

is increased. The typical wavenumber is also given. The 

col lisionless skin depth, 6, is shown to be a relevant length to 

characterize the modenumber. The result k6 « l//oTshows that the 

typical mode number increases in proportion to B when the 

pressure and other parameters are kept constant. The 

characteristics of the fluctuations from our model theory are 

also consistent with those in experimental observations. 

The results on x are compared with experimental 

observations. Major part of the observations on L-mode in 

tokamak plasmas can be explained by this model, simultaneously. 
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In. particular, this model explains not only the enhancement of 

the thermal conductivity due to the increase of temperature, but 

also the radial profile of x, namely the larger value of x 

towards the edge. The point model estimate of the energy 

confinement time, *g, is done. The empirical dependence of rg on 

the plasma current, ion mass number, plasma size and weak 

dependence on the toroidal magnetic field seems to be consistent 

with theoretical prediction. The dependences of x on tie 

pressure gradient and q(r) can explain so-called 'profile 

resilience' (Coppi 1980. Furth 1986). The recent observation, 

that the energy confinement time is improved by the increase of 

the internal inductance (Zarnstorff et al. 1991, Simonen et al. 

1992, JT-60 Team 1992), is explained in the framework of this 

theory. 

The theory also explains the various features, (which are 

common to tokamaks,) observed in experiments on stellarators 

(helical devices). Namely, the power degradation of rg. the 

increment of the thermal conductivity by the pressure gradient 

and the radial profile of the thermal conductivity, especially, 

are explained by this unified theory. The different features 

from tokamak plasmas have also been explained. For instance, the 

torsatron/Heliotron experiments have shown that rg depends on the 

main magnetic field, not on the poloidal magnetic field. High 

shear and high rotational transform not necessarily improve the 

energy confinement time. This observation is explained by this 

theory. The most unstable mode in these plasmas is the 

interchange mode, so that the poloidal magnetic field plays 
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little role. It is found that the increment of the shear, "by the 

increase of the toroidal pitch, number of the device, is offset 

by the increment of the magnetic hill. The hill has an 

unfavourable effects on confinement. It is also noticed that, 

among helical systems, the anomalous transport in the 

conventional stellarators and that in the torsatron/ Heliotron 

devices are different in many aspects. The confinement time in 

the conventional stellarator can depend on the rotational 

transform. It must be misleading if the regression analysis on 

the confinement time is performed on the mixed data from the 

conventional stellarator and torsatron/Heliotron devices. 

Compared to the previous theories, this model provides a 

better understanding on the L-mode plasma. Only few theories 

have been successful in simultaneous explanation of the large x 

value near the edge and the power degradation: one was the Ohkawa 

model (Ohkawa 1978) and the other is the critical-temperature 

gradient model (Rebut et al. 1987). The relation of this model 

with the Ohkawa model was explained. The expression of x from 

the critical temperature gradient model is given as an inductive 

formula, and the theoretical derivation was not given. 

In this article, the resistivity is neglected. The analysis 

is done for the resistive plasma to have the instability boundary 

a = x8/2, (163) 

The resistive modes (Carreras and Diamond 1989) give higher 

stability limit of a than the current diffusive modes if 
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oi1/3> ( X / A ) 2 / 3 (164) 

holds. Equation C164) is usually satisfied supporting the simpli

fication in this analysis. The thermal conductivity of Eq.(163) 

is rewritten as x = (4q2B/Lp)Pg uei, where Pe is the electron 

gyroradius and uQ^ is the electron-ion collision frequency. The 

Pseudo-classical diffusion coefficient (Yoshikawa 1970) is 

derived in the framework of this self-sustained turbulence. The 

takeover from Pseudo-classical confinement to the neo-Bohm (L-

mode) confinement will be reported in a separate article. 

The role of resistivity is important when the background 

fluctuation amplitude is small. In the limit of the zero 

amplitude of turbulence, the transport coefficient is given by 

the classical values. In such a case, the mode in unstable. The 

instability continues until the turbulence level grows and the 

marginal stability condition becomes to be satisfied. This is in 

contrast to the case of the drift wave turbulence discussed in 

Hirshman and Molvig (1979), where a fairly large threshold 

amplitude was required to excite the nonlinear instability. 

The present theory gives the (approximate) formula 

x cc (a/o^)1- 5 (165) 

where «c is the critical stability limit of the ideal MHD 

instability. This result provides a picture that the efforts to 

look for the configuration with high MHD-beta limit may also 

allow the better energy confinement. The role of the current 

profile is analyzed in this article and confirmed this 
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conjecture. The effect of the plasma shaping must be studied to 

get the final conclusion. It is also worthwhile to investigate 

the case of the second stability CCoppi et al. 1979). Part of 

the analysis was performed in Yagi et al. 1993. 

The other aspect to improve the confinement is the influence 

of the radial electric field (Itoh et al. 1989, Itoh and Itoh. 

1990, Shaing et al. 1989, Bigrali et al. 1988, Hassan 1991, 

Sugama and Wakatani 1991). The impact of the radial electric 

field on the self-sustained turbulence has been performed as an 

extension of the present theory. The result confirmed the 

previous theories that the electric field anisotropy reduces the 

transport. The details of the analysis will be reported in a 

forthcoming paper. It has also been pointed out that the off-

diagonal elements in the transport matrix can lead important 

effects in the L-mode plasma (Itoh 1990, 1992, Ida et al 1992). 

In particular, the physics of the pinch phenomena requires the 

analysis on the off-diagonal elements. The off-diagonal term is 

also calculated in the framework of this theory. Application of 

this theory to the pinch phenomena will be discussed in future. 

We assume the isotropy of the background turbulence, i.e., 

<< | a<j>/ar |>> =- << | 34>/r 38 |>>. The generalization to the case of 

the anisotropic fluctuation << | a<t>/3r |>> ^ << |a<t>/r 38 |>> is 

possible. The Appendix B describes the generalization. It is 

concluded, a posteriori, that the anisotropy of the background 

turbulence does not change the conclusion of this article. Also 

necessary is the improvement of the evaluation of the Prandtl 

numbers ne/x and n/x. A better estimate would be possible if the 
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values of k^ and kj». evaluated for the most unstable modes, are 

to be substituted in the expressions of (ii, A, x}. 

Nonlinear stationary solution is obtained in this letter by 

taking the ansatz for x, i.e,, the transport coefficients 

affecting the microscopic mode is equated to that for the global 

quantity. Recently, Connor has succeeded to reproduce our 

results by use of the scale invariaace technique, supporting our 

model CConnor 1993). It is also pointed out that the other form 

of the Ohm* s law gives the higher thermal conductivity. In 

giving an alternate derivation of the Ohkawa*s formula, the 

extension of the Ohm's law was discussed in (Kadomtsev and 

Pogutse 1985, Horton et al. 1987). The resistive term J/<s is 

replaced by the electron pressure term Vp/ene. By this 

correction, the increment of the thermal conductivity was pointed 

out (Connor 1993). Even in this case, however, the fundamental 

feature of the anomalous transport, that 

x « f(s)~loc3/2U/x)(x/ii)1/2 (166) 

is found unaltered. 

This correction in Ohm's law is considered to be one of the 

finite gyroradius correction. The result of the typical wave 

number. k6 ^ 1/2/cT suggests that k can be of the order of the 

ion gyroradius, when the pressure increases. The finite 

gyroradius effect on ions, contrary to that on electrons, can 

reduce the transport coefficient. The role of magnetic 

perturbation was also discussed (Lichtenberg et al. 1992, Connor 
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1993). The extension of this theory to such cases requires future 

analysis. 

The precise numerical factor cannot be obtained from the 

present analysis. Though the fundamental structure of x is 

unaltered, the coefficients can be enhanced by the change of the 

electron parallel conductivity and by the magnetic perturbations. 

Tie detailed explanation of the absolute value requires future 

study. Nonlinear simulation would give this coefficient and can 

examine the validity of the ansatz. Other simplifications such 

as the neglect of the spatial inhomogeneity of the background 

turbulence must be examined in detail. The important role of the 

advection of fluctuation in the transition between L- and H-nodes 

was theoretically predicted (Itoh and Itoh 1988). It has been 

pointed out (Yoshizawa 1984) that the incoherent convection of 

the background turbulence affects the level of turbulence in the 

stationary state. The method of two-scale direct renormalization 

approach can be applied to this problem, and may clarify the 

importance of the incoherent convection on this problem. It is 

also necessary to investigate the effects such as the kinetic 

corrections, parallel flow or perpendicular compressibility. 

These researches are open for future study. 
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Appendix A Transport Hatrix 

Explicit fora of the transport matrix, which is given by the 

ExB nonlinearity of the back-ground turbulence, is presented in 

this appendix. 

The nonlinear terns (23)-(25) can be expressed in the matrix 

form. As is shown in Eqs. (1 3)-(1 5), the driven terms {u^. J?> 

Pg) are given in the form of the combination of {Nj. Ng. Ng}. 

Substituting Eqs.(13)-( IS) in Eqs.(23)-(25). we write 

^ 1 

^ 

"?' 

1 

'T*z 

r H n H n Hi3 
H21 H22 H23 

H31 H32 H33 

r C+.j.C^.U]] 

CA1) 

where summation is taken over k,. (The notation kj denotes the 

back-ground turbulence.) Using the expressions for {U9. 2^' p2^' 

the matrix elements Hjj are given as 

'11 

l 2 i 
(A2) 

l12 

i k 2 / f g k 2 l 

K2 r j 2 

(A3) 

'13 

A 2 k 2 I * 

K 2 r p 2 
(A4) 
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and 

H 2 1 = n 0 5^ 
K 2 T J 2 

(A5) 

H22 = ^O 5 

K2 r j 2 
* 2 i + 

i A 2 k 2 Q V P 0 

r u 2 r p 2 B 

CA6) 

H23 " M 0 6 
2 iiir^2_ 

K 2 r i 2 T p 2 

CA7) 

'31 
~ i k 2 8^pO 

K2 T p 2 B 

(A8) 

l32 

k 2 B V p 0 g h 2 / / 

K2 r j 2 r p 2 B 

CA9) 

l33 
K2 Tp2 

si|*8> 
g£k 2 / 

r u 2 r j 2 

(AlO) 

The suffix 2 denotes the mode k2 which is given as k2 = k, + k, 

and the symbol A2P2 indicates ApCfor kn). (The notation k is 

for the test wave.) Eqs.(A2) to (AlO) represent the explicit 

form of {Hj j} in Eqs.(26) and (32) in the main text. 

The transport matrix for the background plasma profile is 

also obtained by taking the limit of k-*0. The conventional 

quasilinear treatment is used to obtain the diffusion operator 
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caused by the background perturbations. He write in the matrix 

form as 

3 r 
— U 
at mjnj V " Vpx? 

' i n i 

2 r cos8 ' 

llVfD + P3 2YfJ + DlSvfp ( A 1 1 ) 

E - vxB + - J = 62p0{D2 lVfU + D 2 2 vf j + D23V±p } ( A 1 2 ) 

— P + - [O .p ] = D31VJU + D32y2j + D33v2p 
3t B 

CA13) 

and 

U = V<*. (A14) 

The matrix elements (D^-} is given by taking the limit k-»0 into 

the expressions IH^-} as 

r D U D12 D13, 

D21 D22 D23 

D31 D32 D33 

|ku*! I
2 

kj 2B 2 

Hll Hll H13 1 

H21 H22 H23 

H3l H32 H33 

CA15) 

k->0 

The matrix elements Hj.-(k-*0) in (A15) are explicitly given as 

80 



'11 
Lll CA1B) 

'12 

i k l / / g k l ^ 

K l T J 1 
CA17) 

'13 
A l k l l 

Kl V 
CA18) 

'21 

i k l / / S 

K l r j l 
( A 1 9 ) 

1 T, Ul 
'22 

K, T j l 
U 

2 , i A l k 1 9 V p Q 

T u l T p l B 
( A 2 0 ) 

'23 

i k l / / * A l 

K1 r j 1 r p 1 
CA21) 

'31 
' i k 1 9 V p 0 

K l T P 1 B 
( A 2 2 ) 

'32 

k 1 8 V P p g k l / / 

K l T J 1 T P 1 B 
CA23) 

and 
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1 
H 3 3 = 7~ 

Ki T. 

ul , 2 g * k l " 

l ' P I L r u i T j i 
(A24) 

The symbol AJPJ denotes ApCfor ki). We write diagonal terms Di j 
o 

5 MQDg2 a n d D33 by fi, A and x, respectively. 
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Appendix B Effect of Anisotropy of Turbulence 

A set of renormalized equations are derived in §2 with an 

assumption of the isotropic turbulence, 

2A |2 l a ^ / a x r =* l a ^ / a y r =< l k u * i I / 2 . CBi) 

The generalization to the case of anisotropic turbulence, 

|a4>i/3x|2 t |a<t>̂ /3y| is possible. (The x- and y-directions a 

taken in the radial and poloidal directions, respectively.) W 

introduce the parameter W which denotes the anisotropy of the 

turbulence as 

<< la^/ay |2>> 

<< la^j/ax |2>> 
CB2) 

The bracket <<>> indicates the average. We determine the 

anisotropy parameter W along the spirit of the mean field 

approximation. Namely, the ratio of the radial derivative of 

test wave to the poloidal derivative equals to those of the ba 

ground waves, l//f". 

By use of W, the nonlinear terms are rewritten as 

[4>.j [*!• Y ] ] = | — | 
3x 

a * 1
 2 i a 2 a 2 . -

l a y ax' 
C B 3 ) 

and Eq.OO) is rewritten in the form of 
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1 ^ 

= E 
lklr*ll5 

2B' 

• H l l H l l H 1 3 • 

H2l H22 H23 

H31 H32 H33 

Aa 

r u 

j 

L F 

CB4) 

where the operator Aa is defined as 

a2 a2 
Aa s — 2 + W — 

ay^ axz 
CBS) 

We only keep the diagonal terms in the matrix tH^-} in the 

following. The set of model equations are rewritten as 

nimi{a(V^*)/at-nAav|*} = B2V;/J + BVPxV(2rcos B/R) • £ (B6) 

1 

<s 
E + vxB = — J - AAaJ CB7) 

and 

a 1 

at B 
— P + -[<t>, P Q ] = ^AaP. (B8) 

The coefficients (p,x, x} are given as 

H = E 
lklr*ll2 k U * 

CB9) 
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A = 6 ' | i n ( i O^e CB10-1) 

"e - E 
l k l r * l l 2 ] T u l f , o . i A l k l B V P 0 

7" ~ l ^ Ki T J I T u l T p l B ] (B10-2 ) 

and 

x = E 
l k l r * l I2 ! T u l f . 9 g 5 k l / / 

K l TP1 

k U _ 2 + H T u l T j l 
( B i n 

where 

K l " T u l k l l + «* 
k l # i A l k 1 9 V P 0 

j l TP1 B 

(B12) 

T u l = r C l ) + Mk11^, irJ-1 = T ( l ) + f x e k u
2 , T p l - T ( l H x k j j / . and a Y L / a t = 

T C D Y J . 

The b a l l o o n i n g fo rma l i sm i s a l s o employed. F o l l o w i n g t h e 

same p r o c e d u r e , we have 

d F d<J> a[t:+cosy+(s'n-asiny')siny]<t> 

dy T + S F + A F F 0 dv t+XF 
a 

(t+MFa)F<t» = 0 (B13) 

Comparing Eq.(B13) to Eq.(51) in the main text, a new geometrical 
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parameter F_ appears, which is defined as 

Fa = l+¥Csi7-asin77)
2, CB14) 

o 9 9 

The operator V, is transformed as -n q F. 

Equation CB13) contains the parameter ff, which is determined 

by the selfconsistent relation 

<kB
2>/<kr

2> = CB15) 

where the average <•••> is defined as 

< X > = 
Jx<t>2dxdy 

L2dxdy 
CB18) 

The ba l looning t rans format ion gives 

< k r
2 > |s 27 ?

2<t»C^D 2d7 ? 

J«t>(77)2d>? <ke
2> 

CB17) 

The stability boundary is derived. Setting t=0 in Eq.(B13). 

we have the eigenvalue equation, which determines the relation 

between x, x and ji. As is in S3, we study the case that the 

ballooning mode is destabilized by the normal curvature, not by 

the geodesic curvature, i.e., l/2 + ot>s. For the strongly 

o p o 

localized mode, s^v <l and v <l, this eigenvalue equation is 

approximated by the Weber type equation, and Eq.(63) is modified 
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a s 

d2WiV2 + C a A n 2 q 2 / x H l - U / 2 + a-s)7?2} 

- i ixii6q6{l + a+2W)s27?2} = 0 CB18) 

The marginal stability condition is giTen as 

# = fjCN) CBI9) 

where 

H. «8/2Xi-8/2ii-l/2 CB20-1) 

and 

ft(N) = N"2(l-N4)"2{(l/2+«-s)+(l+2W)s2N4} (B20-2) 

where N is the normalized mode number N=nq(xft/oO 4 as in §3. 

The eigenmode structure is obtained by the gaussian form 

*(>?) = exp{-(7/70)
2} (B21) 

where 

70~
2 - #N2(l-N4)/2 CB22) 
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The integration Eq. CB17) is performed by using the form of <t>(T?) 

to have 

< S 2 7 ? 2 > = 
2 # N 2 C 1 - N 4 ) 

CB23) 

The self-consistency relation Eqs.(BI50 and B(I7) lead to 

s2W = 2//N2(l-N4) (B24) 

Substituting Eq. CB24) into Eq.CB20), and neglecting higher order 

terms of N , we have 

H= [j] [(l + 2oc-2s)N"2+{6Cl+2oi-2s) + 2s2}N2] CB25) 

The minimum of the right hand side of Eq.(B25) is given as 

A l + 2a-2sM6(l+2a-2s) + 2s2}. When the (a-s) term is small and 

neglected, it reduces to /6+2s. The stability boundary for the 

least stable mode is given as 

«3/2xr3/V1/2 - Am2. CB26) 

At this condition, the parameter W is given as 

5 + 2s2 

s2C3+s2) 
CB27) 
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The typical mode number of the least stable mode is given as 

k 0 6 ^ i/Joi, CB28D 

which is the same result compared to that for the isotropic 

turbulence. The anisotropy parameter Iff becomes small and the 

radial correlation length becomes shorter when the shear becomes 

stronger. 

Comparing Eqs.C84) and (B26), we see that the assumption of 

the isotropic turbulence in the main text gives a sufficiently 

good approximation. The anisotropy of the spectrum gives rise to 

a small difference in the marginal stability condition. The role 

of the plasma pressure gradient is not altered. The formula of x 

is affected on the s-dependence, and the shear dependence is 

slightly weaker in Eq.CB26). Other dependences are not altered. 
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Figure Captions 

Fig. 1 Geometry of the analysis. 

Fig.2 (a) Growth rate of the current-diffusive ballooning mode 

as a function of p for various values of A. Dashed line 

shows the ideal MHD limit. C"b) Growth rate as a function of 

X for 0 = 0. $%. Parameters are: s = 0.4, X/A=1000, ii=x, q = 3, 

r/Lp = 0.6. e=l/8. n=30, and 1/8=0. 

Fig.3 Marginal stability condition as a function of the mode 

number n. Solid line indicates the analytic formula (65). 

Dashed line is obtained by the numerical calculation. 

Parameters are s = 0. 4. x=1.7xl0~5. x/X=1000, ii=x, q = 3. 

r/Lp=0.6. 6=1/8. and 1/3=0. 

Fig.4 Eigenmode profile of the marginally stable mode. Solid 

line is the result of the numerical calculation and the 

dashed line is the analytical estimation. 

Parameters are: s = 0. 4, x=10~5, X/A=1000. ii=x, q = 3, 

r/Lp=0.6, e=l/8. 1/8=0, and n=78. 

Fig.5 Heat flux qr is shown as a function of the temperature 

gradient. The density gradient is fixed. At the location 

denoted by the symbol *, the temperature gradient scale 

length |T/VT | is equal to that of the density |n/Vn|. 
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Fig.6 Radial profile of the thermal transport coefficient. 

Example of the parameters are chosen from JFT-2M tokamak 

plasma CIda et al. 1992). Parameters are: B=1.2T, R=1.3m. 

a = .35m, n(0 ) = 3xl 0 19m~3, T(0) = lkeV. q(a)=3.2 and q(0) = l. 0. 

The profiles are chosen 0(r/a) = 0CO){1 -Cr/a)^} and 

nCr)/nC0)=T(r)/TC0). The shaded area indicates the range of 

the experimental observation quoted from Fig.2 of Ida et al. 

1992. 

Fig.7 Dependence of the energy confinement time (a) and the 

peakedness of the temperature profile (b) on the location of 

the power deposition. The peaking parameter of the power 

deposition A is chosen as A/a =0.3. xheat indicates the 

position of the peak of the power deposition. Parameters 

are chosen q(a)=3 and r1/a=l/q(a) (rj is the location of the 

q=l surface). Density profile is assumed to be flat and the 

boundary condition of T(a)=0 is used. 

Fig.8 Dependence of the peakedness of the temperature profile 

on q(a). The peaking parameter of the power deposition 

A is chosen as A/a =0.3, and peak position of the power 

deposition is given as xi.. t/a = 0.5. The location of the q = l 

surface is given by r./a =l/q(a). Density profile is 

assumed to be flat and the boundary condition of T(a)=0 is 

used. 

Fig. 9 Dependence of the energy confinement time on the 
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internal inductance SL^. f(s) is modelled as f = 1.7 (s<0. 6) 

and /6s (s>0.6) for the simplicity. The internal inductance 

is varied by changing the central q value with the form 

q(r)=q(0)-r{qCa)-qCO)} Cr/a)2 and qCa) is chosen as in Fig. 8. 

The density profile is assumed to be constant, and TCa) =0. 
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