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Abstract: We first explain why any reduced descriptions, such as mean field
approximation, are stochastic in nature. We show that the introduction of this

stochastic dynamics leads to a prédictive theory in a statistical sens whatever the
individual trajectories are characterized by the occurrence of

bifurcations,instabilities or phase transitions. Concerning nuclear matter, we discuss
the spinodal instability. In such a critical situation, we explore the possibility to
' replace the stochastic part of the collision integral in the Boltzmann-Langevin

model by the numerical noise associated with the finite number of test particles in
ordinary BUU treatment. We finally show that the fingerprints of these instability

are kept during the evolution because of the relatively long recombination time
compared with the typical time scales imposed by the Coulomb repulsion and the

possible collective expansion.
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ABSTRACT
We fiist explain why any reduced descriptions, such as mean field approximation,

axe stochastic in nature. We* show that the introduction of this stochastic dynamics
leads to a predictive theory in a statistical sens whatever the individual trajectories are
characterized by the occurrence of bifurcations,instabilities or phase transitions. Con-
cerning nuclear matter, we discuss the spinodal instability. In such a critical situation,
we explore the possibility to replace the stochastic part of the collision integral in the
Boltzmann-Langsvin model by the numerical noise associated with the finite number
of test particles in ordinary BUU treatment. We finally show that the fingerprints of
these instability are kept during the evolution because of the relatively long recombi-
nation time compared with the typical time scales imposed by the Coulomb repulsion
and the possible collective expansion.

1. Introduction

The complete treatment of a many-body dynamics requires the consideration of
the correlated evolution of a huge number of degrees of freedom which is in general
impractical. A tractable approximation is to retain only a small part of the dynamical
information (namely the most pertinent variables such as the one-body observables
or collective modes) and to project the evolution onto the associated manyfold[l].
In particular, conserving only the one-body density leads to the well known mean
field approximation. In general, the projected equation of evolution for the retained
variables will be non-linear and therefore the dynamics may exhibit features such as
instabilities, bifurcations and chaos. A typical example of such a complex evolution is
the well known fusion-fission dynamics which possesses at least two valleys with two
instability points. In the fission process the system will follow the fission valley until
its trajectory becomes unstable and then the system will fall in the other valley (the
fusion valley). If we now reverse the process, the system will follow a different path
because it will stay in the second valley until the other instability point is reached and
will then come back to the first valley. This is a typical hysteresis circle, the system
following a different path when an external constraint is increased or decreased.

However, the lack of full inforn - tion about the state of the system, both initially
and in the course of time, acts HA a stochastic term in the effective equation of
motion for the retained variables, because they characterize an entire ensemble of
microscopically different states of the system. In effect, this ensemble acts as the heat
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Mean-Field Instabilities
Fig. 1: The potential energy of a constrained Pu nucleus as a function of the qnadrupole and
hexadecapole deformation calculated in a constrained Mean-field approach from [2]. The fusion
and-the fission paths are represented exhibiting a typical hysteresis circle due to the presence of two
instability points.

bath in Brownian motion and the equation of motion will be of the Langevin type.
In this case one is forced to consider not only one single trajectory, in the projected
manyfold, but an ensemble of trajectories, which differ because small fluctuations
in the evolution may be propagated very differently by the deterministic but non-
linear part of the effective equation of motion. In such a case, when chaos and
bifurcations are encountered during the evolution, the mean average trajectory (mean
field trajectory in the case of the projection on one-body observables) is no more
defined. However, it must be noticed that the stochastic ensemble of trajectories is
perfectly denned.

This is in fact a general property of stochastic approaches: even if the underlying
(without stochasticity) dynamics is unpredictable (such as in deterministic chaos),
the introduction of a stochastic term will suppress its deterministic character but will
restore its predictive power. Let us explain this apparent paradox in the next section.

2. Stochastic Treatment of Chaos:

2.2 On the Treatment of Chaos in Stochastic Theories

Let us consider any deterministic evolution of a system described by some dynam-
ical variables T

(2)

or any mapping of a discreet quantity !F,
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where £ is the result of a general evolution operator or mapping operator. In general
G is an integro-differential equation depending on the past history of T. These evolu-
tions are in general non-linear and therefore can be very complex. In particular, they
may exhibit instabilities, bifurcations and deterministic chaos which may reduce the
predictive power of these approaches.

However, the actual physical processes described by these evolutions often present
a certain degree of stochasticity. In particular, these non-linear evolutions are often
obtained as a reduction of more complex theories which may be perfectly linear.
In-these cases the non-linearities are arising from the projection of these "master
equations" on a reduced set of degrees of freedom. This suppression of the non-
interesting degrees of freedom generally introduces some entropy because of the lost
of information on these disregarded correlations. In return, this creation of entropy
introduces a stochastic term in the evolution.

Therefore, the actual problèmes to akin to a stochastic evolution (such as a
generalized Langevin process)

of for a discrete mapping

(3)

(4)

where the upper script, n, refers to a particular realization of the stochastic dynamics
(called in the following an event or a system). The ensemble of N events can be
conveniently described by the distribution in the space of the dynamical variables T:

(5)
n = l

which gives the probability that a randomly selected event n has the specified variables
T. The transport of the distribution ^[T] is given by a master equation which
expresses both the deterministic evolution and the transition rates between two JF's
due to the random evolution. Formally, the propagation of 4>[!F} is described by an
equation of evolution

or for discrete mapping
(7)

These new equations have the simple property to be linear. Indeed, they describe
the evolution of an ensemble of independent systems, the J-^"^s. These systems
are completely independent since their equations of evolution depend only on T{n).
Therefore, if <t>\ and 6? are two solutions of the equations (6) or (7), i.e. two ensembles
of trajectories, <j>\ + <pz is also an ensemble of trajectories and so is also a solution of
the equations (6) or (7):

(8)
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Therefore this evolution of the distribution
nor bifurcation nor chaos.

do not present neither instabilities,

2.2 Application to the Stochastic Mean Field Approach.

Let us discuss a particular application of the previous general considerations: the
stochastic mean field approaches.

Mean field theories such as time dependent Hartree Fock (TDHF) or its classical.
analog Vlasov are associated with strongly non linear equations which may exhibit
soHtons, instabilities, bifurcation and chaos. However, since they are the result of a
projection of the N-body problem on to the one-body degrees of freedom, they must be
considered as stochastic in nature, the unknown correlations generating fluctuations.
An example of such stochastic evolution is the well known Boltzmann-Langevin equa-
tion which treats the fluctuations induced by the stochastic nature of the two-body
collisions. » ,

This approach considers an ensemble of N identical systems, labelled by n =
1,..., N. Each one is described by its reduced one-body phase-space density / ^ ( r , p , t).
The time evolution of each phase-space density is given by an equation of the form

(9)

Here H is the effective one-body Hamiltonian and {-, •} the Poisson bracket, so that
the left-hand side describes the Vlasov evolution for / ' " ' as it evolves in its own self-
consistent mean field H^ = H[f^]. The term on the right-hand side represents
the effect of the residual two-body collisions among the nucléons in the system. This
collision term is generated by a stochastic sequence of individual transitions in the
system. Because of this feature, the evolution of the phase-space distribution is akin
to Brownian motion, with the collision integral playing the role of the fluctuating
Langevin force.

The mean number of transitions An in which nucléons are scattered from two
phase-space elements into two other phase-space elements is defined in accordance
with the usual Boltzmann approximation for fermions. Since the collisions are re-
garded as random processes analogous to a random walk, the number of transitions
actually occurring fluctuates according to the corresponding Poisson distribution and
the variance of the quantity An is therefore given by <r(An)2 = An.

Since this stochastic nature of the two-body interaction causes each individual
many-body system to evolve differently, the equation (9) will generate an entire bundle
of dynamical trajectories /<n)(r. p, t). This ensemble of trajectories can be described
by the following distribution of one-body phase-space densities [3],

i V

/ ] , (10)

which gives the probability that a randomly selected system n has the specified oc-
cupancy function /(r , p).
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Since the two-body collision rate is assumed to depend only on / ' " ' at the actual

time t, the evolution of each system of the ensemble is a typical Markovian process,
i.e. it does not depend on the particular history experienced by the system (nor does
it depend on the state of the other systems in the ensemble). In transport theory,
the Markovian evolution of the distribution <j>[f] is given by a master equation which
expresses the rates of transition between one density / ' and another / " . Under
suitable smoothness conditions, the master equation can be written as a differential
equation of the Fokker-Planck type,

n>0

d d
df(sn)

(11)

where s — (r ,p). Since the basic stochastic process is of two-body form, only four
phase-space locations are involved^ at any one time and consequently the sum over n in
eq. (11) terminates at the fourth order: As shown ir ref. [3], the transport coefficients
an[f) can be derived from the early growth rate of the n-body correlations.

This Fokker-Planck equation is linear as discussed in the previous section therefore
all the particularities (or pathologies) of the deterministic non linear treatment have
disappeared and the stochastic description is both more physical and predictive.

3. Test in idealized systems

The previous approach have been carefully tested in many physical scenarii. In
particular it was shown that the ensemble of trajectories does converge to the right
statistical equilibrium. In presence of instability the Langevin term provides a mech-
anism to break the possible symmetries and to test the mean field instabilities. Let
us first illustrate this property.

3.1 Symmetry breaking

To illustrate these ideas we have considered an idealized case of a two-dimensional
torus at half normal density and at a temperature T=3 MeV. For the considered
force, (see ref. [4] for more details) this system lies in the spinodal instability region,
i.e. the region where the system is unstable against variation of its density. Fig
2a presents a lattice simulation [5] of the Boltzmann-Langevin evolution in which
the one-body distribution function / experiences a stochastic evolution and therefore
fluctuates, in response to the random effect of the Langevin force. Since the mean field
is unstable, these fluctuations are amplified and eventually lead to the formation of
fragments. It is important to remark that at the initial time the density distribution
is flat; as the time increases, fluctuations coming from the stochastic part of the
collision integral are breaking this initial symmetry, leading to clusterization.

3.2 Simulating the Langevin Force by a Simple Noise

In Fig.2b. we show the same time evolution in the case of a BUU calculation
using 90 test particles. Now fluctuations aie present since the beginning due to the
finite sampling of the phase space distribution but, starting from a given time (
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Fig. 2: The density profile p(x,t) associated with one particular trajectory at four different times t,
for the BL lattice calculation (part o) and for the BUV test-.partide simulation (part b).

t si 50 fm/c), the evolution becomes comparable to that of the lattice calculation
(part a), reaching finally a similar structure. The comparison between lattice and
BUU calculations using a different number of test particles is represented in fig.3.
One can see on this figure that if the used number of test particles is suitable, it is
possible to reproduce the asymptotic results of the lattice calculations. In our case it
happens using 90 test particles per nucléon. Anyway, there is a range of test particle
numbers which could be used obtaining not very much different results. Indeed, as
we can see from Fig. 3, the advance that we observe in the clusterization time is
only 20 fm/c using a smaller number of test particles (JV,«, = 20). This is due to the
fact that since the instabilities are exponentially increasing the time to reach a given
amplitude of the fluctuation is a logarithmic function of the number of test particles
per nucléon.

4. Linear Response Theory

In order to deeply investigate the growth of fluctuations, we start from the Linear
Response Theory, which is valid for small fluctuations and therefore it is suitable to
describe the first evolution of the system.

4.1 Dispersion Relation

Let us first consider the Vlasov equation,

(12)
2*_ ,-* of QH
dt d~r "dp ~ dp" Ifr = '

which describes the collisionless evolution of / in the self-consistent effective field.
In the following, the effective one-body Hamiltonian is assumed to have the form

* • -
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Fig. 3: The time evolution of the Fourier transform of the correlation function, of, for the most
unstable mode (which has node number K = kLx/2ir = 6), for the BL lattice calculation (part a)
and the BUU test-particle simulation with thiee différent values* of N, the number of test-particles
per nucléon (part 6). This quantity is the variance of fluctuations having wave number equal to Jb.
In this Figure the arrow represents the typical delay when the number of test particle is changed by
a factor 5.

H(r, p) = p:/2m + U[p], with p(r) = hrD J dpf{r, p) being the spatial density of the
nucléons. Expanding the disturbance Sf around the static uniform solution f0, we
obtain the RPA equations for the perturbation £/(r, p, t),

dSU
dt ôr TO dp dr

= 0 (13)

To solve the above equation, it is convenient to replace the r representation by a
wave number representation k, i.e. to perform a Fourier transform with respect to
the position r, and to introduce the frequency u. We find

TO

k p
Sp(k) = 0 . (14)

In the region where k • p ^ mw (as is the case, in particular, whenever when the
energy is not real, such as for unstable modes) we can solve this relation formally:

/UP) =
duk k • p dfo

(15)
dp k • p - TOW de '

The dispersion relation is obtained by expressing the self-consistency condition
Pk = ^~D/^P/k(p)- This integration over the momentum p yields the following
condition on ui,

dUy (dp k . i
dp J hDk • p -

P dfo dUk

p — mu de dp
yrfp

J bP
(k-p)2 df0

(k • p)2 - m-u- de
(16)
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where the last relation has been obtained by using the fact that only terms that are
symmetric under the transformation p —> —p contribute to the integral. We note that
w depends only on the magnitude of k, since all directional information is eliminated
by the integration over p. Moreover, for those values oi k for which the dispersion
relation can be solved, there are two possible frequencies u^ which are related by
complex conjugation.

To gain more familiarity with the properties of the unstable modes, we consider
the zero-temperature limit. In this case one can solve the dispersion relation (16)
analytically, due to the fact that the distribution /o describes a sharp Fermi sphere so
that dfo/de = — S(e — er), where e? is the Fermi energy associated with the specified
uniform density p. One obtains imaginary eigenenergies when the following relation
is satisfied,

where D is the dimension of the physical space. When condition (17) is satisfied, the
frequency of the eigenmode is imaginary and we obtain the solutions u>jf = ±i/ik,
where tk is the'corresponding characteristic time. -
- For a two-dimensional system we then find:

2 1 k2 (eF dU dUk

4.2 Finite Range, Surface Energy and Dynamical instabilities

In the limit of long wave lengths, k —* 0, or for zero-range interaction, the relation
(17) reduces to the condition for mechanical instability,

2 dU n

0

and the dispersion relation (18) predicts an instability time proportional to the wave
length A. This is evidently an unphysical result since the smaller the fluctuation
the faster their growing time. This result is coming from the fact that a zero-range
interaction does not possess any scale.

A physical situation can be recovered if we introduce a finite range for the mean
field. This finite range will generate a surface energy which will prevent from getting
too small clusters and will introduce a natural cut-off in the unstable length. As we
will see, it will also make the spinodal k-dependent.

Let us illustrate this point pictorially by graphically solving the instability condi-
tion in the case of a k-dependent mean-field.

The simplest way to introduce a finite range mean-field is to fold the zero-range
one with function g (such as a gaussian),

U->U®g (20)
f

* • - • '
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Resolution of a k-dependent Dispersion Relation

Fig. 4: Graphic resolution of the instability condition (lower-part), representation of the resulting
dispersion relation (upper-right) and of the k-dependent spinodal in the temperature/density plane
(lower part).
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the range of this function being selected under the requirement of getting a good
surface energy. In such a case the instability condition simply reads

9Un I <r 0 (21)

This equation can be solved by comparing g£ï and [dV/dp)/{eo/po)- This is graph-
ically done in Fig. 4: for a given value of p/p0 we can compute (dU/dp)/(eo/po)
(lower-left figure). If this value is bigger than 1, it corresponds to a value of g~l for
a given k (lower-left figure). Therefore the system is unstable at this density and the
value of k that we found corresponds to the largest unstable wave number. Therefore
the dispersion relation of instabilities (upper-right figure) ends up at this value of k.

If we now let the temperature take on a finite value, the dispersion relation (18)
will change somewhat while retaining its overall character. Therefore, we will be able
to draw a spinodal contour which will be k-dependent (upper-left figure).

The introduction of the collision term mainly adds a damping (i.e. a positive
imaginary part) to the frequency. This can be most clearly seen in the relaxation-
time approximation where /[ /] is replaced by -Sf/tieux, so that the average effect of
the collisions is to change the frequency w£ into u/jf-z7<reia!t.

4.3 Linearization of the Boltzmann-Langevin Equation

If Sf is the fluctuating part of the one-body distribution function and {£/„} repre-
sents the set of eigenmodes of the linearized problem we can write Sf = £ „ Av6fv. It
is possible to demonstrate that the time evolution of the fluctuation <ru =-; AVA'U >

'•"JSl

"V.i
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follows the Lalime's equation:

1
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1 \

(22)

where uiv is the eigenvalue associated to the considered mode v and Du represents
the correlation of the langevin force projected on the normal modes. If this mode is
unstable and we define rv = z'/w, the solution of the previous equation reads:

o%*) = - 1) + (23)

where crfi is the initial value of
be approximately written as follows:

If the time is long enough, the relation (23) can

i (DUTV + aly-v (24)

The terms Dvrv and <7£ play a similar' role in the evolution of fluctuations: there-
fore it is possible to replace the fluctuating source term by any simple noise of the
same amplitude. In particular, using a finite number of test particles in ordinary
BUU calculations, we can introduce a noise associated to the related phase space
discretization. This noise scales like the inverse of the number of test particles per
nucléon, iV{e,t, and therefore Nteat may be tuned in order to reproduce the physical
amount of fluctuations. This is exactly what we discussed in section 3.

4.4 Dynamical Spinodal and Results for a 3D Space

Let us now present some results obtained in a real 3D calculation. First Fig. 5
displays the spinodal contour lines in a temperature versus density plane. One can
see that the spinodal associated with a finite wave length is reduced in comparison
with the static instability condition. Moreover, isocontour of instability time are also
presented on this figure. One can see that when the mode starts to be unstable its
instability time is infinite. Therefore it is dynamically ..table. In fact a given mode can
be considered as dynamically unstable only when its instability time becomes shorter
than a characteristic time for the global evolution of the system. If we consider that
the good time scales are around 50 fm/c, we realize that the dynamically unstable
region is much smaller than the actual static spinodal one.

From this dispersion relation it should be notice that the most unstable modes
happen to be of a rather short wave length. Therefore the resulting partitions will
favor small nuclei around the mass 20.

From the Boltzmann-Langevin equation we get the diffusion coefficient Du for a
given unstable mode, for different values of temperature and density, as it is shown in
Fig.6. Finally Fig.7 shows the number of test particles that one has to use in order
to match the Boltzmann-Langevin results. This number decreases both with density
and temperature, since the collision number, and then the fluctuation source term,
increase going to higher density and temperature. In this figure we can see that 20 to
40 test-particles is a good choice in order to mimic the Boltzmann-Langevin dynamics
and indeed full calculations of heavy ion reactions exhibit spinodal instabilities and
clusterization.
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Fig. 5: Static spinodal region and contour of equal instability time for the wave length A/2sr = 1.6 fm.
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considered.
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Fig. 7: The number of test particles lepioducing the Langevin dynamics in the spinodal region as a
function of density and temperature (see Fig. 6).

From this study we have seen that the partition of the system is dominated by few
unstable modes therefore we may keep some fingerprints of the spinodal instabilities
in the fragment size distribution. However, we are dealing with a strongly interacting
system and one may worry about the possible final state interaction. Therefore we
must ask ourself about the freeze-out time.

5. Finale State Interaction, Statistical Equilibrium and Freeze-out: Test
in an idealized system

In order to test how the memory of the spinodal instabilities survives the clus-
terization process we have studied an idealized 2D system. Figure 8 presents the
evolution of piece of infinite nuclear matter initially in the spinodal region. One can
see that the fragments are formed soon, after the beginning of the process and that
the resulting partition is characteristic of the most unstable mode. After this fast
clusterization the system relaxes very slowly toward statistical equilibrium and, in-
deed, on the numerical simulation, one observes that the system does not evolve much
during the last 100 fm/c.

This can be understood by simply computing the time the system needs to sample
the different accessible partition. This time is related to the time a fragment needs
to undergo a nuclear reaction. This time is simply given by:

Tjamp/e = \/<TVp =S 2 0 0 / m / c (25)

where a is the typical reaction cross-section and p the cluster density. The velocity v
can be computed from the system temperature. This velocity of the cluster happens
to be small because of the energy equi-partition. Therefore the sampling time is found

r1
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Fig. 8: Clusterization process in a periodic box

to be very long of the order of 200 fm/c in agreement with the numerical simulation.

In real nuclei several effects are modifying this picture. First the finite size effects
which are introducing surfaces which tend to "catalyze" the equilibration process.
This is illustrated in Fig 9 where we show the clusterization dynamics in a finite
nucleus. We can see that the clusterization is still dominated by the instabilities but
the memory of this mechanism is lost because of the presence of strong interactions.

However in the previous simulation the Coulomb interaction was not included. As
we can see in fig 10 this repulsive interaction strongly reduces the final recombination.
Indeed, it is easy to realize that the time a cluster needs to leave the system (i.e. to
move of d = 1 fm) is given by:

= y/MRd/Vc % 10 - 30/m/c (26)

where M is the cluster mass, R the distance to the charge center and Vc the Coulomb
potential. Therefore the Coulomb interaction introduces a fast freeze-out time and
the memory of the dynamical instabilities can be kept.

Another way to introduce a freeze-out time is to consider an expanding box.
Indeed the collective velocity will push the fragments one apart from the other so
that they will soon stop interacting. This is illustrated in Fig. 11 where we can see
that a small expansion velocity is very efficient as far as the freeze-out is concerned.
The system is keeping a complete memory of the instability. It must be noticed
that the most unstable modes have always the same wave length. However, since
the system is expanded during the time of the clusterization, this unstable mode
generates more fragments.

The various scenarii are summarized in Fig. 12 which presents the mean num-
ber of fragment as a function of the time. One can see that many physical effects
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are introducing a fast freeze-out time so that the clusterization pattern due to the
instability is kept.

6. Conclusion

In this paper we have justified the use of stochastic mean-field approach and we
have clarified the possible role of chaos. We have discussed the dynamical instabilities
and their signature. We have introduced the concept of region of dynamical instabil-
ities by looking at the values of the smallest instability time. We have shown that
the most unstable modes do not depend strongly on the expansion velocity.

In particular we have shown that the Coulomb interaction is freezing the partition
of the system at the time of the clusterization. Therefore the fragmentation pattern
can be considered as a fingerprint of the dynamical instabilities. We have also dis-
cussed the fact that a typical pattern would be the decay in several light ions (of mass
around 20).

However one question remains: are these partitions real signatures of a dynamical
process or can they be obtained in a statistical description of the multifragmentation

Part of this work is a fruit of collaboration with F. Burgio, M. Di Toro and J.
Randrup. We warmly thank all of them. Many thanks are due to P. Fox for his
important role in the elaboration of this Work.
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Fig. 12: The mean number of fragment as a function of the time for the various scenarii presented
before: the periodic box (solid line), the finite system (dot-dashed line), the charged finite system
(dashed line) and the expanding system (dotted line).
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