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Abstract

A variable is constructed for each r decay channel which car-
ries all the available information on the r spin state. Its use
allows a simple determination of the polarization with the max-
imal sensitivity for all final states. Further applications to the
r -> a^v channel are discussed and it is shown that a sizeable
improvement of the measurement can be achieved.
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1 Introduction
The measurement of the r polarization in Z decays is one of the most powerful tools for
understanding the electroweak Standard Model. The parity violating weak decays of the
T are good analysers of its polarization [1] which measures the interference of the Z axial
and vector couplings [2].

For any decay of a polarized tau, the differential partial width is [1, 3]:

p ( \ h^)dLiPs (1)

where \M\2 is the spin averaged squared matrix element, and s the four-vector which
reduces to the three-dimensional polarization vector s in the tau rest frame. In this frame
the 1 — Ix11S

11 term becomes 1 + s.h with \s\ = p, the r polarization.
If the standard model describes the r decays, the "polarimeter vector" £ is a unit

vector in the direction of flight of the pion in the case of the decay r~ -» n~i/ and
a unit vector in the direction of flight of the antineutrino in the case of the leptonic
decay r~ —> l~uû. In the case of a multipion decay, h is constructed from the hadronic
current [3] and it can be checked that it is still a unit vector.

Assuming that all the decay products are observed and that the expression of the
hadronic current in terms of the hadron momenta is known, all the decay distributions
can be cast in the same form:

W = ^(I + pcosOh) (2)

and have the same potential for a polarization measurement.
However, neutrinos escape detection and at least one neutrino is involved in each

decay. Since the taus are produced in pairs their energies are determined by energy
conservation but their directions are hard to measure and all the existing analyses [2]
deal only with laboratory distributions. In such a case, the relevant polarization being
the longitudinal one, only the single pion decay distribution retains the simple form
of equation 2 and preserves its full potential for the polarization measurement. In other
channels a part of the potential is lost and, in the case of multipion decays, the remaining
information is embodied in a multidimensional distribution [4].

When an analytical expression is known there is no practical difference in the fit of
one dimensional or multidimensional distributions, but, in practice, several effects (de-
tector acceptance, radiative corrections) cannot be computed analytically and are taken
into account by Monte Carlo simulations [2]. The comparison of data and predictions
requires then a binning leading to a loss of information and an awkward treatment of the
multidimensional distributions.

VVe show here that, fortunately, the specific linear dependence of equation 2 on the
polarization which is preserved in the laboratory distributions allows the reduction, with-
out any loss of information, of the multidimensional distribution to the one dimensional
distribution of a variable u> defined for each decay channel. This leads us to construct
the optimal method which models the handling of all channels on the one of the ideal
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rest frame distribution 2. Some applications of the method and the implications of the
experimental constraints are also presented.

2 The ideal problem

2.1 Estimation methods
For each r decay channel, using the symbol f to designate the set of the n available
observables and p for the polarization, the decay distribution can be written

(3)

where the functions / and g satisfy the normalization and positivity conditions:

/ / £ = 0, / > 0 and \g\ < f.

For a sample of N measurements {£,•} of the decay observables, the true polarization
Po maximizes the likelihood C(p, {Ci}) and is then solution of the equation:

which depends only on the values of the kinematical variable defined by

»-«& (5,
/(O

It follows that a maximum likelihood fit of the 1-dimensional distribution of the variable
ijj leads to the same equation and yields then the same result p0 with the same error a
given by -^ = N ( ,. 1^—rj ) than the ones provided by the multi-dimensional analysis.

Let us remark that, if we have an a priori estimation po of the polarization, we can use
the Bayes theorem [5] to compute, for each event, the probabilities V± of the two r
helicities l. They are linked to w by the relation: V+ — V- = {u + po)/(l + pow). The
variable u is then expected to carry all the information on the r spin state as it has
been shown formally through the maximum likelihood equation. The distribution of the
variable u has the same form for all the decay channels:

IV(W) = / H [ i + H - (6)
The function / depends on the decay channel if the full kinematics is not measured. If
it is measured, w = cos 0/, and. from equation 2, f(ui) = 1/2 irrespective of the channel.
The first-order moment of / is 0 and its second-order moment is S2(p = 0), where
5 = l/cry/ÏÏ measures the sensitivity of the channel for a polarization measurement [4].
5 2 is the average information per event [5].

We present some examples of / functions on the figure 1. From the preceding definition
the sensitivity (at p = 0) is the width of the distribution and its increase with the number
of used observables is clearly displayed on figure 1.

'Talking about the probability of r helicity makes sense only if we do not observe the azimuthal
correlations of the decays.
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Figure 1: Distributions /(w) in p and O1 channels for different sets of observables. The
observables are defined in the text. M.E. corresponds to the use of the complete matrix
element without the knowledge of the tau direction.

The values of the sensitivities for the different channels can be computed easily from
the theoretical distributions through the relation:

S2 =
1 U)

Na2 \(l+pou>y -h PoC
(7)

The variation of the sensitivities with the polarization is determined by the higher order
moments of / ; it is small for all the channel.The values of the sensitivies for a typicai value
of the polarization are given in table 1. When the complete kinematics is reconstructed,
which is conceivable for semileptonic decays only, the sensitivity reaches the ideal value:
5 = l/y/Z ~ 0.58 for p = 0.

For small values of the polarization the maximum likelihood is equivalent to a moment
method since equation 4 reduces to <u>> —po <u;2>= 0. The moment method is also
convenient for other values of p. It gives an error a priori greater than the error from the
maximum likelihood, but the difference is O(p2) and, for small polarizations, they are
virtually equal. For greater polarization we can modify the moment to keep the optimal
error2.

2For instance with u>'p0 — w/[l + pou/] where po is a first approximation of the polarization, or
equivaiently by using higher order moments.



Channel

WU

pu
Oi U

tuû

Sensitivity
Number of observables

1
0.58
0.26
0.10
0.22

2
-

0.49
0.23

-

all but T
0.58
0.49
0.45
0.22

with T
0.58
0.58
0.58
0.27

Table 1: Sensitivities of the r decay channels for PT — -0.15. The two first columns
give the sensitivities of the standard analyses[l, 4], the two last the sensitivities achieved
when using all the available information without and with the r direction f.

2.2 Standard analyses

For the leptonic and -a decay modes, the standard analyses of the r polarization [2] use
one dimensional distributions, the distributions of energies, For two and three 7r's decay
modes two dimensional distributions are used. The two variables are the r decay angle 6*
and a polar angle /?, related to the direction of one pion in the p rest frame for a two
pion decay and to the direction of the normal to the decay plane in the ai rest frame
for a three pion decay. A further variable is the hadronic mass m which appears as a
parameter in the theoretical decay distributions.

The use of the variable u avoids the complexity of multidimensional fitting and the loss
of sensitivity due to binning in the multi n channels. It allows also a uniform processing
of all the channels making easier their combination in a global analysis.

There is a further advantage when the r decay yields two or three TT'S. The mass m
of the pion system is then not fixed but follows the Breit-Wigner distribution of the p
or ai respectively. Since the distribution of the decay angles depends on the mass of the
hadronic system, using an average decay distribution in place of the exact distribution for
each mass results in a decrease of the sensitivity by a few percent. Taking full advantage
of the sensitivity requires to use, for each event, the decay distribution computed with
its reconstructed mass, adding one dimension to the fitted distribution. This is done
automatically by the use of the variable w which is a function of both the mass and the
decay angles, though the sensitivity lost when using the distribution of u> averaged over
mass variables is small.

2.3 The «i channel

Of the a\ decay variables, the standard analysis uses only the angle (3 between the normal
to the decay plane and the laboratory helicity axis [4] for its distribution is independent
of the strong interaction of the three 7r's. If we know the matrix element which describes
that interaction it is possible to increase the sensitivity of the polarization measurement
by using more observables for the description of the a,\ decay. Using the variable w, the
complexity of the analysis is not increased.

^
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Quantitatively, the sensitivity computed for the use of the complete experimental
information but the tau direction, assuming an S-wave p w matrix element, is 0.45 to
be compared to 0.23 in the standard analysis with two angles and 0.58 if the complete
kinematics is available. In other words the analysis with two angles retains only 16% of
the maximum information, the analysis with the matrix element 60%.

The relevant variable u> is constructed from the kinematics of the three pions produced
by the a,\ decay. A system of three particles in its rest frame is described by five variables:
the two Dalitz plot coordinates and three Euler angles. It is convenient to use for the
two first Euler angles, a and /?, the spherical coordinates of the normal to the decay
plane [6]; the third Euler angle 7 defines the position of one of the pions in the decay
plane. The measurement of the angle a requires the determination of the tau direction
so a is usually considered not measurable.

The complete observable T decay distribution [7] (and hence u) is then a function of
six variables: the r decay angle 0*, the 3n mass and the four measurable variables from
the 3K system. A characteristic of the 3TT decay is that it allows the measurement of the
sign of the O1 helicity [6, 8] using the Dalitz plot asymmetry. Symmetrizing the Dalitz
plot, this information is lost and the sensitivity is reduced to 0.40. Using only the angu-
lar distribution (i.e. integrating over the Dalitz plot), the sensitivity is 0.39 and folding
the distribution to eliminate the small sin 27 term it becomes 0.38. This last choice of
variables has the advantage of depending on the decay matrix element through only one
(real) parameter3 we note A, while retaining 70% of the available information. It allows
a fairly transparent discussion of the method; we shall refer to it as the "three-angle
method".

Some remarks on the model dependence of such an analysis are in order. First, and
that must be stressed, the definition of the variable u using a simplified decay distribution
can possibly reduce the sensitivity but cannot introduce a bias on the polarization if the
measurement is done by comparing moments computed on data and Monte Carlo. The
measurement can be biased only if the description of the strong interaction dynamics in
the Monte Carlo is not correct.

Discrepancies can have two origins: the presence of Jp = 0~ amplitudes or inexact
Jp = I + amplitudes.

The variable u computed from a Jp = I + matrix element depends on the angle 7
through cos 27 and sin 27; the 0"-I + interference term is linear in cos 7 and sin 7 [7]4.
Hence the moment < u > is not affected by the interference term and the effect of a
possible 0~ contribution is reduced and can be computed as the one resulting from an
incoherent background (see below); like it, it almost cancels in the forward-backward
polarization asymmetry.

A model independent determination of the decay matrix element is possible in prin-
ciple [7] but the analyses published so far have been based on fit of isobaric models

3The parameter A is wc/w^ in the notations of reference [7].
4This is due to the fact that, for a I+ system, the projection of J on the normal to the decay plane

is ±1.
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Figure 2: Influence of the strong matrix element on the polarization measurement in the
ai channel using only the angular dependence. Continuous line: matrix element from
reference [H]. Dashed line matrix element from reference [9].

The data are in agreement with a Jp = I+ p n system mainly in an S wave. The decay
matrix element is described by two amplitudes whose relative normalization is given by
a parameter conventionally called D/S. Several parametrizations of the form factors
have been proposed [9, 10, H]. Measurement of DfS by ARGUS using the Dalitz plot
density gives a value of —0.11 ± 0.02 [12]. Allowing variation of D[S between —0.2 and
0.2 but using the u> variable computed from ref [7], the systematic effect on the polariza-
tion measurement for p ~ —0.15 hardly reaches beyond 0.01. Let us remark nevertheless
that, unlike most experimental systematics, the uncertainty on the strong matrix element
affects also the forward-backward polarization asymmetry.

The influence of the strong matrix element can be understood easily when one uses the
above described three-angle method, its dependence being expressed by the real param-
eter A [7]. Figure 2 shows the effect of a variation of A on the polarization measurement
along with the values of A in the two above quoted models. The systematical effect on p
is very small for p ~ —0.15 but there is an effect on the forward backward polarization
asymmetry as mentionned above. It is interesting to remark that the measurement of
A is possible at low energy where the r polarization is 0. It would give complete model
independence to the three-angle analysis.

2.4 The T+ T~ correlations

2.4.1 Joint use of the two decays

Neglecting mi/m^ the helicities of the two tans are opposite, and the polarization mea-
surements performed on T+ and r~are consequently correlated. The method presented
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here can readily take into account this spin correlation. Labelling 1 and 2 the two hemi-
spheres, the joint distribution of the observables of the two decays reads:

(8)

so that a single variable Cl can be defined for the whole event:

In the case of two single pion decays, the sensitivity that can be achieved using this
variable is 0.73 (i.e. a = l/(0.73^/Nevt). This is to be compared to the value S = 0,71
obtained when the correlation is not measured. The improvements for the other channels
are of the same order of magnitude. Let us remark that if we forget the correlation of
the measurements we obtain an overestimated sensitivity S = \/2Sn « 0.82.

2.4.2 Increasing the sensitivity through the rest frame reconstruction

The correlation of the two hemispheres of a Z -» T+T~ decay carries also kinematical
information on the tau directions which can bring the sensitivities closer to the ideal
values of the last column of table 1.

In the case where one of the decays is purely leptonic, this information is contained
in the acollinearity of the decay products [14]. In the case of two semileptonic decays,
it is known [13] that their kinematical correlation allows the determination of the r
direction except for a twofold ambiguity. Since, in the case of the p and <zi decays,
the supplementary information given by the tau direction reconstruction is an azimuthal
angle (a) which appears in the decay distributions through elementary trigonometrical
functions of a and 2a a modest precision on the reconstruction is sufficient to achieve an
improvement of the sensitivity.

Let us remark finally that the vertex detectors of the LEP experiments can also help
to the reconstruction of the r directions.

3 Experimental effects

The above considerations assume a perfect knowledge of the decay observables. In prac-
tice, several effects: measurement errors, backgrounds, imperfect acceptance, can reduce
the sensitivity and induce systematic effects.

Moreover, as mentioned before, the corrected theoretical distributions are computed
by Monte Carlo methods.

VVe use reduced variables w constructed from the theoretical distributions. This re-
quires that the errors on the normalised observables (cosines, E/Ebeam) are small com-
pared to 1. We present here some remarks on the use of Monte Carlo simulations and on
the effects of acceptance and backgrounds.



3.1 Using the Monte Carlo
The general method consists, for a given channel, in measuring the moment of the variable
u> on the data and comparing it with the same moment measured on Monte Carlo samples
corresponding to different values of the parameter to be measured.

In practice it is not necessary to generate Monte Carlo events for different values of
the parameter. Different values can be faked by weighting Monte Carlo events generated
for a given value of the parameter.

For polarization measurements, since, as mentioned above, an helicity can be at-
tributed to each Monte Carlo event, it is also possible to construct the distributions of a;
for both helicities and fit a linear combination of them to the experimental distribution.

3.2 Detector acceptance

If the acceptance A(C) of the detector is not perfect the probability distribution of equa-
tion 3 is modified into

W = A(f + pg) IJA (/ + pg) JTt (10)

Let us define the acceptance asymmetry

— e_

where e± are the acceptances for polarizations ± 1 .
Equation 4 becomes

pk

It shows that w is still the optimal variable for the polarization measurement and that sys-
tematic errors due to uncertainties on the acceptance can be estimated by 8p « —8k/S2.

The relationship between polarization and moments is now

= 0 (13)
1+Pok

which reduces to po = (<CJ> —k)/ <w2> for small values of the polarization.

3.3 Backgrounds

An imperfect knowledge of the backgrounds induces systematic effects. They can be
estimated by the general relation: Sp ~ *qi • The systematic effects come from a
modification of <u;> and are amplified by the inverse of the squared sensitivity. The
most dangerous systematics are due to effects localized in phase space regions where the



sign of w does not change, for instance a background in a region of high |u/j. They are
more important in low sensitivity channels. Let us consider a few examples.

The background from Z decays into n+pT'm the decay channel r -» p,uv is concen-
trated at Xp = 1, i.e. w^ = —1. The systematic error due to the uncertainty Se on the
background level is Sp = Sc /S2 ~ 20 Se. The systematic effect can be reduced by using a
slightly modified variable since, in presence of background or more generally in presence
of an effect which spoils the relation of eq. 6, one should use:

W(C)+ W(C) 1+b/s K '
where W± are the distributions including background for polarizations ±1 and b/s is the
^-dependent background over signal ratio.

A background distributed flatly in the phase space is cause of smaller systematic
effects due to the averaging of w. One of the advantages of the p and ai decay channels is
that the existence of systematic effects localized in the multidimensional space of decay
observables is unlikely. In the worse case there is some suppression due to the averaging.
Let us take the example of an hypothetical background due to the fragmentation of a
quark into a p or a\. The ratio E/Eteam is equal to 1 but <u>> is only 0.27 for a p and
0.06 for an ai assuming a flat decay distribution.

An other example is the possible Jp = 0~ background under the ai. Taking into
account the small value of <LJ> for a 0~ system for typical 3n mass distributions and the
expected low level of this background [12] the effect on the polarization measurement is
almost negligible.

4 Conclusion
To build a polarization analysis method on the model of the ideal method that could
be used in the tau rest frame, we have shown that only one variable (a>) contains all
the information on the helicity of the r in each event, whatever the decay channel.
Expressed in terms of w all the dec; ̂  distributions assume the same expression. A
binning free moment analysis can be applied to all the channels with an optimal use of
the information.

For decays to hadronic resonances, its use avoids the loss of sensitivity due to the
resonance widths. In the case of the a\ it allows to use the complete information from
the decay with a potential improvement of the sensitivity of 2 (i.e. 4 times more infor-
mation used per event). The systematic error on the polarization measurement due to
the uncertainty on the strong matrix element is estimated to about 0.01. Furthermore, if
one reconstructs the r direction, the sensitivity of semi-leptonic decay channels are equal
to the sensitivity of the TTI/ channel.

The w variable is still optimal when experimental acceptances are taken into account.
The effect of possible backgrounds can be discussed in fairly simple terms of moments of
u, or by a slight redefinition of the variable.



The method can be applied to other linear problems. Its interest grows with the
dimensionality of the experimental distribution. Such a method could be specially useful
for the measurement of the correlations of polarization with other parameters: the corre-
lation with the production angle which measures the Z couplings to electrons or the spin
correlation of the two r's which allows a test of the r charged current structure.

It is worth noticing that, although all the information on the polarization in a given
channel is extracted by the variable w, the complete, multi-dimensional, decay distri-
bution contains also interesting information on the possible experimental problems, for
instance the asymmetries of the angular distributions which can be used to check the
systematic effects.
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