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Abstract

A central problem in diagnostic radiology is to compare a new X-ray picture with a
previous picture and from this comparison be able to decide if anatomical changes
have occurred in the patient or not. It is of primary interest that these pictures
are identical in projection. If not it is difficult to decide with confidence if differ-
ences between the pictures are due to anatomical changes or differences in their
projection geometry.

In this thesis we present a non invasive method that makes it possible to find the
relative changes in the projection geometry between the exposure of a previous
picture and a new picture.The method presented is based on the Projection slice
theorem (Central section theorem).

Instead of an elaborate search for a single new picture a pre-planned set of pic-
tures are exposed from a circular orbit above the patient. By using 3D Fourier
transform techniques we are able to synthesize a new X-ray picture from this set
of pictures that is identical in projection to the previous one.

The method has certain limits. Those are as follows

• The X-ray focus position must always be at a fixed distance from the im;3ge
plane.

• The object may only be translated parallel to the image plane and rotr.ied
around axes perpendicular to this plane.

As proved by Edholm, under those restrictions, we may treat divergent projection
pictures as if they are generated by a parallel projection of a scaled objec:. The
unknown rotation and translation of the object in the previous case ar' both
retrieved in two different procedures and compensated for.

Experiments on synthetic data has proved that the method is working even in the
presence of severe noise.
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Chapter 1: Introduction

Chapter 1

Introduction

A common situation for the radiologist is the need to examine and compare two X-
ray pictures or two sets of X-ray pictures of a patient obtained at two different
occasions. In practice it is quite difficult, however, to ascertain the same projection
geometry for the two occasions. Hence, when comparing a picture with a previous
one, interesting anatomical changes might be obscured by effects which are due to
a different positioning of the patient (or the X-ray focus).

A radical remedy is to surgically implant two small metal balls some distance
apart in that part of the skeleton which is of interest [11]. With the aid of a fluo-
roscopy a direction of projection is found in which the two balls are projected
superimposed on each other and a picture is exposed. When this procedure is
repeated at the next examination, the new picture is identical in projection to the
picture from the first examination. In most cases this is an unwanted and expen-
sive precaution since this method has the disadvantage that it requires surgery.

In this thesis we will show that it is possible to reconstruct an X-ray picture,
po(x,y), identical in projection to a previous picture, from a limited set of X-ray pic-
tures. Naturally, the method is subjected to several conditions and assumptions.
Foremost among these are that the variation in position of the patient is limited J

to: 9

• translation parallel to the image plane

• rotation around an axis perpendicular to the image plane.
V

Other geometrical projection parameters are assumed invariant or under full con-
trol, e.g. the position of the X-ray source relative to the image plane and the pic-
ture coordinates.
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1.1 Aims

The work presented here has had the aim, as mentioned in the introduction, to
develope a non-invasive method to produce an X-ray picture which is identical in
projection to a previous picture. This means that the new picture should be so sim-
ilar to the previous picture that they will appear identical if no anatomical change
has occurred. The idea was to synthesize the new picture by using the Fourier
transforms of a set of pictures exposed from positions on a circular orbit above the
patient. The orbit encompassed the probable position from which the previous pic-
ture had been exposed, see Figure 1.1. It was clear that this was possible in theory
under the following conditions.

• The pictures were exposed with parallel projections.

• The object was rigid and had exactly the same position for the previous picture
as for the set of pictures.

• There was no change in the object between the previous picture and the expo-
sure of the set of pictures.

• The whole object was contained in all the pictures.

The conditions above contain such severe restrictions that at first sight it would
seem to be impossible to develope a practical method to produce a picture which is
identical in projection to a previous picture. However, we had some optimistic
ideas how we would overcome these conditions and the work started. Step by step,
solutions to the various problems involved with the conditions above have been
found.

1.2 Overview

This thesis is divided in three parts. In the first the main theory is presented
which is based on the Projection slice theorem. It is shown how this theorem can
be applied to generate pictures which are identical in projection to previous pic-
tures but only under the rigorous conditions mentioned before. In the following
discussion it is shown how each of these restrictions may be circumvented. In
Chapter 6 we give a compact operator description of the method presented in the
preceding chapters.

In the second part the experiments are described. They are presented in the same
order as the various solutions are discussed in the theoretical part. In chapter 8,
we show how our method performs in the presence of noise.

Finally in the third part, we compare our method with Direct Fourier Methods
and Filtered back-projection used in 2D reconstruction. We also summarize and
present some topics that remains to be investigated in the future.
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Figure 1.1 Pictorial description of the method of synthesizing a picture
which is identical in projection to a previous picture. The synthesis is
done in the 3 Dimensional Fourier domain.
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Chapter 2

Theory

In this chapter the theory for projection pictures is presented and some frequently
used terms are defined. In section 2.2, our special version of the Projection slice
theorem (PST), which is the key to the method, is presented and proved. In
section 2.3 we prove that under certain conditions divergent projection-pictures
can be treated as being parallel, which has been proved recently in[6j. This is an
important conclusion that enables us to use the PST on divergent projection pic-
tures.

If there is no rotation between two projection pictures of the same object, their 2D
Fourier transforms share a line, the common line. This is proved in section 2.4.
Finally we present the conditions vhich must be fulfilled in order to synthesize a
new projection picture from a se( ' projection-pictures. These conditions are an
expansion to divergent projection pictures and a reformulation of the conditions
that were first given in [15].

2.1 Definitions

Some frequently used terms are defined here. Most of them are presented in
Figure 2.1 where the geometry of a projection is presented.

(x, y, z) Coordinate system in the spatial domain.

(u, v, w) Coordinate system in the Fourier domain.

(x, y, 0) The detector plane, usually referred to as the xy-plane.

f(x, y, z) The density function of the object.

F( u, v, w) The 3D Fourier transform of f(x, y, z>.

plx.y) A 2D projection picture of fix, y, z), projected onto the
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source*

fix, y, z)

p(x, y)

object

detector plane

Figure 2.1 The geometry of a projection picture. Most of the terms in the
text are referred to this figure.

P(u, v)

cn =

detector-plane.

The 2D Fourier transform of p(x, y).

The direction of the parallel projection for a projection-

picture.

The angle between cn and the z-axis, |

9 =

The angle in the xy-plane between a projection of cn in

the direction of the z-axis and the x-axis,
q> = atan{yn/xn)



Chapter 2: Theory
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Figure 2.2 The Projection slice theorem. The 2D Fourier transform
P(u, v) ofp(x, y) represents a central slice Fn(u, v, uxn + vyn) through the

3D Fourier transform F(u, v, w) of the object.

2.2 The Projection slice theorem

Suppose that we have exposed a 2D parallel projection picture p(x, y). The object
exposed is f(x, y, z) and its 3D Fourier transform is F(u, v, w). The 2D Fourier
transform P(u, v) of p(x, y), will then represent a central slice, Fn (u, v, uxn + vyn),

through F(u, v, w) with a normal that is parallel to the direction of projection. This
theorem is called the Projection slice theorem or the Central section theorem. It is
illustrated in Figure 2.2.

Normally, the image plane is supposed to be perpendicular to the rays which is
different from our approach in which the detector plane is fixed to the xy-plane.
This will give us a slightly different version of the theorem which is presented
below.

First, assume that we project the object density function fix, y, z) with parallel
rays on the xy-plane in the direction cn - (xn,yn,-\) as in Figure 2.3 a). Each

ray has to travel the distance dx = \cn\ = Jl +x2
n +y2

n through the object.

Now, suppose that we shear both the object and the rays in Figure 2.3 a) in a
direction parallel to the xy-plane. That is, we translate each slice of the whole sys-
tem, parallel to the xy-plane, with a vector (-xnz, -ynz, 0) as in Figure 2.3 b). The
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a)

f(x.y.z)

xy-plane

•

b)

(0. 0 . -1)

fix -xnz, y-y,,2.

xy-plane

Figure 2.3 a) The object fix, y, z) is projected onto the xy-plane in the
direction cn - (xu,yn,-\).

b) The system in a) has been sheared with a vector
(xs.\\,zs) - i-xnz, -ynz, 0 ) . The rays in a) has to travel \cn- times the

distance in b). Therefore, we must multiply the picture in b) with cn in

order to achieve the same projection picture as ir: a).
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new direction of projection will then be clls - ( 0. 0. -1) . Each ray now travels the

distance d., - cf(s = 1.0 through the sheared object f(x-xnz. y-ynz. z) . The

quotient between d| and d-2 is

£ - *•- - c,,.
\Cns

Therefore, in order to achieve the same projection picture in both Figure 2.3 a)
and b) we must multiply the picture of the sheared object in b) with cn\ to com-
pensate for the difference in distance between the rays in a) and b). The picture
pix, y) is then computed as:

p(x,y) = \cn\jf(x-xnz. y-ynz. z)dz (2.2)

If we take the 2D Fourier transform of p(x, y) we will get:

P ff - 2 7 U I II. !' I • i X . \ I , , / D O ,

(u. v) = p (x. y) e dxdy. (2.3)

By inserting 2.2 in 2.3 we get:

P(u.v) = JJ [ cri jf(x-xnz. y -ynz. z)dz\e dxdy (2.4)

We then change the variables according to

x' = x - xnz x -• x' + xnz'

y'=y-ynZ => y = y< + y ̂  (2.5)

z' = z dxdydz = dx'dy'dz'

which gives us

T - i - f f C r i i i - 2 K I I II. v I * i . r ' + x z ' . v ' f v z ' i , , , , , , . , , „

Piu.v) = cn;])jf(x'.y\z')e dx'dy'dz. (2.6)

The scalar product in the exponent is lux' 4- uxnz' + uy' + vynz') . This can be

rewritten as a new scalar product ix'.y'.z') • lu. v. uxn + vyn) which inserted in

2.6 gives:

Piu.v) = r,( j jj/
r(.r , j . z )t- 'dx'dy'dz'. (2.7)

Compare this with the 3D Fourier transform of fix, y, z) which is.

Ftu.v.w) = \\\flx,y.z)e2K"xxzl'iu'"'dxdydz. (2.8)
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Observe that the right hand side of 2.7, except for the factor \cn\, is the plane
(u, v, uxj+vyj) through the 3D Fourier transform of f(x, y, z). We have now proven
the Projection slice theorem which is concluded in equation 2.9.

F(u.u,ux,, + uvn) : = -=- P(u,v) (2.9)
\Cn\

This equation shows how easy it is go from P(u, v) to F\u, u. uxn + vyn). We just

have to add an w-component which is uxn + vyn and multiply with the factor

1/\cn\. This also means that the Fourier domain will be equally sampled in the

uv-direction which will benefit the method which we are going to present in Chap-
ter 3.

Notice that if we have a complete set of parallel projection pictures it is possible to
make a 3D reconstruction of f(x, y, z), which is partially done in Ectomography
(Dale 1989). We may also synthesize a new projection picture from these pictures.
Instead of the object itself a central slice through its 3D Fourier transform is
reconstructed.

In order to use the Projection slice theorem, the pictures should be parallel projec-
tions. However, almost all X-ray pictures are exposed with divergent rays and that
should make it impossible to use the theorem. But if certain conditions are met we
may treat divergent projections as parallel.

2.3 Edholm's theorem on divergent projections

The Projection Slice Theorem (PST) is a very useful tool, which relates an object to
a parallel X-ray projection of it. The PST states that a 2D Fourier transform of a
picture produced by a parallel projection represents a central plane through the
3D Fourier transform of the object as was shown in Figure 2.2. But all (or almost
all) X-ray pictures are produced by central projections, i.e. projections with diver-
gent rays, and thus are not directly amenable to the use of the PST.

)
However, it has been shown by Edholm in [6] that X-ray pictures produced by %
divergent projections may be treated as if they were produced by parallel projec- f
tions, if the following conditions are met. !

• The position of the focus may vary but is always at a fixed distance D from the
detector plane.

• The object may only be translated parallel to the image plane (detector plane)
and rotated around axes parallel to the z-axis.

It turns out that these conditions are sufficient in order to treat divergent pro-
jected, pictures, projected in the real space r, as if they were projected by parallel
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rays, in a corresponding hypothetical space h. Fourier transforms of the pictures
projected in r will then represent central planes through the 3D Fourier trans-
form of a hypothetical object in h, related by the coordinate relationship

h = =P—r. (2.10)
D -z

A parallel projection picture in h of this hypothetical object will produce an identi-
cal picture to a divergent projection of the real object in r.

The proof of this theorem is presented in the appendix (page 85).

2.4 Common lines

In the following we define the direction of projection for a divergent projection to
be the direction of the ray to the origin.

Assume that we have two projection pictures Pi(x, y) and P2(x, y). They have been

obtained by projecting f(x, y, z) in the directions c^=(xvyv-l) and

c2
= (x2,y2> -1) respectively. According to the PST (2.9), their Fourier transforms

correspond to central planes in the 3D Fourier transform of the object with nor-
mals parallel to cx and c2. If cx *c 2 the two planes will intersect each other, see

Figure 2.4. This intersection of the two Fourier transform planes will be called
their common-line and its direction is the vector product between cl and c2,

denoted cc[ see equation 2.11.

Since the origin is included in both planes it is intersected by the common-line.
Therefore, the equation for this line in parametric form is:

(u,v,w) = tccl. (2.12)

2.5 Conditions for completeness

The conditions given here are a reformulation and an expansion to divergent pro-
jections of the conditions given for parallel projections by Orlov in [15].

All directions of divergent projections may be represented as coming from points
on an infinite plane (x, y, D), parallel to the image plane. Assume that we know all
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- C

cl

F , (W, t'. MX, +

F., («. v. uX,, + vy.})

Figure 2.4 The intersection between the two Fourier transform planes
F, (;/. r. f/.v, + tn'j) and F._, (u, v, ux.^ + vy,,).

those projection pictures of an object f(x, y, z) whose directions of projections are
represented by the points on the curve T(X, y, D) in this plane joining the points
Pj=(xj, yj, D) and p2=(x2,y2,D). Then, it is possible to synthesize any projection
picture p()(x, y) with a direction of projection from any point on the straight line
TQ(X, y, D) joining f>\ and p2.

This is clear from the following reasoning. First, the situation fulfils the condi-
tions by which the pictures produced by divergent projections may be treated as if
they are parallel projections. Then, assume that the picture p()(x, y) and the com-
plete set, pT(x, y), of projection pictures from the curve x(x, y, D) are Fourier trans-
formed. Each such transform correspond to a central plane in the 3D Fourier
transform of the object. Call these transforms Po and PT respectively. The set of PT

forms a compact central volume. P() is a slice through this volume and can thus be
synthesized from PT. In other words, Po forms common-lines with each member of
PT. As the set PT is dense, it is possible to reconstruct Po exactly from the set of
these common lines. An inverse Fourier transform of P() then gives us p,/x, y).
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Chapter 3

The method

In this chapter the basics for synthesizing a new picture pr(x, y) from a set of pic-

tures pn (.v. v), n c 11..N | are presented. The new picture is identical in projec-

tion to a picture po(x, yl from a previous examination.

The idea in general is presented in the first section and in the following ones we
show how to find the source position for p,,(x, y) and how to recover pr(x, y> from
interpolation in the 3D Fourier domain. The number of pictures which are actu-
allv needed in the synthesis is discussed in section 3.5.

3.1 Idea

Assume that we have a projection picture p()(x, y) from a previous exposure of
'> ~> ~>

f(x, y. '/.) projected from a point (x(), yf), D), where .v,*j + y~} < R"{y At a p re sen t exami-

nat ion we expose a set of N pictures pn (.v.y) , n f | 1..N ) from source posi t ions on

a circular orbit with a rad ius la rger t ha t Ro in the plane (x.y. D). It is also

a s s u m e d tha t there* has been no t r ans l a t i ons or rotat ions of the object be tween t h e

exposures of p,,(x, y) and the pic tures of the set. Thereby, the condi t ions in

section 2.3 and 2.5 are fulfilled.

By t a k i n g the 21) Four ie r t ransform of each picture in the set. we get a set of Fou-

rier t r ans fo rms Pn (u.v),n r- | 1 ,.N | , which, according to the PST. cor responds to

a bund le of cent ra l Four ier t ransform planes F'n( u.v. nx,, t >'}'„) t h rough the 3D

Four ier t ransform, Fiu, v, wi, of the object. By interpolat ion between the p lanes of
this bundle , it is possible to synthes ize any slice whose inverse Four ier t r ans fo rm
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corresponds to a projection picture with a source position that is inside the orbit of
the set, see Figure 3.1.

If we find the source position for po(x, y) and if it is inside the orbit, we will be

able to synthesize a new picture pr(x, y) which is identical in projection to po(x, y)

[1].

3.2 Finding the direction of projection

Let the direction of projection for the n:th picture pn(x, y) of the set be

cn= (xn,yn, -1) and the unknown direction for po(x, y) be co= (xo,y(l, - 1 ) . These

are also the directions of the normals to the corresponding Fourier slices in the
(u, v, w)-space. The direction of their common line is

cc/ = c n xc 0 (3.1)

as illustrated in Figure 2.4. We now form the difference vector c as

and it is not difficult to see that

^ • c c / = 0. (3.3)

The vector cno is parallel to the xy-plane. It then follows that the perpendicular

projection of ccl onto the xy-plane is perpendicular to cno.

We intend to find the source position for po(x, y) by using the Fourier transforms

Pn (u, v), n G [1..N] . First we find the common lines in the xy-plane between

P0(u, v) and Pn(u, v). Then we draw a bearing line, from each source position of
the set, which is perpendicular to the common line for this source position. Ideally
these lines will pass through the source position for po(x, y), see Figure 3.2

Hence, computing the common lines between P0(u, v) and Pn(u, v) is a prerequi-
site to get the source position for po(x, y). When this position is found we can syn-
thesize a new picture pr(x, y) via the Fourier transforms of the pictures of the set.

This idea is not quite new. Similar methods have been presented for electron
microscopy, where the direction of projection for each picture is found using more
complicated spatial domain approaches [3] [7] [8] [9],
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Spatial domain

f ;:•

pn(x,y),n&

Fourier domain

w

/

Fr(u,v,uxr

Fn(u,v,uxn

Spatial domain

A

Figure 3.1 A new picture, pr(x, y) may be synthesized by interpolation
from Fn (u, v, uxn + vyn). After an inverse Fourier transform we get a
picture with a source position inside the orbit of the set
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I source-position
for pJx, y)

J

Fniu.v.uxn

Figure 3.2 Common lines between F (u.v.uxfi + uy ) and each

Fn (;/. v. uxn + vyn ) are used to find the source position for po(x, y)

3.3 Finding Common lines

Assume that we have two pictures of the object po(x, y) and pn(x, y) with the direc-

tions of projection cf = {x(i.yit. -1) and cn= (xri.yir -1) respectively, as mentioned

in section 3.2. Their 2 D Fourier transforms, P()(u, v) and Pn 'u , v) corresponds to

the 3D Fourier transform planes Fn = F (u.v.iixn + vyn) and

Fn - F iu.v, uxn + ryn) according to equation 2.9. Points on the common line



Chapter 3: The method

between F and Ffi will have the same w-coordinate that is:

(3.4)

The projection of the common line oato the uv-plane makes an angle cp with the u-
axis. where

(() = a tar i - = a t a n •-'• •-"• ;. (3.5)

By subtracting P()(u. v) from Pnlu. v) which corresponds to subtracting

F HI. r. ;/.v(i + r v(>) from FI;/. v. uxn + vytl) we get a line of zeroes in the uv-plane.

This line represents the vertical projection of the common line.

Because of the discrete nature of the pictures we will get a blurred line with val-
ues near zero when subtracting P,,iu. v> and PnUi, v). Theiefore. line detection by
high pass filtering in the subtraction picture would not be a good way to find the
common line. Since we know that the lines go through the origin, we can calculate
line integrals through the origin of the subtraction picture Sn(u. v> in order to find
the common lines, see equation 13.6) and (3.7).

Sn i u. v) - Pn l //. v) -Pn | //. v) (3.6)

Sni u. v> is first changed into polar coordinates Sn(r. <p) and then line integrals l,,((p)

are computed as a function of tp.

li

r = • u~ + v" and © = atan

Ci. 7)

(l\ the value of (p which minimizes ln(0) will give us the angle for the common line-
in the uv-plane. The equation for this line is then u = v tan*. We use the magni-
tude in equation 3.7 to avoid a false minimum. Otherwise, we would run the risk
of getting a minimum when alternating large positive and negative values in
S,,(u. v> mav cancel out.

n

When all the common-lines between P,,f u. v) and Pn ( u. v ) . n r (1 ..N | are found,
we use them to find the source position for p,,'x. y> as described in Figure 3.2. Ide-
ally, the intersection between all the bearings inside the orbit should be one single
point. In a real situation we will get a cluster of intersections near the source posi-
tion, <x0, y,,>, of p,,<x. y).

A bearing from a source position may be defined by its normal from the origin and
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Figure 3.3 The orthogonal distance between a line (rw §n) and a point

(x, y) inside the orbit is Jrn-xcosy -ysin<pn. The most probable

source position is the point which minimizes (3.8).

the angle that normal makes with the x-axis as (rn, (pn) The equation for this bear-

ing will then be rn = re cos (p +y sin(p see Figure 3.3. We are searching for a point

(x0, y0) which corresponds to the source position for po(x, y). The most probable
point for this position is a point (x0, y0), the coordinates for which minimizes

N

(3.8)
n = 1

This is a least square problem and it can be solved numerically. Note that

Jrn -jcfJcos(p^ -ynsmtyn is the orthogonal distance between a point (x0, y0) and the

line rn = xcos(p +ysincp . Hence, minimizing g(x0, y0) corresponds to minimizing

the orthogonal distance of a point (xn, y0) to all the lines.
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3.4 Synthesis of a new picture

When the least square problem above is solved we have estimated the source posi-
tion (x0, y0) for po(x, y). This gives us the direction of projection for a new picture

pr(x, y). This direction is cr = (xr,yr, -1) where (xr,yr) = (x0,yo). According to

equation 2.9 Pr(u, v), the 2D Fourier transform of pr(x, y), corresponds to the

plane Fr - F'(«, v, uxr + vyr) and Pn (u, v) ,n e [1..N], the Fourier transform of

the set-pictures, corresponds to Fn = F(u, v, uxn + vyn), ne [1..N] where

cn - (xn,yn, - 1 ) , n e [1..N] are the directions of projections for the set-pic-

tures. By interpolation between the Fn's, it is possible to synthesize F r

As F r and the various Fn's Lave the same coordinates in u and v, it is sufficient to
interpolate between their w-coordinates. For each point (u, v) we make a linear
interpolation between the two nearest neighbors to F r Suppose that those are Fj
and Fj, then F r is computed as follows:

((. + vy.) •- (i y)
F = F: + ̂ — - — — — — — • (F, -F,) (3.9)

1 ({ux + vyj) -(uxi + vyj) J '

When this is done for all points (u, v) we have F r The inverse Fourier transform of
F r gives us pr(x, y) which will be identical in projection to po(x, y).

3.5 The number of pictures

We assume that the directions of projections for the pictures of the set makes an
angle 9 with the z-axis. For a fixed 8, if the number of source positions on the cir-
cular orbit is small, the enclosed part of the 3D Fourier domain (see Figure 3.1)
will be sparsely sampled and we will have to interpolate over large distances in
the Fourier domain. It follows from the geometry that the maximum distance
Amax between two neighboring Fn's is

^ (3.10)

where Rmax is the frequency band limit and 2n/N is the angle between two neigh-
boring source positions in the plane of the orbit. Clearly, larger Rmax and larger 6

• tends to decrease the fidelity of the result which should be compensated for by an
increase in N, the number of pictures in the set.

Another point of concern is the computation of the source position for po(x, y) in
Figure 3.3. The minimum number of pictures required to find this position is l<=3.
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Using N=2 is risky since the bearings from two common lines might be parallel.

Certainly, low dose for the patient is always desirous. This goal could be reached
as a trade-off between the number of source positions in Figure 3.1 and the dose
per exposure which determines the noise level in the pictures.
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Chapter 4

Rotation and translation

If we were extremely lucky there would be a possibility that the object was not
rotated nor translated between the exposure of po(x, y) and the new set of pic-
tures. In that case the method described in the previous chapter would be applica-
ble. However, in a real situation we must always consider that both rotations and
translations have happened. In this chapter we show how the method is adapted
to handle such situations [2J.

As mentioned in section 2.3 only rotations around axes parallel to the z-axis and
translations perpendicular to this axis are allowed in order to permit us to treat
divergent projections as if they were parallel. Therefore, only such rotations and
translations are considered in this chapter.

4.1 Finding and compensating for a relative rotation

A rotation will make the common lines between P()(u, v) and Pn(u, v) disappear r

completely. In section 3.2 we presented how these lines are a prerequisite in order •$
to find the source position for p,,(x, y). Hence, to be able to find the source position •

we must first find the relative angle of rotation (/., and make a compensating rota-
tion of p,,(x, y).

Since the pictures of the set are not rotated relative to each other this difference in
angle is identical for all Pn(u,v) , n E [ 1..N | . We therefore propose the following

method to find a. Pick any of the Fourier transforms in the set, say P^u, v). Form

the following functions (by interpolation), where p and (p are polar coordinates, i.e.

ni. v ) = ( pcoscp. psin(p) :
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fto(p,cp) = \Po(u,v)\ (4.1)

i ^ ( p , c p ) = \Pk(u,v)\ (4.2)

Taking the magnitude of the functions in (4.1) and (4.2) eliminates the effects of
differences in translation in the pictures.

Next we could compute the correlation between i?o (p, cp) and i?^(p, tp) in the

angular direction for various rotation angles y.

2K

C(p,y) = JÄ O (P ,<P) •Äft(p,y-<p)d<p. (4.3)
o

Computing the total correlation value for y vould then yield

c(Y) = J C(p,y)pdp, (4.4)
o

where R max is the frequency band limit. We could expect that c(y) would have a

maximum for y = a for the following reason. With the correct rotation a of

Rk (p, cp) (or Ro (p, (p)) the original rotation of a of the 3D object would be compen-

sated. Hence, Ro (p, <p) and Rk (p, (p - a) have a common line. More precisely, the

values in a certain part of these 2D-spectra are identical or near-identical.

Instead of making the correlation in the spatial domain we have chosen to imple-
ment the operation by multiplication in the Fourier domain. Correlation in one
domain corresponds to multiplication with the complex conjugate in the other.
Thus,

C(p,Y) = rX\rOy-r\^p,<a)\ (4.5)

where

rovlP'<°) = !Fv[Ro(p,V)\andrkv(p,(i» = <J ̂  [Rk (p, <p) ] . (4.6)

In fact r (p, oo) and rk (p, co) are the Fourier series coefficients of Ro (p, q>) and

ÄÄ(p, (p) in the angular direction.

Ideally, both (4.3) and (4.5) would result in a well localized peak in c(y) for y= a.
However, even in fully ideal cases, straight-forward matched filtering as in (4.3)
and (4.5) produces ambiguous results, most often because high energy low fre-
quencies constitutes most of the correlation effect.
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An interesting alternative is so called Phase-Only-Filtering [5] [10]. In this case a
correlation result A(p, y) is computed as

(4.7)

Thus, the Ro (p, <p) frequency components enter the correlation computation with

unit amplitudes. Only the phase remains.

A matched Phase-only filter tend to produce a much more well-localized correla-
tion peak due to the following effect. As mentioned, in correlation (4.5) the peak is
the sum of squares of frequency amplitudes with matching phases. In (4.7) it is
the sum of magnitudes with matching phases. Hence, the low amplitude (high)
frequencies are suppressed in (4.5) but in play in (4.7). No high frequencies means
smoothing of the peak.

It would seem likely that the correlation peak runs the risk of becoming drowned
in noise. After all, the thin common line is a rather small part of the total spec-
trum. Certainly, if the angle between the two planes is very large the line will be
extremely thin and then the true correlation peak will be proportionally smaller
in amplitude. However, for the geometry used in the experiments we have had no
noise problems of this kind.

Once the rotation angle a is found from correlation (4.7) using one of the images
from the set it is also known for the rest. However, as mentioned, if the angle
between the two planes is large, there is a risk that the correlation peak is small
in amplitude which could cause an uncertainty in the estimate of rx. To improve
the accuracy we compute a for all the pictures of the set and compute the average,
a, of the a's. When a is found we use it to make a compensating rotation of
po(x, y). In principle we could perform this operation in either domain but we
choose to make this rotation in the spatial domain since this is simpler than doing
it in the Fourier domain. Even so we perform the interpolation with care by using
the M-point interpolation function

sin (nx) TIX

x c o s ( - - ) . (4.8)nx M
M x sin ( ~t)M

This function is known to be well behaved in the Fourier domain [13].
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4.2 Translation

In a real situation a translation of the object usually have occurred between the
previous examination and the present one. Provided that such a translation is
parallel to the image plane we can deal with it. Assume that there has been a

translation of the object f(x, y, z) with a vector T = [Tv, Tx. 0] . This will give us a

new density function g(x, y, z) which is related to the previous one as
g(x, y, z) = f(x-Tx, y-Ty, z). The 3D Fourier transform G(u, v, w) of g(x, y, z) is
related to the 3D Fourier transform F(u, v, w) of f(x, y, z) as:

G ( u . v . w ) - e'~
K<" -*[ • • ' F ( u . v , u < ) . (4.9)

Assume that po(x, y) is the projection picture of f(x, y, z) and the set

pn (x.y) , n G [ 1..N ] is a result of projections of g(x, y, z). According to the Projec-

tion slice theorem we have the following relations:

r-Plt{u, v) =F(u. v, uxn+vyn) (4.10)

~--Pn (u.v) =G(u, v. uxn + uyn) =
[C"] (4.11)

I'IK iuT + vT, ) _
d F(u, v, uxn + vyn)

By taking the magnitude of both sides in equation 4.10 and 4.11 we get:

-.. \Pn{u,v)\ - \F{u.v,uxo
Jrvyn)\ (4.12)

----,\P ( u , v ) , = \F(u.v,uxn + v y . . ) \ (4.13)
/I

We observe that both P0(u, v) and Pn {u, u), n e f 1..N ] are related to F(u, v, w) by

their magnitudes. Hence by using magnitudes in the Fourier domain we postpone i
the effect of translations. \

However, when pr(x, y) has been synthesized and after a compensating rotation of *

po(x, y), there may be a difference in translation between the two pictures. This

translation, which is assumed to be [Tx, Ty\ , must be found and compensated for.

The translation is then found in the following way. Assume that pr(x, y) and

p,,(x, y) are identical except for the above difference in translation. Then, their

Fourier transforms are related as
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Pr(u.v) - e Pn{u,v). (4.14)

By dividing both sides vvith in equation 4.14 with P0(u, v) we get:

PAu.v)

PAu.v)
(415)

The 2D Fourier transform of 4.15 is 5(x-Tx, y-Ty). This gives us the translation
and p()(x, y) is then compensated for this translation according to

po(x.y):=po(x-Tx,y-Ty) (4.16)

As for rotation we use the M-point interpolation function in equation (4.8).
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Chapter 5

Anatomical changes and limited projections

Suppose there has been a change in the anatomy of the patient in the time
between the previous and the present examination. We may then have three dif-
ferent situations.

In the first situation, the change is detected with certainty by a comparison
between the routine pictures from the previous and the present examination. In
this case there is no need to synthesize an iso picture unless the change has to be
measured in some way.

In the second situation, there is a change but so small that it escapes detection by
a comparison of the routine pictures. The change in the density function between
the previous and the present examination is then so small that we are able to syn-
thesize a picture which is identical in projection to a previous picture. By compar-
ison between the previous picture and the synthesized picture, the small change
may be detected. There is also the possibility that although the change is small, it
might be large enough to make it impossible to synthesize a picture which is iden-
tical in projection to the previous picture. In section 5.1 we show that even if a
small change has occurred, it is possible to find the direction of projection for ..
po(x,y) and synthesize a new picture pr(x,y) which is identical in projection to the t
previous picture. By comparing po(x,y) with pr(x,y) the radiologist may detect the i
change. V

Finally we have the third situation that no change is detected by a comparison
between po(x,y) and pr(x,y). The radiologist may then conclude with a high degree
of probability that nothing important has happened in the examined part of the
patients skeleton.

Another problem is when the object is larger than the field of view. This is dealt
with in section 5.2.
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xv

object

image plane

Figure 5.1 The X-ray beam for each picture will cover a different
region off(x,y,z). However, we see that there is a certain compact region
inside fix,y,z) that is covered by all beams.

5.1 Anatomical changes.

If anatomical changes have occurred we could expect that the common lines will
be blurred. However, experiments have proved that if the changes are local and
fairly small the common lines will be sharp enough to enable us to find the source
position for po(x,y), see section 7.7.1.

5.2 Limited field of view

In the method presented so far we have considered that the entire object f(x,y,z) is
depicted in every picture. This is not realistic since usually the object is larger
than the field of view, so that the pictures will cover overlapping but slightly dif-
ferent limited regions of ffx, y, z). This causes the rays for different pictures to
travel through different regions of the examined object and each picture will be
slightly different from all the others.

The previous picture p,,(x,y) and the set of pictures pn (x, y), n e [ 1..N ] have a

certain compact region inside the object in common, the common volume, see
Figure 5.1. The projection of this volume cover a certain area in each picture
which can be found interactively. Outside this area pixels in different pictures will
only have parts of f(x,y,z) in common.

This will effect the method presented in the way that the common lines between
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1.0

Figure 5.2 Exponential masking function

Po(u,v) and the set P {u,v),n e [ l . .N| will be severely blurred and a visible

cross, centered at the origin, will appear in the picture of the Fourier spectra,
|Pn(u,v)| . The cross of frequencies comes from the frame of each picture and is
always visible in the spectra of real pictures. This will impair our possibility of
finding the source position for p,,(x,y). However, we have found a way of getting
around this problem.

The common volume depicted in each picture is found interactively. Each picture
is then multiplied with the exponential function,

i x - .v, i • i y -- \\ i

IC (5.1)

where R is a constant used to set the radius of the function and n determines the
shape. This function can be so adjusted that it has approximately unit amplitude
in the region which corresponds to the common volume for the pictures. Outside
this region the function is decreasing rapidly.

It is important that this function is both smooth and decreases rapidly to zero.
Experiments have shown good results when proceeding as described and we have
been able to find the common lines which, as mentioned before, are essential in
finding the source position for p(/x,y).
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Chapter 6

A compact description using operators

The original object function f(x,y,z) in its original position above the image plane is
shown in Figure 6.1 a). The source is at distance D on the z-axis. The divergent
projection % produces the picture % f on the image plane.

Now assume that we translate and rotate the object resulting in the 3D function
'•K.a'T\ f •> where a is the angle of rotation around the z-axis and A=(x^,y^,0) is the

vector of translation. A picture is produced with the divergent operator x and the

result is shown in Figure 6.1 b). It should be evident that this result x'K.a^s f i s

identical to the rotated picture rJ^nxTs f, i.e.

The translation TA of the 3D object can be replaced by moving the source to -A and

translating the resulting picture as illustrated by figures Figure 6.2 a) and b).
Hence we have

X% f = T,x_A /. (6.2)

Using this result in (6.1) yields

'TX f = Xut'h f = * « 7 U - A /• (6.3)

Now, according to the theorem given by Edholm, shown in the appendix, divergent
projections such as the one in Figure 6.3 a) produces pictures which are identical
to those produced by a parallel projection ^ of a scaled object 5 f- The scaling

operation J* is defined by

'i
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a) b)
Figure 6.1 a) The object fix, y, z) is projected with divergent rays on
the xy-plane yielding the picture % f.

b) The rotated and translated object 'J{,a'Ts f is projected by diver-

gent rays onto the xy-plane yielding x'Ka'T± f

3
Dt

i \

D

\/

-A

,7

a) b)

Figure 6.2 a) The divergent projection % of the translated object Ts f.

b) The divergent projection \ ^ of the non-translated object f.
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* - . /

a) b)
Figure 6.3 a) The object and focus in Figure 6.1b) are translated
with the vector -A. The picture is % J.

b) The object is scaled with the operator Sand is projected with par-
allel rays yielding XQS f.

where

Sf(x,y,z) =f(x\y\z')

, , , D
(x ,.y ,2 ) = ^—~ (x,y,z)

(6.4)

(6.5)

The parallel projection x , may be defined geometrically as in Figure 6.3 b) where

the angle with the z-axis is

I - A !
B = atan ( - - - )

With equal pictures in Figure 6.3a) and b) we have

(6.6)

(6.7)

Inserted in (6.3) we then have that the picture of the translated and rotated object
is

= Ka7* X9S f- (6.8)

Our aim is to identify the t anslation and rotation parameters A and a and to rec-
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tify their influence on the picture X'-K.u'^\ f- ^ m a y t n e n seem that the identity

(6.8) is of little help since to the right there are now three, instead of two parame-
ters to be wanted. However, the 1-1 correspondence between A and 9 in (6.6) shows
that we may just as well search for 8 instead of A. Furthermore, taking the 2D
Fourier transform of (6.8) followed by computing the absolute values Ägive us

(6.9)

since rotation around any axis is an operation which commutes with the Fourier
transform and the absolute value operations. The absolute value of the Fourier
transform is also invariant to translation.

For our further purposes we need the vector cM which describes the direction for

the parallel projection x9

cf, = ^U\y.v . v -D) . (6.10)

Then from our version of the Projection slice theorem (PST), presented in
section 2.2 equation (2.9), we have the following relationship between the 2D Fou-
rier transform of a parallel projection picture and the 3D Fourier transform of the
projected object ( different notation in (2.9) )

where ii is the frequency domain vector (u, v, w) and 50 is the Dirac delta func-
tion.

There is now a possibility to visualize the rotated and translated divergent pro-
jected picture x'Å.u'^ f m the Fourier domain. We then use (6.9) and the PST to

see that the absolute values of the 2D Fourier transform of this picture, except for
the factor l/ 'cH , should be found in a plane ö(r0 u) %.UÄ '/:iS f through the

rotated 3D Fourier space of the scaled object J> f, which is shown in Figure 6.4

Let us now consider an unrotated object function fix, y, z) projected with a diver-
gent set of projection rays from another position Al. According to (6.7) the result-
ing picture is

where



,• *

Chapter 6: A compact description using operators 35

Spatial domain

f(x,y,z)

Fourier domain

5(c e-S) A 7

Figure 6.4 The absolute values of the 2D Fourier transform o Q

except for the factor l / |c e j , should be found in a plane

6 (ce • u) %.

scaled object S f

7, S f through the rotated 3D fourier transform of the

61 = atan(-—^). (6.13)

PST applied to the picture (6.12) is shown in Figure 6.5. In the 3D Fourier domain
this picture and the picture in (6.7) produces data on two planes through the ori-
gin and consequently the two planes have a common crossing line through the ori-
gin. The data along this line are quite different however, mainly because the
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Spatial domain
Al

ei

*u /'

Fourier domain

A >J2 *A1 f

Figure 6.5 The 2D Fourier transform of ^B1 J> f except for the factor

l / | c 0 1 , should be found in a plane 5 (c 0 , • u) Ä 'f S f through the

3D fourier transform of the scaled object S f

object functions are rotated relative to each other.

As mentioned, rotation around any axis is an operation which commutes with the
Fourier transform and the absolute value operations. Thus, in Figure 6.4, we may
rotate both the spatial- and the Fourier domain around the vertical axis with an
angle 9. This yields

%JK...!A 'I Sf = i\ % 'K'R.Sf (6.14)
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<615>

For (p=-u the right hand side of (6.15) reduces to (lAcHi) ;1 '/., Xe -S /•

The crossing line with the plane in Figure 6.5 will now contain the same data
since both data sets are slices through the Fourier domain of >1 'J:i S f •

The fact that there is a common radial line for which

- - - - • ^ Z B I sf= ?h*'f*x»sf l616>

suggests the following procedure to find the rotation parameter a. Find a <p which
maximizes the correlation

R R , * q >J2 XB Sf\:\~A 'J2 X91 Sf\ (6.17)
;.. "! ; Li c e i j

Since c()] and c{j are constant we may simplify (6.17) to

\RvRu*'f27LHSnK\Sl'f2Xm Sf] (6.18)

Expressed with the divergent operators instead, using (6.9) the correlation (6.18)
yields

\R (P Ä •/., t X(IT, f\u \Å '/2 xA] f\ (6.19)

where

/ A'.,,'A / i-s the picture taken at a previous occasion with an unknown transla-

tion and rotation and %xX f is a picture with a deliberate and controlled offset Al

of the X-ray source. The implementation of the correlation was described in
section 4.1.

Let us now assume that we have found the correct a and that we have de-rotated
the picture to get

< , h < ; 2 u u 9
(6.20)

* '/2 Xo S f

We are now in a position to identify the angle 0. Again, the technique is to use the
common lines. This procedure was explained in full in Chapter 3.
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Having obtained 0 it is now possible to recover

8 ( c e - ä ) .'^ Sfr (6.21)

in the Fourier domain which is sampled by the Fourier transforms of the set of
pictures

(5 (c e i • u). 5 (c e 2 • u), ..., 8 (cen • « ) ) ^3 Sfn. (6.22)

This synthesis or reconstruction was explained in section 3.4. The net result is
actually not the Fourier slice (6.21) but rather we obtain

Pr = X _/,-• (6.°3)

As seen from (6.1) this is still not identical in projection to the previous (original)
picture which is

Po = X

Therefore we first apply de-rotation with fK._a of the previous picture to obtain

*-a* *«** fo = K-aKaX ? Jo = * JL Jo'

Next we identify the translation A. The Fourier transform of (6.25) yields

'h'U Jo = e~

Dividing the Fourier transform of the reconstructed picture in (6.23) with (6.26)
gives us

Thus, an inverse Fourier transform of the quotient (6.27) will give a distinct peak
in the result which is shown in the experiments, see Figure 7.18.

As a final step we de-translate the picture (6.25) using the identified vector A to
obtain

Po-'^JstJn-tJo- (6.28)

The two pictures pr and p0 in (6.23) and (6.28) are now ready to be compared.

A pictorial summary of all the necessary processing steps is given in Figure 6.6.
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previous picture

Max correlation

De-rot ate
a

\
Ä Jo Jo

Common
lines

set of new pictures

Reconstruction

De-translate

Po = X Jn
Po

Figure 6.6 A schematic description of all the steps involved in the method
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Chapter 7

Implementation and experimental results

In this chapter the experimental results are presented. All the projection-pictures
were produced by simulating line integrals through a volume of synthetic data, of
a human skull.

In the first experiments we assumed that no rotations or translations had
occurred between the exposure of the previous picture and the pictures of the set
After the preliminary experiments, we added rotations and translations to the
problem. Finally, limited projections and anatomical changes were dealt with. In
section 7.3 interpolation distances versus reconstruction quality is discussed.

7.1 The Phantom and the X-ray system

In a real X-ray system the measurement in one point on the X-ray film
(detector plane) can be used to compute the integral along the ray to that point
through the object density function. In our experiments we approximated a real
system with computer simulated line integrals through a synthetic density func- '•
tion. This function, f(x, y, z) consisted of 100 CT-reconstructed slices of a human .<
skull. A 3D visualization of this volume is shown in Figure 7.1. I

j

As mentioned the rays of pn (.v. v), n e [ 1..N] all made the constant angle 0 with '

the z-axis, while the same angle for po(x, y) was 0(). In all experiments 9>0o, so
that the conditions in section 2.5 were fulfilled.
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Figure 7.1 The X-ray pictures are simulated by taking line integrals
through the object. This object consists of 100 slices achieved at a CT
acquisition of a human skull.

7.2 Preliminary experiments

First we made an experiment to verify the basic theory. We chosed 9() for po(x, y) to
be 2 and B for pn(x, y) to 5 . We used a set of 20 pictures and assumed that there
was no rotations or translations between p,,(x, y) and the set of pictures pn(x, y).
The previous picture is shown in Figure 7.2 and two pictures of the set are shown
in Figure 7.3.

The first step was to find the common-lines between P,,(u,v) and
Pn {it.v), n (= [ 1..N] . They were found by detecting the minimum integral along
central lines in Sn(u, v) = | P(/u, v)-Pn(u, v) | as described in section 3.3. This min-
imum corresponds to the angle between the common-line and the x-axis.An exam-
ple of Sn(u, v) is shown in Figure 7.4 a) and the central line integrals of this
picture with a distinct minimum is shown in Figure 7.4 b).

As described in section .'3.2 and 3.3 respectively, the common-lines gave rise to a
bundle of bearings inside the orbit of the set. An estimation of the source position
for p,,(x, y) was found by minimizing the orthogonal distance between a point
inside the orbit and all the bearings. This gave an estimated direction of projec-
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Figure 7.2 The Previous pictures po(x, y). The rays makes an angle

0()=2 with the z-axis.

Figure 7.3 Tuio new pictures from the set pn (x,y), n e (1..N)

The rays makes an angle 9=5 ' with the z-axis.
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a)

163

b)

II 71

().4f
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2(1 40 HO 100 120 140 1X0

Figure 7.4a) The subtraction picture Sn(u, v) = \Pn(u, u)-Pn(u, v)\.
The dark central line represents the common line which is the base for
finding the source position for pJx, y).
b) Plot which shows the result of integrating Sn(u, v) radially.
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Figure 7.5 The new synthesized picture pr(x, y). This picture is syn-

thesized using a set of N=20 pictures with 9=5 ".

tion cr = (xr.yr. -1) , which was used in the synthesis of pr(x,y). Ideally this

direction should be identical to the true one, c() = U',(..yo. -1) . However, this was

usually not the case. The angle between c and cn was used as a measure of the

error in finding the source position of p()(x, y). This angle was computed as:

= acos
c • c

17.1)

and in this experiment 4' was 0.23 .

As described in section 3.4, the synthesis of pr(x, y) was done by linear interpola-
tion in the 3D Fourier domain. This gave us Pr<u, v), which after an inverse Fou-
rier transform resulted in pr'x, y) which is shown in Figure 7.5. We hardly see any
differences if we compare it with Figure 7.2. However, when we took the difference
between the two pictures we got a picture showing the error made in the synthesis
of p,.'x, y), see Figure 7.6. These errors are discussed in the next section.
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a)

Figure 7.6 a) The subtraction between po(x, y) and pr(x, y). The contrast in
this picture was enhanced in order to emphasize the errors in the synthesis.
b) The Fourier transform of the picture in a). The dark central lines in the
Fourier transformed picture comes from the common lines between po(x, y)

and the set of pictures pn (x.y) , n e [ 1..N |

7.3 Interpolation distances

In section 3.5 we presented a formula for the maximum distance of interpolation
in the 3D Fourier domain. This formula is:

tanBsin (7.2)

where Rmax is the frequency band limit, N is the number of projection pictures
and Ö is the angle that the central ray of each picture of the set make with the z-
axis. 0 is always chosen so that we assure that 9>80. As mentioned, if there is a
larger uncertainty of Bo a larger 9 must be used which then in turn requires an
increased N to preserve interpolation fidelity. If Ö is relatively small, (6<10) which
is usually the case, tanö may be approximated by 6. Then, the above relation is
approximated by

= 2/? BsinVr
max '"«•» J\J

(7.3)

In the previous experiment 0=5 and N=20. In our experiments Rmax was 128 (the
image format was 256x256). Using the values above the interpolation distance at
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the frequency band limit was Amax=3.5.

It is clear that if Ö is decreased, N can be decreased with approximately the same
factor <n order to keep the same interpolation distance (if K/N is small enough
sinrc/N can be approximated by n/N). For low frequencies, i.e. nearer the origin,
the interpolation distances are shorter and therefore the errors in these regions
are smaller than for high frequencies. This can be observed in Figure 7.6 where
the errors mainly are located in areas where there are sharp details in the picture,
for example the teeth and the bone in the skull. The errors in the frequency
domain are also shown in this picture. There are black streaks through the origin,
which appear at the location of the common lines between p,,(x, y) and the set

pn (x,y), n e [ 1..N j . Between each pair of adjacent such lines of zeroes the error

increases towards a maximum at approximately half the distance between the two
adjacent lines. Since the distances between the common lines increases towards
high frequencies we may expect larger errors in these regions. Therefore, as
observed, errors are concentrated in the regions in the picture where there are
sharp details.

What is the optimal choice of N and 0? To partly answer this question we gener-
ated two new sets of pictures. The first one consisted of 10 pictures with 6=5°
which made Amax=6.9. The second one consisted of 20 pictures with 0-2.5° which
made Amax=1.8. These two sets gave rise to two new synthesized pictures which
are shown in Figure 7.7 a) and b) respectively. The error in the direction of projec-
tion for the set with the sparser sampling was 4/=0.46° and for the denser sam-
pling it was T=0.2 . Obviously, we got a better estimate of the direction of
projection when the set consisted of a larger number of pictures. However, in the
previous experiment with 20 pictures and 0=5u we got approximately the same
error in the source position for p()(x, y). Therefore, we conclude that the estimate of

this position depends on the number of pictures rather than the choice of sampling
density. The subtraction p,,(x, y)-pr(x, y) is shown in Figure 7.8 a) and b) respec-
tively. As suspected the errors were smaller when we used a denser sampling.

We also computed some statistic numbers for the pictures | po(x, y)-pr(x, y) | which
gave us a somewhat more objective measure of the errors. For this purpose, we
used the following statistics:

x l X i

Mean: ( 1 / i V 2 ) ^ £t>U\.v) (7.4)
x 0 v 0

X I iV I

Variance: ( 1 / (N - I ) 2 ) £ £ (e U\ y) -m ) 2 (7.5)
x 0 v - 0

j x ]X j "

RMS: j (1 /N2) £ £ e 2 (x, y ) . (7.6)
< x II v • 0
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a) b)

Figure 7.7 a) pr(x, y) .synthesized from a set of N=10pictures with 0=5 \
The maximum sampling distance in the 3D Fourier domain is AWf/v=6'.#.
b) pr(x, y) synthesized from a set of N=20 pictures with 0=2.5 . The max-
imum sampling distance Anillx=l.S.

Table I Statistics for | po(x, y)-pr(x, y) |,

N
10

20

20

%

5

5

2.5

Mean

1 SI

(1.92

O.fit

Variance

8.72

1.97

1.41

[{MS

:s.4<;

1.67

1.35

where e(x, y)= | p,,'x, y)-p,.'x, y) | and m is the mean. For the 3 experiments above
the results are presented in table I.

7.4 The new synthesized picture versus the pictures of the set

Is the new picture p,.ix, y> less different from p,,<x, y) than a picture from the set9

To answer this question we computed the statistics defined above for the differ-
ence | p,/x, yi-Pn'x. y) | n.-i \ and compared them to the same statistics for
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a) b)

Figure 7.8 a) The subtraction between po(x, y) and pr(x, y). The maxi-
mum sampling distance in the 3D Fourier domain was Aniax.=6.9.
b) The subtraction between p,/x, y) and p,.lx, y). The maximum sampling
distance in the 3D Fourier domain was \l(.x-l.S. The contrast in a) and
b) respectively were enhanced to emphasize the errors and to make them
comparable.

| p()(x, y)-p,(x, y) |. The result is presented in table II for a set of 20 pictures with
9=5 .A comparison between table I and II shows that the numbers in table I is
smaller than those in table II. Hence, the picture pr(x, y) which was synthesized
using our method was better to use in a comparison with p()(x, y) than any of the
pictures in the set, We did the same observation when we used a set of pictures
with half the sampling density. Of course, if the difference 0-Bo is very small a pic-
ture from the set might be almost identical to po(x, y). However, since it is always
an uncertainty in 0(l, this is not likely to happen. From now on, in order to make
the following experiments comparable, we used a set of 20 pictures with 0=5 .
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Table II Statistics for | po(x, y)-pn(x, y) | n=i..N

n

1

2

3
4

5
6
7

8
9

10

11
12
13

14
15

16
17

18

19
20

Mean

10.72

10.15
9.31
8.13
6.91
5.70
5.10
5.57
6.44
7.24
7.91
8.23
8.47
8.47
8.58
8.95
9.53
10.15
10.57
10.83

Variance

391.77

366,50
320.62
258.19
192.15
140.68
112.25
124.64
158.25
198.79
234.64
255.01
262.36
263.78
268.88
288.72
318.12
355.00
385.55
397.59

RMS

22.51

21.66
20.18
18.01
15.49
13.16
11.76
12.48
14.13
15.85
17.24
17.96
18.27
18.31
18.51
19.20
20.22
21.40
22.30
2269
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Figure 7.9 The previous picture p(/x, y). This picture is rotated
relative to the pictures of the set.

7.5 Rotation

In the experiments so far we assumed that there was no rotation between p()(x, y)
and pr,'x, y), but now we will describe experiments with such a rotation. As men-
tioned in chapter 2 only rotations around an axis parallel to the z-axis are
allowed. A rotation around an axis in another direction makes it in theory impos-
sible to treat the divergent projections as if they were parallel projections. As
already mentioned in chapter 4, a relative rotation between p,/x, y) and the set of

pictures pn (x.y), n e [ 1..N | will make the common-lines in the Fourier domain

disappear, and these lines are necessary in order to find the source position for
p()(x, y). Therefore, in an initial step we have to find the angle a. of this relative
rotation and make a compensating rotation of p()(x, y). After this it is possible to
find the common lines in the Fourier domain and to proceed as before to find the
source position for p,,(x, y).

7.5.1 Experiments

By simulation we produced a previous picture of the object density function
f(x, y, z). After a rotation of (Tx, y, z) with an angle a = 25° we produced a set of
N='2O new pictures with 0=5 . The previous picture is shown in Figure 7.9 and
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Figure 7.10 One picture from the set of pictures pn (x.y), n e | 1..N ] .

Those pictures were produced from an object that had been rotated an
angle a - 25 relative to the previous exposure.

one picture from the set are shown in Figure 7.10. Of course, the rotation of the
object function with an angle of a also resulted in the same rotation of the pictures
of the set.

In order to find (/. we correlated | P,,(u, v) | against each of | Pn(u, v) | n=] \ . This
was done by using the phase-only filtering technique described in equation 4.7.
This gave us a correlation picture c(p.y) which in turn was integrated radially as
in equation 4.4 to give the final result c(y). One example of c(y) is shown in
Figure 7.11, where a well defined peak is apparent in this function. The estimated
angles of rotation from the correlation between |P()(u, v)| and each |Pn(u, v)|

were averaged to give a final estimate a of the angle of relative rotation. In this

experiment we found that (/. = 25.3 .

The accuracy in the estimate of this angle depends on the resampling density \<p
in the angular direction of | P0(u, v) | and | Pn<u, v) | when going from rectangular
to polar coordinates, see equation 4.1 and 4.2. This sampling density is:

2iz
M

(7.7)

where M is the number of sampling points. Since we use the FFT in order to get
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•SO 100 150 200 250

Figure 7.11 The correlation between P0(u, v) and Pn(u, v). There is a
distinct maxima at approximately 35 which corresponds to the actual
rotation of 25°.

the Fourier series coefficients of | P0(p,(p) | and | Pn(p,(p) | M was chosen to be 512
in our experiments.

Once a was known, we made a compensating rotation of po(x, y) using the 8-point
interpolation function in equation 4.8. The result of this is shown in Figure 7.12.

After finding and compensating for the relative rotation we proceeded with the
same operations as for the previous experiment to find the source position for

P0(u, v) was subtracted from each Pn(u, v) in order to get a set of subtraction pic-
tures Sn(u, v). An example of Sn(u, v) is shown in Figure 7.13 together with the
subtraction picture we got without compensating for the rotation. Using the com-
mon lines we found the most probable source position for po(x, y) and synthesized
pr(x, y) from the set of pictures, see Figure 7.14.

The absolute difference between the po(x, y), subjected to a compensating rotation
a, and pr(x, y) was computed in order to estimate the reconstruction error. The
subtraction between pr(x, y) and po(x, y) is shown in Figure 7.15. The statistics for
this picture is mean=1.64, variance=3.0 and RMS=2.38. These results were
remarkably enough less than those achieved without rotation. This was somewhat
unexpected since we had performed a compensating rotation that involved an
interpolation step (that destroys some information). However, interpolation can be

i
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Figure 7.12 The picture p,,(x, y) being rotated with the estimated angle
so that there no longer exist a relative rotation between p,,(x, y) and the
pictures of the set

Figure 7.13 a) One example of Sn(u, u) when p,,(x, y) is not, compensated
for the relative rotation.
b) One example of Sn(u, v) when po(x, y) has been compensated for the
relative rotation.
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Figure 7.14 The new synthesized picture pr(x, y).

Figure 7.15 The difference between po(x,y) and pn(x, y). The con-
trast in this picture was enhanced in order to emphasize the errors in
the synthesis.
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Figure 7.16 One example from the set of pictures. There was a
translation nfff.x, y, z) between the exposures ofpjx, y) and the set.

seen as a kind of low pass filtering. Since both pr(x, y) and the compensated ver-
sion of p,,(x, y) had been subjected to interpolation, we had reduced some of the
errors that previously occurred at high frequencies. This is probably the reason
why the statistics were less in this experiment than in the previous ones.

7.6 Experiments on translation

In this section we will describe the experiments in which the object (or the focus)
were translated parallel to the detector plane between the exposure of p,,(x, y) and
pn(x, y). We used the same previous picture p,,<x, y) as before which wa s shown in
Figure 7.9. The phantom was translated 25 points in the x-direction and 30 points
in the y-direction and a new set of pictures pn (x,y), n e [l . .N| were produced

with N-20 and 9=5' as before. One picture from this set is shown in Figure 7.16.
If we compare this with po(x, y) it is clear that a translation has occurred.

The new picture pr(x, y) that was produced from the set of pictures is shown in
Figure 7.17. Obviously, this picture is translated relative to p,,(x, y) in Figure 7.9.
In order to find this translation, we divided P()(u, v) with Pr(u, v) as described in
equation 4.15:
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Figure 7.17 The new synthesized picture pr(x, y). It is obvi-
ously translated compared to pjx, y) in Figure 7.9

r 7'.)
(7.8)

The Fourier transform of the right hand side of this equation gave us a peak at
coordinate position (TX,TV), see Figure 7.18. The translation was easily found by
detecting this peak. In this experiment we estimated the translation to
(Tx,Tv)=(25,30) which was exactly the same as the original displacement of
fix, y, z). Finally, this estimate was used to adjust po(x, y) so that the phase differ-
ence between po(x, y) and pr(x, y) disappeared, see Figure 7.19.
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-M.I)

'-MM

D.I)

MM

Figure 7.18 The translation is found by detecting the peak in
this function which is the Fourier transform of equation 4.15

Figure 7.19 The picture p()(x, y) being translated with the esti-
mated vector of translation.
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a) b)

Figure 7.20 a) The previous picture p,,(x, y). There is one teeth missing
in this picture compared to the picture in Figure 7.9
b) The new picture pr(x, y).

7.7 Anatomical changes

So far the experiments have shown that, in spite of rotations and translations, we
were able to find the source position of an "unknown picture" p,,(x, y) by using the

Fourier transforms of a new set of pictures pu (x,y) , n e [ 1..N] which we pro-

duced from known source positions. When the source position for po(x, y) was

found we synthesized a picture which was almost identical to the previous picture.

In the following experiment we will show how changes inside the object effected
our ability to find the source position for p,,(x, y).

7.7.1 Experiments

We interactively removed two teeth from the slices of the phantom f(x, y. z) and
produced a new p()(x, y) shown in Figure 7.20 a). We then restored the teeth and
produced a set of 20 pictures as before. An example of the subtraction Sn(u,v)
between P,,<u, v) and one of the Fourier transform in the set Pn (u, v), n e [ 1..N ]

is shown in Figure 7.21 together with a plot of the line-integrals through the ori-
gin of this picture, which were computed in order to find the common line.
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Figure 7.21 The subtraction picture Sn(u, v) shown together with the
line integrals through the origin for various angles. There is a distinct
minimum of this function at approximately 163° which corresponds to
the line above.



Chapter 7: Implementation and experimental results 61

Figure 7.22 The difference between p()(x, y) and pr(x, y). This
picture tells us that at least one tooth is missing.

There was no problems in finding the common line and as before we synthesized a
new picture p r 'x. y) which is shown in Figure 7.20 b). In the picture showing the

difference between pr(x, y) and p(,'x, y) we were able to see that there was at least

one tooth missing, see Figure 7.22

This experiment shows that we were able to find the source position for p,/x, y)

and synthesize a new picture p,.(x, y) even when there had been a small local

change inside the object between the previous picture and the pictures of the set.
In order to investigate if the method holds for larger changes we removed 12 teeth
from the object. 6 teeth from the mandible and 6 from the maxilla respectively and
produced a new po<x, y) which is shown in Figure 7.2.3 a). Compared to Figure 7.9
it is obvious that some teeth are missing.

We produced a subtraction picture Sn<u, v) between 1',,'u, v) and one of the Fourier

transforms in the set PnUi,v) which is shown in Figure 7.24. In this picture we

observed that the common line was blurred. Even so we were able to proceed as
before. The new synthesized picture is shown in Figure 7.2.'j b). The difference
between this picture and p,,(x, yi is shown in Figure 7.2f>. It is clear that there is
at least 6 teeth missing.

It is not necessary to investigate if our method works for even larger changes in
the anatomy since, as mentioned before, the radiologist is able to detect those
changes anyway, without recourse to special methods.
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a) b)

Figure 7.23 a) The picture pjx, y) exposed of an object
where 12 teeth were missing
b) The new synthesized picture pr(x, y)

Figure 7.25 The difference between pjx, y) and pr(x, y) tells
us that ut least 6 teeth are missing
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Figure 7.24 The subtraction picture Sn(u, v) shown together with the
line integrals through the origin for various angles. Even when as many
as 12 teeth arc missing, there Is a distinct minima of this function.
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Figure 7.26 The previous picture polx, y). This is a picture of a limited
region of the skull.

7.8 Limited regions

In this section we present an experiment of a realistic situation in which the
object was larger than the field jf view. In the experiment we used the same vol-
ume f(x, y, z) as before. However, we made sure that the X-ray beam only covered
a part of f(x, y, z). This means that there was only a certain volume of f(x, y, z)
which was common for all pictures, see Figure 5.1.

7.8.1 Experiments

In Figure 7.26 the previous picture p()(x, y) produced in this experiment is shown,
and in Figure 7.27 two of the pictures in the set pn {x.y), n e (1..N ] . When com-
paring these three pictures, it is obvious that there are a few details, for example
some teeth, whose projection appear in one picture but not in the other two. This
is a result of that the X-ray beam has travelled through a slightly different volume
for each picture. We used the method described in chapter 5 to solve this problem.

We detected an area in the pictures that seemed to cover a common volume in the
object for all pictures. This was clone interactively. For all pictures this region was
multiplied with the function
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Figure 7.27 Tivo pictures of the set. In the right picture there are teeth
that are not visible in the left one. This is an effect of the limited angle
of view.

I x A, ) • i v - v i

/r (7.9)

which is shown in Figure .5.2. The result after this operation on the picture po'x, y)
is shown in Figure 7.28.

We proceeded as before and an example of Sn(u, v) is shown in Figure 7.29
together with the line integral function K<p). The common line is blurred, but even
so there is a distinct minima of the line integral function which is easy to detect.
In Figure 7.30 we present how Sn<u, v) and l((p) appeared when we did not use the
exponential mask. We see that the minima of l(<p) is very flat and hard to detect.
We also observe a white cross at the origin of this picture which we mentioned in
chapter 5. If the common-line made an angle of n • 90 with the x-axis it would be
drowned by this cross and impossible to find. It is obvious that masking all the
pictures in this way makes it much easier to find the common lines.

The new picture pr'x, y) is shown in Figure 7.31. Of course, in this synthesis we

used the original pictures pn (x.y), n <= [ l..N| . The masked pictures were only

used in order to find the common lines. In Figure 7.32 the difference between
p()<x.yi and p,.'x, y) is shown. As could be expected the errors appeared in the
periphery of the pictures. In these areas we have used data from the set of pic-
tures which conies from line integrals that do not penetrate the same volume as
the X-ray beam does for p,/x, y>.
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Figure 7.28 The previous picture pJx, y) which have been multiplied
with the exponential function in Figure 5.2

Figure 7.31 The new synthesized picture pr(x, y).
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Figure 7.29 The line-integrals through the subtraction picture
Sn(u, v). In this case all pictures have been multiplied with the expo-
nential function presented in the text.
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Figure 7.30 The line-integrals through the subtraction picture Sn(u, v).
In this case none of the pictures have been multiplied with the exponen-
tial function.
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Figure 7.32 The difference betiveen p,Jx, y) and p,/x, y). This picture
was windowed in order to emphasize the errors done in the synthesis.

We have done some experiments without using the exponential function as a
mask. As mentioned, since the common lines were hard to detect we found that in
some experiments the source position for p,,(x, y) were estimated outside the orbit
of the set. It was then impossible to synthesize pr(x, y). In those situations when
the source position were estimated inside the orbit the error in position were not
acceptable.
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Chapter 8

Robustness in the presence of noise

In all the experiments so far we have used simulated noise-free pictures. But if
the method shall be of clinical interest it is of interest if it is robust in the presence
of noise. In order to investigate if the method is robust in the presence of noise, we
have added Gaussian noise to all pictures both p,,(x,y) and each picture in the set

pn (x, v), n e 11..N) . The quotient between the signal-energy and the energy of

the noise was measured as the SNR- in dB which is:

SNR = 10 log
o

(8.1)

where 02 is the variance of the picture and a2 is the variance of the noise.
N r II

The first experiment was done with an SNR of 20 dB. This corresponded to the
case when the noise constituted 1/10 of the energy. The previous picture p()(x,y) is
shown in Figure 8.1 a). There was no problem in finding the source position for
po(x,y) using the common lines. The new synthesized picture is shown in
Figure 8.1 b). The line integral, Kcp), in all directions through one of the subtrac-
tion pictures Sn(u,v) is shown in Figure 8.2. As we see there was a distinct mini-
mum of this function.

In the second experiment we added noise so that the SNR=10dB. This corre-
sponded to a case when the noise constituted 1/3 of the total energy. The picture
po(x,y) is shown in Figure 8.3 a) below. Nor in this experiment was there any prob-
lem in finding the source position for po(x,y).

The new synthesized picture is shown in Figure 8.3 b) and the line integral

4%



Chapter 8: Robustness in the presence of noise

a)

Figure 8.1 a) Previous picture po(x,y) with noise added. The
noise constituted 1110 of the energy so that SNR=20dB
b) The new synthesized picture pr(x,y)

10(1 12(1

Figure 8.2 Line-integration in all directions through the origin in one
of the pictures Sn(u,v). The minima is easy to detect even if the noise
level was 20dB.



Chapter 8: Robustness in the presence of noise 73

a) b)

Figure 8.3 a) Previous picture p,Jx,y) with noise added. The
noise constituted 113 of the energy so that SNR-10dB
b) The new synthesized picture

(I X I-

140 Ifrf)

Figure 8.4 Line integration in all directions through the origin in one
of the pictures Sn(u,u). The minima was, as for &NR=20dB, easy to
detect.
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through one of the subtraction pictures Sn(u,v) is shown in Figure 8.4. This func-
tion is noisier than before but still with a distinct minimum.

The noise in Figure 8.3 makes it difficult to discriminate details. It is reasonable
to assume that if the SNR is less than 10 dB the pictures would be of minor clini-
cal interest.
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Chapter 9

Discussion

Assume that we produce a set of pictures pn (x.y), n e [ 1..N | from a circular

orbit above the patient as before. Further, suppose that the unknown direction of
projection for the previous picture p,,(x, y) is found to be parallel with the z-axis.
This direction tells us the orientation of the Fourier plane, Fr=Fr(u, v, uxr+vyr),
which corresponds to the 2D Fourier transform, Pr(u, v), of the new picture pr(x, y)
which we are going to synthesize. As mentioned before, the synthesis can be per-
formed by linear interpolation between the Fourier planes of the set
Fn = Fn (u. v. uxn + vyn), n e [ 1..N ). This is shown in Figure 9.1.

As a thought experiment, suppose that we instead of interpolating between the
F,,'s is interpolating between the common-lines in the plane of Fr. This is analogue
to 2D reconstruction with Direct Fourier Methods (DFM) [12] and an inverse Fou-
rier transform will also give us the new picture pr(x, y). However, this kind of
reconstruction is not to prefer to our method since an unrealistic proportion of pic-
tures muv. be used to gain an acceptable image quality.

Since it is possible to do the synthesis using DFM it is also possible to make this
reconstruction with Filtered back-projection (FBP) [12] as in 2D. Instead of using
the common-lines in the Fourier domain we could use their corresponding ID pro-
jection in the Spatial domain and after filtering make a back-projection. For exam-
ple, assume that F,. has a common line with Fj, a Fourier transform plane of the
set, and that this common line make an angle n/2 with the v-axis. This portion of
Fj will then correspond to a ID-projection of pj(x, y) in a direction that makes an
angle ±71 with the x-axis. It is this ID projection of pj(x, y) that after filtering
should be used in the back-projection

The discussion above points out that there exist other methods to synthesize a
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Spatial domain

Fourier domain

*••••'•-"• set of pictures

synthesis by
interpolation

Spatial domain

inverse Fourier
transform

Figure 9.1 A new slice is synthesized, using our method, by
interpolation between the Fourier slices of the set of pictures.

new projection picture. Since an unrealistic portion of pictures in the set must be
used in this case they are not useful in practice. However, since our method of
reconstruction has a lot in common with existing methods for 2D reconstruction,
especially the DFM, we would, for example, expect to get similar artifacts in the
reconstructed picture. Therefore we can use the same kind of known techniques to
reduce the artifacts.

There are 3 major sources of artifacts in 2D reconstruction with DFM. At first we
note that the fundamental problem with tomographic images in general is that
the objects, and therefore their projections, are not band-limited. In other words
the bandwidth of the projection data will exceed the highest frequency that can be
recorded at a given sampling rate. This will give aliasing effects in the recon-
structed image. Those artifacts can be reduced by decreasing the detector spac-
ings and increasing the number of detector positions on the detector array.
Another source of artifacts is the number of views (in our case the number of pro-
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Figure 9.2 The previous picture pjx, y).

jections, N). If N becomes too small we will get artifacts since we do not have
enough data recorded. The third source of artifacts that has been presented
recently [14] is circular convolution effects. It has been shown that there is an
inherent ramp-filtering involved in all 2D reconstruction with DFM. This filter
appears as a weighting when doing interpolation in the fourier domain. It is well
known that a multiplication in the Fourier domain will correspond to a circular
convolution in the spatial domain when using discrete Fourier transforms.

We have made some experiment to show how a picture that is synthesized using
the DFM and FBP method will look compared to a picture using our method. As
b 'fore we have a previous picture p()(x, y) which is shown in Figure 9.2. In order to

synthesize this picture we have used a set of 20 pictures with a 0-angle of 5° as
before. The synthesized picture pr(x, y) is shown in Figure 9.3 together with the
picture of the difference p,,(x, y)-pr(x, y). As a comparison in Figure 9.4 and
Figure 9.5 pictures are shown that have been synthesized using on'y the common
lines and DFM and FBP respectively. As could be expected, we observe that the
image quality in these two cases is poor due to an insufficient number of projec-
tions used in the reconstruction.

Another thing that can be discussed is the dose to the patient. Certainly, a low
dose for the patient is always desirous. This goal could be reached as a trade-off
between the number of source positions in the set of pictures and the dose per
exposure which determines the noise level in the pictures. This optimization prob-
lem remains to be investigated and is a topic for future research.
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b)

Figure 9.3 a) The picture pr(x, y) which was synthesized using our new
method is shown.
b) The difference between p(/x, \) and pr(x, y) is shown. The contrast in
this picture was enhanced in order to emphasize the errors in the synthe-
sis

a) b)

Figure 9.4 a) The picture pr(x, y) which was synthesized using DFM.
b) The difference between pjx, y) and p,Jx, y). The contrast in this pic-
ture was enhanced as in Figure 9,,'ih).
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a) b)

Figure 9.5 a) The picture pr(x, y) which was synthesized using FBP.
b) The difference between pJx, y) and pr(x, y). The contrast in this pic-
ture was enhanced as in Figure 9.3b).
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Chapter 10

Conclusions and summary

By simulated experiments we have shown that:

1) It is possible to synthesize a new X-ray picture of an object from a set of pictures
projected from a circular orbit above the object. The direction of projection for the
new picture has to be from a point inside the orbit.

2) If there is a previous picture exposed with an unknown direction of projection
from a point inside the orbit, we can find this direction a synthesize a new picture
which is identical in projection to the previous one.

3) If the previous picture is rotated around the z-axis and translated perpendicu-
lar to this axis in relation to the set of pictures, it is possible to compute this rota-
tion and translation and then compensate for them so that point 2 above can be
carried out.

4) The procedure of synthesizing a picture which is identical in projection to a pre-
vious picture can be carried out:

• in the presence of severe noise in all the pictures.

• when there are differences between the previous picture and the set of pictures
in the form of local anatomical changes.

• when the object is larger than the field of view for the pictures.

The procedure of synthesizing a picture which is identical in projection to a previ-
ous picture is based on an extensive use of the Projection slice theorem (Central
Section Theorem), both for findmg the direction of projection for the previous pic-
ture and for synthesizing a picture which is identical in projection to it.
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A clinical application of the method is probably not far away. However, an obstacle
is the lack of a convenient large size digital 2D X-ray detector. Another problem is
the computational requirement. In the given example, we used 20 source positions
for the set of pictures each having 256x256 pixels. The total processing time was
approximately 10 minutes on a SUN 4/690 station.

A dominating part of the computation consists of resampling |P()(u, v)| and
| P[̂ (u, v) | to polar coordinates, correlate them to find the relative rotation angle a
and then de-rotate p,,(x, y) with high resampling accuracy. If this procedure could
be executed fast enough an overall different strategy could be employed. Instead
of finding the unknown source position from N predetermined set points as above,
one could obtain the position for p,,(x, y) iteratively. In the first step, only one pic-
ture p](x, y) is used to obtain one bearing in Figure 3.2. For the second step we

choose a source position based on this result. The second bearing and its crossing
with the first one is used to select a third posit'^n etc.
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Appendix

I. Edholms Theorem for divergent projection pictures

The Projection Slice Theorem (PST) is a very useful tool, which relates an abject to
a parallel X-ray projection of it. The PST states that a 3D Fourier transform of a
picture produced by a parallel projection represents a central plane through the
3D Fourier transform of the object as shown in Figure I.I.

F(u, v, w)

\.f(x,y,z)

i .---;

p(x, y)

Figure LI The Projection Slice Theorem. The 2D Fourier transform
of a parallel projected picture corresponds to a a slice through the 3D
Fourier transform of the object.
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But all lor almost all) X-ray pictures are produced by central projections, i.e. pro-
jections with divergent rays, and thus are not directly amenable to the use of the
PST. If conditions could be found, however, in which divergent X-ray projections
could be treated as parallel projections, this would allow us the use of the power-
ful tool of the PST.

If we have a picture of an object, produced by a divergent projection, and perform
a Fourier transform of the picture, then this transform has no known relation to
the object. But suppose that we without knowledge of the real object or of how it is
projected, assume the hypothesis that the picture is produced by a parallel projec-
tion. Then it has to be a projection of a hypothetical object, which is different from
the real object. The picture is related to this hypothetical object by the PST. If we
assume that another divergent projected picture of the object is parallel projected,
it represents another hypothetical object that in general is different from the first
hypothetical object.

Let us examine if it is possible to devise a divergent projection system in such a
way that if we assume that the pictures are parallel projected they will all repre-
sent one, and the same, hypothetical object. In other words the divergent system
shall be of such a kind that it enables us to work with the hypothesis that all pic-
tures are parallel projections of the same hypothetical object. Then, it would be
possible to use the PST as a consistent relation between the pictures and the
hypothetical object.

Beside the real space r, in which the real divergent projections of a real object
occur we introduce a corresponding hypothetical space h, in which the parallel
projections of a corresponding hypothetical object takes place. The real space r
has the coordinate system (x, y, z) in which the focus in the plane (x, y, D) projects
the object f(x, y, zi on the image plane (x, y, 0). The hypothetical space h has the
coordinate system ix\ y\ z) in which a hypothetical object fix', y', z'), correspond-
ing to the real object but different from it, is projected by parallel rays, coming
from an infinitely distant focus, onto the image plane (x\ y\ 0). The two spaces r
and h are assumed to exist together in a common ordinary space in such a way
that they share origin and axes. The two image planes coincides so that
(x, y, 0)=(x', y', 0). The real divergent picture and the corresponding hypothetical
parallel picture are identical. Except for the two image planes corresponding
points do not coincide so that (.v.y.z) £ Ix'.y'.z') when z ^ 0 . Two corresponding
points p and p' have the same image point but lie on different rays, p on a diver-
gent ray in r and p' on a parallel ray in h.

In a divergent system the object is enlarged. In a parallel system no enlargement
takes place. It is therefore imperative that we devise or restrict our divergent sys-
tem in such a way that it shall be impossible to detect enlargement with recourse
only to the pictures. This means that when the Focus or object change their posi-
tion no part of the object must change in enlargement. This demands that the
Focus and the object must have constant z-coordinates in r. The only permissible
motions will then IK- translations perpendicular to the z-axis and rotations around
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Focus

2 A
i

D - I

(x, v, D)

(x, y,

zp-\

Image plane

Figure I.II The Focus translates in the plane (x, y, D). A plane in the
object translates in a plane fx, y, z[}>. The enlargement of a plane inside
the object is constant at the image plane.

axes parallel to the z-axis. The Focus is then allowed to translate in the plane
(x, y, D). A slice in the object parallel to the image plane will then always be
depicted with a constant enlargement, see Figure I.II.

There is always one ray in r that coincides with the directions of the parallel rays
in h. We now make the decision that the direction of projection for the parallel
rays in h shall be parallel to that ray in r which goes from the Focus to the origin.
On this line a divergent ray in r will coincide with a parallel ray in h. All points on
this line in both r and h will be projected onto the origin. Thus points on this line
in r will have their corresponding points in h on the same line. However, the focus
may be placed anywhere in the plane (x, y, D) and wherever it is placed the above
arguments must hold. This makes it possible to state the following conclusion con-
cerning corresponding points and lines:

• Corresponding points lie on the same line through the origin in both r and h.

• A central projection from the origin will project all points in r on their corre-
sponding points in h and vice versa.

A ray from the focus in r projects the point p0 on the image plane as p^. The ray in

h to this point is parallel to the ray from the focus to the origin. The point p'o that

corresponds to p0 must then lie where the line through the origin intersects the
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Focus

ray in h /

-£
Figure I.HI A ray from the focus in r projects the point p0 on the image
plane as p^. The ray in h to this point is parallel to the ray from the focus
to the origin. The point p'o that corresponds to p0 must then lie where the
line through the origin intersects the ray in h.

ray in h, see Figure I.III. This may be used to derive the relationship between the
coordinates in r and h.

From Figure I.IV, we get the following relations. The quotient between the dis-
tances a and b in the figure is, b/a = D/ (D-z).

Thus from symmetry it follows that (x',y',z') = (D/ (D-z)) • (x,y,z). In a sim-

ilar way we find that (x,y,z) = (D/ (D + z1)) • (x',y\ z'). Thus we have that

r =
D

DTI'1
and h = ——r.

D-z (I.I)

This relationship makes it possible to regard the focus in h as a corresponding
point to the focus in r.

If our hypothesis holds we must be able to translate Focus and object in r perpen-
dicular to the z-axis and rotate the object around axes parallel to the z-axis with-
out this leading to any inconsistencies for the interpretation of h.
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D-z

D

T •

Figure LIV Relation between the coordinates in r and h

I.I Translation of the Focus

In Figure I.V we assume that the focus position is at the end of the vector / pro-
jecting the tip of the vector r in r onto the point p̂ , in the image plane. This corre-
sponds to projecting the end of h in h with parallel rays in the direction -f. The
focus is translated the vector i to a new position f+1. From this position the tip of
r is projected to the point p'̂ , in the image plane. This corresponds to the projec-
tion of h with parallel rays in the direction - (/"+1) onto the same point p'^. In
Figure I.V the vector from the origin to p'^ is

D-z

We arrive to the same result whether we are using the dashed vectors in h or the
solid vectors in r. This means that after a translation of the focus in r, the image is
changed in the same way in both r and h and in h we interpret the object to be
projected by rays parallel to the ray in r to the origin. Thus, a translation of the
focus does not cause any inconsistencies.
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9b 9'b

Figure I.V Translation of the Focus

/. T Franslation of the object

;. both the real and the hypothetical object are rigid bodies, and the coordinates
the image plane are the same in r and h, a translation in r must mean the same

* anslation in h.

i A Figure I.VI we show how the vectors r and h are projected to the point p^- After

: at both r and h are translated the vector t. The direction of projection from

/ +• t to p'b is computed as the difference between the vector p'h and h + i, where

p h = f + ( r - f ) ( D / ( D - z ) ) + t ( D / ( D - z ) ) a n d h + i = r ( D / (D - z ) ) + i .

The vector from h + i to p'b is (i-f) (2/ {D-z)) . If this is multiplied with

(D -z) /z we get i-f. This means that a translation of the object in r with the
vector i will be perceived in h as a translation of the object with the same vector
but also as a change in the direction of projection. This direction was originally - / .
After the translation the rays in h will appear to have thf: direction t -f. A trans-
lation of the object cause a change in the direction of the rays in h and they are no
longer parallel to the ray in r to the origin.

If we let the origin translate the vector t the rays in h are still parallel to the ray
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D-z

i

z
P'fc

Figure LVI Translation of the object

in r to the origin. But this is no longer a translation of the object in relation to the
origin. Instead we interpret this situation as a translation of the focus. If we want
to retain the relationship between the coordinates in r and h the latter interpreta-
tion has to be chosen. Whatever interpretation we chose there is no inconsisten-
cies in our hypothesis that a constant object is projected by parallel rays.

I.III Rotations of the object around axis parallel to the z-axis

A rotation of the object around an axis parallel to the z-axis can always be
replaced by a rotation around the z-axis itself followed by a translation as shown
in Figure I.VII below. Due to the symmetry around the z-axis in both r and h it is
clear that rotations around axes parallel to the z-axis will not cause any inconsis-
tencies.

I.IV Conclusions

X-ray pictures produced by divergent projections may be treated as if the are par-
allel projection, if the following conditions are met.
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y

Figure I.VII The rotation in the right figure can be replaced by a rota-
tion around the z-axis and a translation as shown in the left figure.

• The position of the focus may vary but is always at a fixed distance D from the
detector plane.

• The object may only be translated parallel to the image plane (detector plane)
and rotated around axes parallel to the z-axis.

It turns out that these conditions are sufficient in order to treat divergent pro-
jected pictures as if they were projected by parallel rays. Fourier transforms of the
pictures will then represent central planes through the 3D Fourier transform of a
hypothetical object related by the coordinate relationship

D
D-z

(x,y,z).

A parallel projection picture in h of this hypothetical object will produce an identi-
cal picture to a divergent projection of the real object in r.



nstitutionen för Systemteknik
}ept of EE

Div., dept., faculty:

Image Processing Group
Dept of Electrical Engineering
Faculty of Engineering

ISBN: 91-7871-196-7
ISSN: 0280-7971
Report No: LiU-TEK-LIC-1993:51
No of copies: 250
Date: 1993-11-24

Project:

title: 3D Fourier synthesis of a new X-ray picture identical in projection to a previous picture

\uthor: Pär E. Carlsson

Commissioned by:

Call no:

Kind of report:

• Final report (Examensarbete)
• Progress report (Delrapport)
• TVavel report (Reserapport)
D Final report (Slutrapport)
S Other kind of report

Language:

• Swedish

H English

D

\bstract (150 words):

\ central problem in diagnostic radiology is to compare a new X-ray picture with a previous picture and from this
.omparison be able to decide if anatomical changes have occurred in the patient or not. It is of primary interest that
hese pictures are identical in projection. If not it is difficult to decide with confidence if differences between the
lictures are due to anatomical changes or differences in their projection geometry.
'n this thesis we present a non invasive method that makes it possible to find the relative changes in the projection
geometry between the exposure of a previous picture and a new picture. The method presented is based on the
'rojection slice theorem (Central section theorem).
nstead of an elaborate search for a single new picture a pre-planned set of pictures are exposed from a circular orbit
ibove the patient. By using 3D Fourier transform techniques we are able to synthesize a new X-ray picture from this
;et of pictures that is identical in projection to the previous one.
The method has certain limits. Those are as follows

The X-ray focus position must always be at fixed distance from the image plane.

The object may only be translated parallel to the image plane and rotated around axes perpendicular o this plane.
Vs proved by Edholm, under those restrictions, we may treat divergent projection pictures as if they are generated
>y a parallel projection of a scaled object. The unknown rotation and translation of the object in the previous case
ire both retrieved in two different procedures and compensated for.

/ Ixperiments on synthetic data has proved that the method is working even in the presence of severe noise.
keywords: Tomography, reconstruction, Projection-slice-theorem, matching X-rays, divergent to parallel,

Phase-Only-Filtcring

i
V

Votes of the Library:



Licentiate Dissertations

Image Processing Laboratory, Department of Electrical Engineering
Linköping University

Qin-Zhong Ye, Some Algorithms for Machine Vision. Linköping Studies in Science
and Technology. Thesis No. 98, 1986.

Karin Wall, Approximation of Digital Curves and Surfaces. Linköping Studies in
Science and Technology. Thesis No. 130, 1988.

Olle Seger, Microcode Compaction in PICAP3. Linköping Studies in Science and
Technology. Thesis No. 162. 1989.

Erik Åstrand, A High Resolution Display for PICAP3. Linköping Studies in
Science and Technology. Thesis No. 169, 1989.

Maria Magnusson, The Linogram Method for Image Reconstruction from
Projections, Implementations and Evaluation. Linköping Studies in Science and
Technology. Thesis No. 192, 1989.

Ingemar Ragnemalm, Generation of Euclidean Distance Maps. Linköping Studies
in Science and Technology. Thesis No. 206, 1990.

Jan Segerström. Konstruktion av processormodul for PICAP3. Problem och
möjligheter. Linköping Studies in Science and Technology. Thesis No. 207, 1990.

Pär (Andersson) Kierkegaard, Recognition of Industrial Parts. Linköping Studies
in Science and Technology. Thesis No. 208, 1990.

Sven Eklund, Modelling and Simulation of Parallel Computer Systems, A study of
ELLA and PICAP3..V2. Linköping Studies in Science and Technology. Thesis No.
247, 1990.

Anders Astrrim, A Smart Image Sensor. Description and Evaluation of PASIC.
Linköping Studies in Science and Technology. Thesis No. 257, 1990.

Mats (Andersson) Gökstorp, Range from Out-of-Focus Blur. Linköping Studies in
Science and Technology. Thesis No. 325, 1992.

Mats Österberg, Unsupervised Feature Extraction using Parallel Linear Filters.
Linköping Studies in Science and Technology. Thesis No. 372, 1993

Mattias Johannesson, Shcet-of-light Range Imaging. Linköping Studies in Science
and Technology. Thesis No. 404, 1993

ISBN 91-7871-196-7

\ &

ISSN 0280-7971


