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ABSTRACT

The Helmholti-Poincare Wave Equation (H-PWE) arises in many areas of classical wave sewering theory. Tn
particular ii san be found for the cases of acoustical scattering from submerged bounded objects and ekeirotnagnciie
scattering from object*. The extended boundary integral equaiions (EBIE) method is derived from considering both
the exterior and interior solutions of the H«PWE's, Thu coupled set of expressions has the advantage of not only
offering a prescription for obtaining a solution Tor the exterior scattering problem, but it also obviates the problem
o)'ir«£iilnr values corresponding w fictitious interior eigenvalues. Once the coupled equations arc derived, they can
by obtained in matrix form be expanding all reltvant terms in partial wave expansions, including a bionhogoru!
expansion of the Green function. However some freedom uf choice in the choice of the surface expansion is
available since :he unknown surface quantities may be expanded in a variety of ways so long as closure is obtained.
Out of many possible choices, we develop an optimal method to obtain such expansions which is based on the
optimum eigenfunctions related tu the surface of the object. In effect, we convert part of the problem (that associated
with the Frcdholms integral equation of the first kind) an eigenvalue problem of a related Hermition operator. The
methodology will be explained in detail and examples will he prevented.

I. INTRODUCTION

The extended boundary condition (ESC), null field, or T-matrix method of Waierman (1969)1"3 has proven to be
a powerful numerical approach for computing scattering from a wide variety of elongated, axisyrranetric, impen-
etrate and elastic objects. A key point in developing the Waterman matrix approach is the inclusion of on integral
so! ion representation for regions both interior and exterior to the object. In the standard EBC formulation.
the ;iiu£o\vn surface displacements and stresses are expanded en a known (but in principle arbitrary) basis set, with
unknown expansion coefficients. Completeness or closure of tfces* basis functions on the surface is generally either
known a priori o* established, with the additional requirement that the number of expansion terms match the surface
to the number of incident partial waves. This requirement, however, can in many cases entail more partial wave*
ihan strictly necessary for numerical convergence of the incident field, which leads to small incidence higher-order
wavefieid components. Precisely these components, in turn, render the resulting Q matrix (defined below) poten-
tially ill-conditioned or at the less; computationally expensive, using standard matrix techniques. In this paper, we
devslop a novel alternative for representing the surface terms in the acoustic and elastic case in !*oth stable and
efficient form. Por an scoujtic (arcci. this procedure avoids the ill-conditioned problem by transforming the interior
problem to a simpler eigenvalue problem, which produces eigenstates that span the space of surface terms (surface
displacement, traction, etc.) on the surface of the object. The eigensutes. with known (derivable) coefficients, can
then be used in directly solving the exterior problem, thereby yielding a numerically stable and convergent solution.
In the following, a complete theoretical derivation of the eigenexpansion technique is presented. Numerical
are presented to complete the work.
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II. THE EXTENDED BOUNDARY CONDITION METHOD IN REVIEW

The Hclmholti-Poincari integral representation for a field interior to a bounded object can be expanded as
follow a.

UCr)=U,(r)+/,{U.(r1)aG(r,r')/5n-O(r.i-')3U»(r1)/3n]dS W

where r is chosen to be at an exterior point to iho object; i.e., r is a member of D, where D is the set of all points
exterior to the object, G if an outgoing Green's function, D' is the *et of points in the interior of the bounded object,
and S is the set of all points on the object surface. The surface of the object is assumed to be piecewise continuous
it is redolent of Gauss' law that when r is In the interior the total wavefield U(r) is zero (extinguished or nulled),
hence the icrras "extinction theorem" or "null-field condition "

0»U,(r)+/,[U,(r')8G(r.r')/c)n-G(r.f')au,(r1)/an]dS <2)

*hcrs r' is an interior point. Let us assume that dU,(r')/3n =0, so thai we obtain the expressions

U(r)»U)U)+/,[U.(r1)3G(rlr-)/Sn)<lS (3)

O»U,(r)ff,[U.(r')dG<r,r')/dn)dS. <*)

To solve tnose expressions, it is necessary to represent U,(r), U,(r'i and G (r,r') in some convenient scries
expansion, which upon truncation would lead to matrix equations thai can then be solved using digital computers.
The Green's function G is a normal operator, and thus can be represented in the biorthogonal series

where r< and r> are the greater ond lesser of the two points r and r relative to the origin of tha object, respectively In
a manner similar to that of the Hilbert-Schmidt theorem for symmetric kernels, it can be showii that

U,(r) = SanRe9n«. (6)

For incide.it plane waves, the a's are known. We now have from (4) the relation

S,aBRe«pll(r)=ikSJ«e(?ll(r)U.(r)3<pi(r
1VJ)ndS (7)

and

f (8)

We now wish to represent (SI in matrix form. This can be achieved by writing U, (f) in some complete set of
known function!*'" so ihat

U.(r)=IDbBRcipD<r) (Q)

where b n is unknown. Expression (8) now becomes

a3=Srab_/Ret?.n(r')3Re<pr-(r-y3ndS» tm bra Qmn. (10)

To obtain the must efficient expansions let us premuhiply eqi;J(ion (! 1) by the adjoinl of Q, namely QT • where
the Saner quantity is the complex transpose of Q.

Qta = i QtQb = i Hb (II)



where the matrix H can easily be shown to be self-adjoint or Hcrmitian The tftgeflf'unctions CM be obtained as
follows:

HB.sX.C, (12)

Here, the adjoint of G is CT, SO that 6;flf • = S,r where 5; is the Kroneckcr delta function. We also have ihe
ordering X,<X.:<X3 . , where ihe dimension of H is any desired order and relates 10 the number of surface quantities
required in expanding L. . We now use the properties (12) and (13) to eliminate the quantities {b,J. One can show
that the O.'s are an alternate representation of (he 9j;(r')/dn's, with the desired property that tlicy are an orthogonal
representation. Thus, we have

b=Ia# , 113)

so tt\it exprestionj ( U ) and (11) siong with (12) and (J3) lsa<i 10 !he following useful equation

QTa=iEHa,tt, = i z a, k-fi, (14)

Thus a, = -ifiiQ'A/X, and b = -i Ifl.Q'A/X,

We also expand the exterior problem as follows.

f,aikJU(r\Reotfo<T)/<)ndS (IS)

f,<=il;!:ibj.'Re<pJ(r
1)Red(?lff)/anelS=ikS,bJQll. (16)

The final expression for the scattered field in terms of the incident wavefield using Eq. 13 and 16 is thus

fa-IRcQQ.Q'AA.Q,' O'J

Although the above expression has proven computationally efficient, it is also possible and sometimes necessary
;o obtain jr. alternate T-matrix representation This may be done by means of ihe following derived relation:

fitQt (18)

where HSr =8tB=I.

Fir.allv, * c jliow here some of the numerical eistrvdlues, computed by implementation of Eq. (21), for ihc case
of d ngsj jpneroid of Kl_'2 * 10 md aspect ratio of 5. We show the first thrco and lnst two in a twenty term
expansion

A.,sO 066-1: X,=O.O812; X,,=O.3l8; Xia=0.324. (19)

"T êre exists a djfferer.ee a factor of 5 between the eigenvalues of the first and bit orders; fo; note realistic cases
tot higher aspen ratio) differences of 3 orders of magnitude or more are readily possible. Let us now state the
advantages of this method of this method over the conventional T-matrix approach which uses matrix inversion The
eigenexpansion method recucei the problem to one of finding eigenvalue* for a Hermitjan matrix, which is
computationally straightforward procedure. For our calculations, we employed the QR algorithm above. The results
presented he. e always maintained numerical stability and w*re carried out on a computer ol" 15 place precision. It
is not possible iu ssrry out such calculations using the coupled higher order T-matrix method* without reioning :n
32 place accuracy The conventiora) T-nistnx approach fjjjj to converge tor the problems presentee! here. The
reason for the better precision range using the- eigensxpansiori meihod is that the meihod only breads down when
adjacent eigenvalues "ire closer in value then a word length while numerical inversion is considerably less stable.



111. APPLICATION OF METHOD: NUMERICAL RESULTS

By aspect ratio we mean (he ratio of length to width (a measure of object elongation; the wavenuruber
k a - / V where L is ihc wavelength of the incident wave jn the fluid, and X is the length of the object. Differential
scattering cross-sections or bisuiic angular distributions prove useful in classic acoustics and electromagnetic theory
in the deteinunation of shape. In nuclear physics, bistatic distribuuons are typically employed in determining the
angular momentum and pant) of a nucleus. Monostatic angular distributions, also examined below, are useful in
determining object shape factors such as symmetry properties, md aspect ratios. Monostaiie angular disuibunons
correspond to backscauered measurements, in which the sensors are effectively rotated about the scattcrer (01
alternately the object is rotated for a fixed sensor configuration} Backscattered tehees, correspond ;o fined the
source-receiver configurations in which frequency vanes monotomcally over snnl! increments {of kL/2) We exam-
ine these quantities which arc often referred <o as form function* ,a aeou&iics. and correspond to exciution functions
in quantum scattering.'0 We list tha ex-implis below to be examined:

(a) Scattering from a rigid spheroid with an aspect :a:io of 15-1. and a kL/2 = 60

(b) Scattering from i soft spheroid with an aspect ratio ot !5.l , and s kl_/2 = 60

Case A. In ^ e following, we examine bisiativ and monuiuiic angular dis.'ribuiior.s, for a rigid spheroid wiih »n
aspect ratio ot 15 and a. kb'2 of 60, Fig. 1 i!Iustraies ih* case of scattering along the axis of symmetry 'where in
all thnt fellows, detection* are conducted in the piano of the object). Note that we plot the angular distribution over
360 degrees. In all cases, the object is aligned horiionial to the pagi.. A detection at zero degrees will be considered
in the backward direction, while s detection a: 18C dagrscs it her? taken in the forward direction, the converse of
standard convention. Notice that the diffracted wave, which is more pronounced at higher frequencies, lends towards
the forward direction. In the optical limit (as wavelength approaches leto). the enure diffracted field would occur
in the forward direction, wan only specular reflection

Fig. 2 illustrates the cise of scattering at 30 degrees relative to the AXIS of symmetry. Here the results are both
more complex and interesting. Note that there are pronounced re»pon»e maxima at 130 and 210 degrees, correspond-
ing respectively <o * reflected a:»d diffracted wave. This reflected response is typically observed only in the case of
very elongated objects, which approach & flat plate, snd corresponds to the flat pl»te limit [incident angle e reflected
angle] in the limit of a very long target

Fig. 3 shows the same features as Fig. 2. for scattering M 60 degrees relative to the axis of symmetry (reflected
wave= 320; diffracted » a v e * 240). Fig. A corresponds to scattering at 90 rtlative to the symmetry axis ("broad-
side"; Hera we observe significant baclcscatwring, due to the lar^e geometrical cross-section, and a very peaked
forward scattering response. Note that as scattering angles change from end-on to broadside, the forward scattering
increases significantly in value, from 6 to 28 dB, and that the forward response Sends to progressively nanow (We
have earnsd these calculations to kL'2 values of 170 broadside, in which ihc forward-scattered response is on the
order of 1 degree ".n widih. The jr.agnituJc differential is 23 dB. between the forward and tackscattered fields,
irrespective of the target dimensions.

Fig 5 illustrates a mon&ttaoc angular distribution for the same ca<c as abov« (rigid spheroid) The minima in this
case corre\pond to an interference phenomena, associated with waves reflected at different locations on the surface
We have shown previously11 that the number of .-suiis .'or eiongitcd objects is a function of kL/2. JS follows-

N-ImtkL/2)/jt-1) . (20)

We hs\e also shown that the :iulls occur at the rcl!owu:g angles'

6n=Sm-' r«(nt 1/2V2UL/:)) (21)

!t is ulsar that in tne present cue (of kL-'2 • 60), :h» number of nulls is quite large (N = 148). As one approaches
the optical iim;t. ihe r^portsc minima become progressively less pronounced, and the nei response i* representative



of an outline of the scattering target. Thus, at suitably high frequencies, it is possible to obtain an indication of both
the shape (symmetry and aspect ratio) of an object, by examining the monostaiic angular distribution. The abovt
conclusion also proves true both for different object shapes, and boundary conditions.

IV. CONCLUSIONS

This paper constitutes a first step in more fully outlining and applying a. recently developed eigenexpansicn and
similarity-type transformation method for studying scattering from spheroidal solids and shells of high aspect ratio
The methods have been rigorously developed to assess and extend the validity range of the EBOT-inairix method
for full wavc.theoretic simulation of scattering of plane acoustic or elastic waves by a submerged or embedded
s;ngle or multilayered target of arbitrary elasto-acoustic composition. The numerical results presented here agree
fully with those obtained both by classical normal mode and T-ma'.rix solutions, with the added advantage thai lcs,i
absolute numerics! precision is required for the T-matrix method. Tins, and the fact that the preceding methods are
no; limited to any specific basis functions, suggest that in addition to extending the range of validity of the BBC
method 10 axisymmetrie scattcrers of higher aspect ratio, the cigcn-expansion and transform approaches also provide
improved numerical stability and accuracy at the optical limit in the expansion of the sea:tered waveficld in partial
wave eigenfur.ctions. Special consideration has been given to interpreting numerical simulations of the excitation
and. diffraction effects of both simple and circumferential surface waves, as observable in both histauc angular and
spectral frequency resonin.ee distributions. These, AS well as generalised Snell's law behaviours, are illustrated
Although for simplicity the present treatment has been restricted to plane wave insonification of single vcattercr"!,
ihe above can also be applied to more realistic cases. In view of these rciults, this method may also prove useful
for improving and/or extending the rar.ge of validity for other types of scattering formulations. A promising further
development 1$ .*. hybrid computation of scattering, involving « T-mamx / eijen-expansion method. Work is con-
unuir.g in further extending and applying these methods, and in developing new techniques to handle cases of both
higher frequency, aspect ratio, and inrget complexity,
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Fig. i. Backscauer far lcL/2=O 10 150 for (a; sphere
and spheroid for aspect ratios of (b) 2, {c> •*. (d) S, and
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Fig. 2. Forward scatter for kL/2=0 IO !5O for (a; sphere
and spheroid with a*pect ratios of (b> 2. (c) 4. (d; 8,
and (.e) 16



J70* 270*
Fig 3. Bist»:ic angular distribution for aspect ratio of !5 at kL/2*200 (a) end-on.
(b) 30 degrees relative :o the axis of symmetry, (c) 60 degrees relative to ihi axis of
syramciry, and (d) broadside.

Pig. 4. Monostmic angular distribution
for 15 10 1 spheroid* for kL/2=120.



Fig- 5. Monosvaiic angular distribution for a IS IO 1 aspect ratio rigid spheroid at
(a) lcL/2-15, (h) kbl=30, »nd (c) kU2«60.


