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Abstract:

We study the small amplitude response of stochastic one-body theories, such as the Boltzmann-
Langevin approach. Whereas the two-time correlation function only describes the propa-
gation of fluctuations initially present, the equal-time correlation function is related to the
source of stochasticity. For stable systems it yields the Einstein relation, while for unsta-
ble systems it determines the growth of the instabilities. These features are illustrated for
unstable nuclear matter in two dimensions.
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1 Introduction

The mean-field approximation has been found to be a very good starting point for
understanding numerous properties of the nuclear many-body system [1, 2]. For ex-
ample, the main features of the nuclear ground-state is well described by the Hartree-
Fock theory, in which the nuclear wave function is taken as a Slater determinant
representing the motion of independent nucleons [3]. The mean-field, or one-body,
approximations have been also developed to treat excited states and dynamical prob-
lems. In particular, the Time-Dependent Hartree-Fock theory, which describes the
system as a time-dependent Slater determinant, has provided a good understanding
of many features of nuclear dynamics at energies up to several MeV per nucleon [4].

More recently, the Hartree-Fock approximation has been extended to describe hot
nuclei [5,6]. Such an extension can be made in a relatively simple manner by allowing
the single-particle orbitals, |</\-}, to have fractional occupancies, i.e. allow fractional
values of the occupancies /; in the one-body density operator p = £ i \<j>i)fi(4>i\', in sta-
tistical equilibrium /, will then be given by the appropriate Fermi-Dirac distribution.
A more complicated approach (which is correspondingly more powerful) is to approx-
imate the many-body density matrix by the exponential of a one-body operator. This
is equivalent to considering a statistical ensemble of Slater determinants.

Generalizing to time-dependent problems, the former approach naturally leads to
a master equation for the occupancy coefficients fi(t). The most developed descrip-
tion of this kind is currently the socalled Boltzmann-Uhling-Uhlenbeck model which
describes the evolution of the one-body phase-space density / (r ,p ,f) in the self-
consistent effective one-body field, augmented by the average effect of the residual
direct two-body collisions [7]. The BUU model has been very successful in describ-
ing a large variety of observables associated with nuclear collisions at energies in the
range of tens to hundreds of MeV per nucleon.

The descriptions examplified by the BUU model are well suited for processes
exhibiting a sufficient degree of dynamical stability, in the sense that the various pos-
sible histories do not differ much. However, for more general problems, and especially
if instabilities and bifurcations are involved, such an average description is inade-
quate and the second type of description mentioned above provides a more promising
starting point, since it allows the consideration of an entire ensemble of Slater deter-
minants, each one evolving differently. Such a stochastic one-body approach is akin
to the description of a brownian particle (the one-body density) coupled to a com-
plicated system which is not described in detail (the many-body correlations). The
retained degrees of freedom, i.e. the one-body density, then appear to be responding
to a. stochastic influence whose characteristic features depends on the specifics of the
coupling to the "heat bath".

The recently developed Boltzmann-Langevin model [8] can be regarded as a semi-
classical example of such stochastic one-body theories. In its most common version,
the souce of stochasticity is the two-body collisions whose average effect were al-
ready included in the BUU model. The inclusion of their stochastic part as well
leads to a conceptually consistent theory without the need for introducing any ad-
ditional physical parameters (since the fluctuations are fundamentally related to the



average characterisistics). This BL model is therefore a leading candidate theory for
addressing such catastrohpic phenomena as phase transitions and nuclear multifrag-
mentation. However, it is considerably more demanding of computer resources and
direct application to real nuclear collisions has not yet been practical.

So far it has been demonstrated that the BL model provides a physically reason-
able description of the fluctuations for a Fermi gas of nucleons, in the absense of the
effective field; in particular the system approaches the correct quantum-statistical
equilibrium fluctuations and correlations [9, 10, 11]. The BL model has also recently
been used to study the onset of clusterization of nuclear matter inside the spinodal
region of instability [12], and the possibility of replacing the physical noise (arising
from the collision) by a numerical noise for such processes, thus providing a more
practical method [13].

In this latter type of studies, which have a direct bearing on experiment, it is essen-
tial to have a good understanding of the early development of the fluctuations, since
these provide the seeds for the resulting fragments. This early growth is describable
by linear response theory. Therefore, in this paper, we study the small-amplitude re-
sponse of the system, both in stable or unstable scenarios, and derive the associated
correlation functions. We will show that the two-time correlation function carries
information on the propagation of the initial fluctuations, whereas the equal-time
correlation function contains information on the source of dynamical fluctuations.
These features are illustrated for the idealized case of infinite nuclear matter in two
physical dimensions.

2 General developments

The Boltzmann-Langevin equation can be written on compact form as follows,

(1)

where / ( r , p , t ) is the one-body phase-space density. On the left-hand side, H [/](r, p)
is the self-consistent effective single-particle Hamiltonian governing the collisionless
Vlasov evolution and {-, •} is the usual Poisson bracket. One the right-hand side,
/ [ / ] denotes the effect of the residual two-body collisions, which can be decomposed
into an average effect, / [ / ] , and the fluctuating part SJ[f]. This collision term can
be obtained from the mean number of tra-.sUions dv in which nucleons are scattered
from two phase-space eleme nts around the locations a\ , a? (s = (r, p)) into two other
phase-space elements around Si>, s2>

d"i,W,v = fif2fj/2S(ri-r2)S(r1>-T2')S(Ti-Ti')u(pi,p2-,pi',p2')d3ids2dsi>ds2' . (2)

Here j-t = /(s,-) is the phase-space occupancy at one of the initial locations and f- =
l — ffa') is the Pauli blocking factors expressing the availability at the final locations.
Moreover, the phase-space elements are ds = drdp/hD, where D is the dimension of
the physical space. The elementary transition rate incorporates energy-momentum



conservation and can be related to the cross section of the colliding nucleons,

dp2, . . y , 0 <M1,2;1' ,2')

where fli^' represents the direction of relative motion after the collision and v\2 is
relative speed of the two colliding nucleons. The factor of one half compensates for
the double counting associated with the unrestricted integration over pj and p'2.

Since the collisions are regarded as random processes analogous to a random walk,
the number of transitions actually occurring fluctuates according to the correspond-
ing Poisson distribution and the variance of the quantity dv is therefore given by
ff(di^,2ii',2f)2 = dviw,2i. Moreover, it is assumed that these fluctuations are marko-
vian,

X SI(», t)SI(s', t'} >= 2D(s, s', t)S(t - t') , (4)

The diffusion coefficient can be written on the following forms [9, 10],

D(s,s'} = S(r - r ')£(p,p') = 8(s - s')Z)var(s) + Dcov(5)5') . (5)

The first relation serves to remind of the fact that D is local in space, a property which
greatly simplifies the calculations. The second relation shows the decomposition of
D into a local part referring only to the fluctuations within a single phase-space cell
and the more general part describing the creation of correlations between fluctuations
at different points in phase space. The diagonal diffusion coefficient Dva*(s), governs
the growth of the variance in the phase-space occupation / (s) , can be expressed in
terms of the gain and loss terms W+ and W~,

2Z>V i» = f(s)W
+(s) + / ( j ) i r - ( - ) - (6)

Moreover, the off-diagonal diffusion coefficient Dcov can be written as

a:a') - f(*)fWW--(s,s') + f(a)f(s')W++(s,s')

The coefficients W+ and W~ are given through the relations

iw#8(*i>-*), (8)

where the factor of one half compensates for the double counting. Furthermore, the
W coefficients in eq. (7) are given as follows [9],

vw,v 8(Sl - 3)8(s2 - a') ,

^,2,1,,2,S(Sl,-a}S(a2,-s'), (9)

f(s)f(a'}W+-(a,3') = dvwp S(3l - s')S(3l, - a) = f(a')f(s)W-+(*',s) .



2.1 Liouville formalism
In the following developments it is convenient to use the Liouville formalism in which
the one-body observables, such as the phase-space density / ( r ,p ) , are considered as
super-kets, denoted by | | / » with elements fa where the index s labels the phase-
space coordinates (r,p). We can then define a scalar product in the Liouville space
[14]

(10)

where -C / | | is the conjugate of the super-ket | | / >•.
With this notation, we can write the Boltzmann-Langevin equation (1) as

l!/ »=

Here the first term on the right-hand side is the super-ket resulting from the action of
the self-consistent effective Hamiltonian H[f] on the phase-space density / and the
second term represents the stochastic collision term 1 = 1 + SI. In a similar manner,
the diffusion cofficient D(s,s',t) of eq. (4) may be regarded as the matrix elements
of the super-operator D(t),

- 1') =^ \\SI(t) » < SI(t')\\ > (12)

This formulation in terms of super-kets is very convenient because it encompasses clas-
sical, semi-classical, and quantum cases. For example Stochastic Time-Dependent
Hartree-Fock theory can be expressed in the Liouville space on the generic form (11).
Therefore, that equation can be seen as the prototype of a stochastic one-body theory
and the main results of the present work apply generally for any stochastic one-body
theory.

2.2 Small-amplitude response

In order to gain insight into the dynamics of the collective modes, we start from linear
response theory, which is valid for small deviations from the static mean trajectory
and therefore is well suited for describing the early evolution of the system. If we
then expand the solution to the Boltzmann-Langevin equation (11),

/ = /o + * / , (13)

where /o satisfies the non-fluctuating equation (i.e. the stochastic term SI is absent),
we find the following equation of motion for the leading correction,

P / » = -iM[f0]\\Sf » +||5/[/0] » . (14)

Here the extended RPA matrix operator M. represents the combined action of the
effective field and the average collision term.



We first note that the non-fluctuating part of the above equation (11) has solutions
of the form /,,(r, p) exp(-iw,,t) where /„ are the eigenvectors of the extended matrix

• M ' , ,
M\\fv » = uv\\fv > . (15)

The collective part of a general disturbance 6f(r, p, t) can then be expanded on these
eigenmodes,

and we can therefore rewrite the linear differential equation (14) on the form

—Av(t) = —iuvAu(t) + £„(£) . (17)
at

The corresponding solution is given by

Au(t) = e~'u" [I dt Bu(t )eiw" +j41/(0)j , (18)

where the initial amplitudes are

> , (19)

and Bu is the pieiection of the fluctuating collision term SI onto the eigenmode i/,

- (20)

We have here introduced 0 as the inverse of the overlap matrix of the eigenmodes,

0% = « /,!!/„ > = /.(r,p)-/i,(r,P) • (21)

The frequency of a normal mode v can be decomposed into its real and imaginary
parts,

Huu = Eu - ilu . (22)

When the system is stable !"„ is positive and represents the damping width of the
mode due to the action of the collision term. Conversely, if the system is unstable at
the level of the mean-field approach the frequency is purely imaginary. In general, the
imaginary part of the frequency is the difference between the inverse of the growth
time for the instabilities and of the collisional damping. Therefore it may become
negative, thus producing an exponential development. To elucidate this effect it is
instructive to consider the fluctuations of the amplitudes A^t}.



2.3 Correlation function

Invoking the explicit solution (18), we can write the two-time correlation function
o-ult(ti,t2) =-< A^tJApfa)- >- as Mows,

dt\ dt'2 -< BtfjBp&Y >- e - " < i " ^ + (,„„(<)

(23)
Using the fact that the fluctuations are markovian (see eq. 4), we find that the source
term Bv of the fluctuations of the normal mode v satisfies the following relation,

X BvftBW >- = Wvll(t}5(t - *') , (24)

where T)UI1 is the diffusion coefficient D expressed in the eigenrepresentation repre-
sentation of the modes v. This quantity can be obtained from the general diffusion
coefficient Z?(r,p;r',p'),

^ = Z) °»»' bsufOtp , (25)
u'm'

where we have found it convenient to introduce the matrix elements of D with respect
to the collective modes,

- /w(r, p)- D(r, p; r', P U ( r ' , p') . (26)

It then follows that the correlation function is given by

«•„,(*! , t2) = e-^+W* ( jf £< dt ZD^t)^"*-"'"* + ̂ ( 0 ) ) , (27)

where the upper limit is t< = min(ti,t2)-
On the basis of the above results, it is possible to show that the quantity A,,,,

introduced in eq. (26) can be expressed directly in terms of the basic two-body collision
processes as

(28)

This instructive expression simplifies further in the case of equilibrium, since then
detailed balance implies that dvi^-i',2' = dv^i y.^2 and so we have

41) + /,,(2) - 2/^(1')) . (29)

2.3.1 Two-time correlation function

An important case is when one of the two times in (27) is set to zero,

<V(M) = e-^'o-^O), (30)



because the information carried by this correlation then reduces to the knowledge of
the eigenmode energies. Indeed, the correlation function for / can be expressed as

VLt J^/J

This equation shows that, in the case of a stable system, <r/ essentially contains the
information on the collisional damping of the modes. It contains also the information
about the Landau damping which is due to the beating of closed frequencies. If the
collisional damping is small and the number of excited frequencies finite one may also
observe the Poincare recurrence time. On the other hand, if the system is unstable,
the correlation will be soon dominated by the exponential growth of the unstable
modes.

The two effects are intertwined. Information about the Landau damping can be
obtained by considering the pure Vlasov evolution where no collisions occur. On
the other hand, instructive information about the global character of the collisional
damping can be gained, in the relaxation-time approximation, from considering the
evolution in momentum space for a uniform system with a vanishing effective field.

2.3.2 Equal-time correlation function

Of special interest is also the equal-time correlation function,

_ f*\ — _ fj. 4.\ r,~l\uv—uujt I l At* o*n f-tf\^\uv—&u}t t _. / A \ i /oo\
û /MlCI =̂ Oj/ijl", t l — c I I "^ «*^(/iilt je "r Oj/ulUI I . l o ^ l

It can readily be seen that the equal-time correlation function satisfies the following
simple differential equation1

—. • I f)T\ / O O \
~~i~**vu '— —*«*'|/i|W|yu "T £>LSiru 5 I wO I
u£

where uvfl = uv — w*. This equation governs the dynamics of the fluctuations within
the linear-response regime. The situation simplifies further when the attention is
focussed on the diagonal terms of the correlation, because iuuu = —2S77IW,, = 2Fi//fi.

If we assume that the source term "Dt,^ does not depend on time (such as is the
case, for example, when /0 is a static solution of the BUU equation), the expression
(32) reads

OT>

- «r^(0)e-lu""-' . (34)

If one is interested only in the diagonal fluctuations,

*r"' . (35)

1This key equation has been dubbed equation, as a consequence of the role played by this
aicdlent Berkeley restaurant in its inception.



If we now consider the case of a stable mode, i.e. I\, > 0, we observe that whatever
the initial state happens to be, the asymptotic fluctuations are unique, depending only
upon the source term and the damping width,

o* = t££-. (36)

This result is a manifestation of the Einstein relation. Furthermore, we note that the
equilibrium value is being approached with a characteristic damping time iu = h/Tu.

Conversely, if we consider an unstable mode characterised by a negative width
r v = —k/tv the diagonal fluctuation develops as

^(0)e2 '/ '" . (37)

In this case both the initial noise and the dynamical fluctuation are exponentially
amplified. As discussed in ref. [13], this feature can be turned into an advantage in
numerical simulations, because it offers the possibility of mimicking the dynamical
fluctuations by a suitable inital noise. In the present study we seek to achieve a more
complete understanding of the characteristics of eq. (37) by deriving expressions for
the key quantities tu and T)vlt for unstable nuclear matter.

3 Unstable nuclear matter

Let us now apply the general method developed abov to nuclear matter in two
or three dimensions. The system is initially translatiunally invariant in space and
has a momentum distribution corresponding with thermal equilibrium at a given
temperature T. The reference distribution f0 is then given by the associated Fermi-
Dirac distribution and therefore depends only on the nucleon energy e. We then
introduce a small disturbance Sf(v,p,t = 0) and seek to determine the collective
response /(r , p , i) of the system.

3.1 Linear response to Vlasov

In order to be pedagogical, we consider first the Vlasov equation,

df_ df_ dH df dH _
8t + dT'dp dp"fc-°' ( 3 8 )

which describes the collisionless evolution of / in the self-consistent effective field.In
the following, the effective one-body Hamiltonian is assumed to have the form if (r, p) =
p2/2m + U[p], with p(r) = h~D / dp/(r, p) being the spatial density of the nudeons.
Expanding the disturbance 8f around the static uniform solution /o, we obtain the
EPA equations for the perturbation £/(r,p,t) (see eq. (14)),

dSf 88f p 5/o dU

- + - - - - - - = °- (39)



To solve the above equation, it is convenient to perform a Fourier transform with
respect to the position r, i.e. expanding Sf on plane waves,

k " (40)

where SI is the total volume of the system.2 The dynamical problem thus reduces to
finding the Fourier coefficients

/k(p,*) = Mr-^=e- k- r5/(r ,p , t ) , (41)

which are then governed by the correspondingly transformed RPA equation,

k - p

~H: --- - n '
at m m Of. Op

where
- k - r M M ) . (43)

In this equation Uk denotes the appropriate Fourier component of the effective field
J7(r). When the field J7(r) is generated from the density p(r) via a finite-range
interaction g(r), U[p] = g * U, where U(T] = U(p(r)) is a function of the local
density, then we have dUt/dp = g(k)dU/dp, where g(k) is the Fourier transform of
the convolution function g(r).

It is evident from the above equation (42) that the RPA matrix is diagonal in k.
Indeed, eq. (42) can be written id/dt\\8f >•= M.\\6f :§>, where the k representation
of the RPA matrix is

Aikk-(p,p') = & * k"S(p - P') - - (44)

Since the different k values are thus decoupled, one may consider the problem for
each k subspace separately.

We may therefore look for particular solutions of the linear differential equation
(42) of the form

/k(p,i) = / U p ) e - ' u ' , (45)
and we find

, k - p . , . . k-p dfodUk ,„„,
(«--^)A,(p) + - ^ - £ - ^ = 0. (46)

In the region where k • p ̂  mu (as is the case, in particular, whenever when the
energy is not real, such as for unstable modes) we can solve this relation formally,

duk k-P a/o

2 We are using a box normalization of the plane waves, because the wave number k then takes on
discrete values only; this is especially convenient for the treatment of quantities that are diagonal
in the wave number, such as the overlap matrix O~l.



Since pk = h~D / dpjfc(p), integration over the momentum p yields the following
self-consistency condition on w,

duk rdp k .P df0 = dukrdp (k.P)2 df0
dp J hDk'p-mwde ~dp J h° (k • p)2 - m2w2 0e ' l J

where the last relation has been obtained by using the fact that only terms that are
symmetric under the transformation p — > — p contribute to the integral. We note that
u dependes only on the magnitude of k, since all directional information is eliminated
by the integration over p. Moreover, for those values of fc for which the dispersion
relation can be solved, there are two possible frequencies wjt which are related by
complex conjugation. These can readily be determined by numerical iteration.

When the mode is unstable the frequencies are imaginary, w* = ±i/ifc, and we
will denote by f^ the corresponding two eigenmodes,

± fc-P dUkdf0
k ~ k - p =F HI*/** 6p 8e

where we note that the dispersion relation (48) implies that these eigenfunctions are
normalized to unity, h~D / dp j j (p) = 1.

3.1.1 Zero temperature

To gain more familiarity with the properties of the unstable modes, we consider
the zero-temperature limit. In this case one can solve the dispersion relation (48)
analytically, due to the fact that the distribution /o describes a sharp Fermi sphere so
that dfo/de — — 6(e— ejr), where ep is the Fermi energy associated with the specified
uniform density p. One obtains imaginary eigenenergies when the following relation
is satisfied,

(50)

where D is the dimension of the physical space. In the limit of long wave lengths,
fc — » 0, this relation reduces to the cxadition for mechanical instability,

a , a

When condition (50) is satisfied the frequency of the eigenmode is imaginary and we
obtain the solutions u± — ±i/fjb, where i* is the corresponding characteristic time.
For a two-dimensional system we then find

8Uk\* Up dUk\
+1*J% + 1*)- (52)

If we now let the temperature take on a finite value the dispersion relation (52)
will change somewhat while retaining their overall character. The introduction of
the collision term mainly adds a damping (i.e. a. positive imaginary part) to the
frequency. This can be most dearly seen in the relaxation-time approximation where
I\f\ is replaced by —Sf/1^^, so that the average effect of the collisions is to change
the frequency ui^ into w^-i/ireia*.
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3.2 Source term
We are now in a position to derive the expresssion for the source terms governing
the growth of the instabilites in nuclear matter. Since the eigenmodes /^(r ,p) are
harmonic waves in space with the wave number k, the overlap matrix (21) decouples
into a set of 2 x 2 submatrices, one for each value of k,

(0->)E', = * k , k , (o - ' ) r ' (53)

where the superscripts take on the values + and — . The 2 x 2 matrix ot is the
inverse of the overlap matrix for the two eigenmodes associated with a wave number
of magnitude k,

/k'cp). (54)
The overlap matrix is independent of the direction of the wave vector k. Furthermore,

° t + = °fc~ and (<£-)' = <£+.
Because of the decoupling in the wave number k, the matrix elements (26) of the

diffusion coefBcient with respect to the eigenmodes are diagonal, Aj£', = ^k.k'A^',
and we may therefore restrict our further considerations to a single value of k. The
corresponding 2 x 2 matrix of A coefficients is then given by

Here the integrations over the positions r and r' have been carried out by taking
advantage of the fact that the diffusion coefficient D(r,p;r ' ,p') is local (see eq. (5))
and is otherwise independent of position, since /o has translational invariance. On
the basis of the explicit forms of the dgenfunctions (47) it is easy to show that
A + + = A " and (A+-)- = A - + .

The diffusion coefficients for the evolution of the eigenmodes can now be obtained
by invoking eq. (25),

= £ o^A^o^ . (56)

It readily Mows that X£+ = V^~ and (Z£~)" = V^+. The above result (56) then
permits the evaluation of the source term for the fluctuations in the evolution of the
eigenmodes of the system (see eq. (33)). These quantities, together with the growth
times it determined from the dispersion relation, enable us to describe the early
dynamics of the unstable modes.

To summarize, the expansion of the Fourier coefficients on the eigenmodes has
only two terras for each value of k,

(57)

and the early evolution of the random amplitudes A^(i) is as follows,

11



= : ^-(t) = 2D^~t, (58)
at

where we have used *Dk to denote the diagonal source term T>£+ = Z£ ~ for simplicity.
It is interesting to note that the A coefficients (55) can be expressed as averages

over the basic collision processes. For example,

= 2 < £ ( ! ) • ( £ U ) + £ ( 2 ) - 2£(1 ' ) > NcM , (59)

where TVcoii is the rate of two-body collisions per unit volume in the system,

(60)

and the average is defined with respect to the measure dvi^v^'i

>i,2;i<,2< . (61)

Since the quantities being averaged do not exhibit much variation, the main variation
of the A coefficients follows that of the collision rate Nco\\. This feature is obviously
very convenient.

4 Illustrative results

It has been shown above that when one is interested in the early dynamics of unstable
systems it is possible to decompose the solution of the Boltzmann-Langevin equation
into unstable modes, each one characterized by its wave number k. For a given k there
exists a mode whose amplitude increases exponentially and a conjugate mode whose
amplitude decreases exponentially, both characterized by the same time constant
it determined by the appropriate dispersion relation. The growing mode will then
dominate over the decaying mode after such a period of time has elapsed. Moreover,
in the course of time the overall dynamics will become dominated by those modes
that have the shortest time constant. The k value corresponding to the most unstable
mode depends of course of the density p and temperature T of the system, since the
effective potential U depends on p (in some models also on T) and the phase-space
density f0 depends on both p and T.

We shall here briefly illustrate our results for nuclear matter in two dimensions,
using the came interaction and the same gaussian folding as in [13]. In fig. 1 we show
the approximate delineation of the spinodal boundary in the density-temperature
phase plane. We note that the model yields a reasonable critical point of around
pc K 0.4p0 and Tc KS 17 MeV. The system is mechanically unstable inside the spinodal
boundary and we show the 3 x 3 grid of test scenarios for which the instability
dynamics has been especially examined. We confine the present illustrations to modes
with the particular wave number k — 0.60 fm"1, which characterizes approximately

12



the fastest developing mode, and for which the corresponding modes are unstable.
(This latter feature is not trivial, because the spinodal region of instability depends
on the wave number k, shrinking from the boundary shown in fig. 1 to a point on the
p axis, as fc is increased from 0 to a certain maximum value fcmax beyond which the
modes are stable.)

To show how the amplification of fluctuations with wave number k depends on
temperature and density, we show in fig. 2 the time constant tk as a function of the
density p, for the three temperatures T = 1.5, 3, 6 MeV. The growth time tk is infinite
at the spinodal boundary corresponding to the specified value of k, and it exhibits a
minimum in the central region of mechanical instability. Moreover, the temperature
tends to slow down the growth of the instabilities. These general features are clearly
reflected in the results shown.

The time constant tk governs the growth rate of fluctuations, while the rate at
which the fluctuations are created in the first place is given by the source term 2?/t,
which is the appropriate transform of the general phase-space diffusion coefficient.
The source term T>k can also be calculated in our simplified scenario, since we know
the diffusion coefficient U(r, p; r', p') from the Boltzmann-Langevin theory [9] and
the explicit form of the eigenmodes (49) allows us to calculate the associated over-
lap matrix and the corresponding transforms Aj£+ and AjJ"~. The resulting diagonal
source term T>k is shown in fig. 3 as a function of density, for the same values of the
temperature. We note a rather strong dependence on the temperature (hence the
logarithmic scale), with a more moderate variation with density, as would be quali-
tatively expected. In order to bring out the close relationship between the creation
of fluctuations and the two-body collisions, we show in fig. 4 the collision rate Nco\\
associated with the same physical scenarios. We note that indeed the source term
and the collision rate exhibit rather similar dependencies on density and temperature.

Finally, we show in fig. 5 the product 2?fc*t which characterizes the amplitude
of the unstable mode, as is evident from (58). Since Z>& depends more strongly on
temperature and density than does tk (especially with regard to the temperature),
the resulting behavior of the amplitude "D^k resembles that of X?& to a considerable
degree.

The present illustration serves to demonstrate how the developed formal tools
permit a quantitative derivation of the key quantities that characterize the onset of
the instabilities in unstable nuclear matter. We wish to remind of the fact that the
effect of the average collisions on the dispersion relation has been ignored, in order to
keep the discussion as transparant as possible. As already mentioned, the inclusion
of this dissipative term is expected to preserve the qualitative features, while mainly
producing an increase of the growth times £&•

5 Conclusion

We have shown that ihe application of linear-response theory to the Boltzmann-
Langevin theory provides a relatively simple and complete understanding of the early
development of the one-body phase-space density in nuclear matter, including its cor-
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relation function. Indeed, within such an approach it is possible to describe the time
evolution of the correlated fluctuations created by the stochastic two-body collisions
in the system.

The two-time correlation function contains no information on the spontaneous
creation of fluctuations in the course of the evolution. However, for stable nuclear
matter, it does exhibit the effects of both the Landau damping, due to the effective
field, and the collisional damping. Moreover, for unstable systems, the two-time
correlation function reflects the characteristic times for the amplification of existing
fluctuations in the system.

On the other hand, the evolution of the equal-time correlation function can be
used to determine the source term governing the rate at which the unstable modes
are agitated in the system. This has been illustrated the case of spinodal instabilities
in idealized two-dimensional matter. In particular, the source term arising from the
stochasticity of the basic nucleon-nucleon collision and the growth time associated
with the self-consistent response of the effective field have been calculated for a grid
of points inside the spinodal region in the density-temperature phase plane.

Corresponding calculations in a realistic three-dimensional world are in progress.
It would be especially interesting to bring the result to bear on nuclear collisions at
intermediate energies, where instabilities are expected to play a major role, and one
may expect that this type of analysis will help to elucidate the physics of the catas-
trophic processes involved.
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Figure 1: Phase diagram.
In the density-temperature phase plane is shown the delineation of the spinodal insta-
bility region within which the uniform system is mechanically unstable. Also shown
are the phase points (p, T) for which application of the theory has been made. The
system considered consists of nuclear matter in two dimensions, with periodic bound-
ary conditions in space.

Figure 2: Growth time.
The time constants i* characterizing the exponential growth of the unstable mode
with wave number fc, as a function of the average density in an initially uniform two-
dimensional torus. Three different values of the temperature have been considered,
T=1.5 MeV (diamonds), 3 MeV (squares), and 6 MeV (circles).

Figure 3: Source term.
The source term. 27* governing the initial growth rate of the unstable mode with wave
number fc, in a display similar to that in fig. 2.

Figure 4: Collision rate.
The collision rate Nco\i in the two-dimensional idealized system considered, in a display
similar to that in fig. 3.

Figure 5: Amplitude.
The product of the source term "Dk (shown in fig. 3) and the corresponding time
constant i* (shown in fig. 2) in a display similar to that in fig. 2. This quantity
governs the amplitude of the early development of the unstable mode with wave
number k (see eq. (58)).
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Source term DK (fm J) x 10
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