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Abstract : Two experimental evidences are discussed of the reflectance
discontinuity associated with very long adsorbed polymer chains.

The anomalous low reflectivity is compared to the Ramsauer-Townsend
effect in the scattering of slow electrons by rare-gas atoms.

1. INTRODUCTION

In the Bom approximation of the scattering amplitude, the stationary collision state is described

by plane waves, as if the interaction potential only modifies the direction of propagation of the

incoming radiation. In many experimental situations, this approximation is valid and the

Fourier inversion of measured intensities gives the concentration profiles, or more generally,

the pair correlation functions of the scatterer.

The Born approximation is however known to fail whenever the incident plane wave is

strongly distorted by the scatterer. In this case, the wave function associated with the stationary

collision state contains a more fundamental information about the scatterer itself, and this is a

point of interest

In this respect, a particular situation is the reflectivity at total reflection edge. If the wave vector

k of the incident radiation is decreased across the characteristic value kc for total reflection, the

wave function of the transmitted beam goes over from an oscillating plane wave to an

evanescent wave. At the cross over between these two regimes, the wave function can usually

be regarded as a constant, with a vanishing amplitude. We show however that such a

description is not correct when a radiation is reflected by very long adsorbed polymer chains.

In this situation, the requirements for the Bom approximation to be valid are no more satisfied.

Let namely V be the intensity of the interaction potential and R its range. The validity of the

Born approximation implies that V be small enough. More explicitly (Ref.l).

I)If k R < l , V « - — s
mR2

(here m is the mass of the incident particle).

2) If k R » l , £ ^ «1.



3) The collision state should be far away from a resonance state.

k fi2

Condition 2) cannot be met when the potential extends over distances much greater than y —

as in the case of very long polymer chains. Further, we shall argue that the distortion of the

plane wave is due to the existence of a resonance state. Thus condition 3) is also not satisfied.

Dietrich and Schack (Ref.2) were the first to draw particular attention to the theoretical situation

in which a potential V varies slowly over a range extending to infinity. They considered the

case of a repulsive potential (V > 0) and predicted the existence of an "essential" singularity of

the reflectivity function, at the edge of total reflection. This singularity does not appear in a

calculation based on the Born approximation, nor on its more sophisticated version, the

distorted wave approximation. This situation is of interest, but it was soon realized that an

experimental evidence could not be found at the present state of instrumental resolution.

Bouchaud et al (Ref.3) noted that the sign of the interaction potential V can be chosen

arbitrarily in the case of a neutron radiation, using an adequate isotropic composition of the

sample. Thus the case of the attractive potential (V < 0) could also be examined.

A numerical simulation was made by J. des Cloizeaux (Ref.4), who obtained the reflectivity

function associated with an attractive potential extending to infinity. The reflectivity function

displayed a anomaly which looked like a strong discontinuity at total reflection edge. A proof of

the existence of a true discontinuity, and the numerical values of the reflectivity at total

reflection edge, were given by O. Guiselin (Ref.6). A first experimental evidence for the

reflectivity discontinuity, using the reflectivity facility at the LLB (Ref.7), was obtained by O.

Guiselin (Ref.8). Recently de Gennes (Ref.9) proposed a "physical" interpretation of the

discontinuity, being related to a resonance with the top bound state of the potential well. Such

an interpretation would help to determine the minimum length of the polymer chain, which

allows for a reflectivity anomaly close to a discontinuity.

In the following paper we outline the theory of the stationary collision state at total reflection

edge and the related discontinuity in the reflectivity function. The essential section is the report

of the two available experimental evidences : the reflectivity function obtained respectively by

the numerical simulation of the wave-equation, and by the neutron reflectivity experiment

Finally we compare the observed phenomenon to the Ramsauer-Townsend effect, which is the

zero cross section of rare-gaz atoms bombarded by electrons in the limit of zero energy. A

classical explanation of this effect is given in terms of the top bound level of the potential well.

2. THEORETICAL PREDICTIONS

We present here some detail developments which have already been published, but which are

needed in order to determine the numerical values of the physical constants. The magnitude of

the reflectivity at total reflection edge, depends crucially on these values.



a) Wave equation and reflectivity

A radiation of wave vector k incident on a sample, is reflected if the sudden change of

refraction index n("?) occurs at a surface z=0. The reflection phenomena is described by the

solution y(z) of the wave equation

f ^ + n2(z) k2 sin29 W ) = 0 (1)

where 6 is the angle between the direction of the incoming wave and the surface z = 0.
Assuming n2(z) = constant for z < 0, we may write

V(z) = A e ^ + Be-*1» , z < 0 (2)

The reflectivity is the function

B
sin8) =

which is equal to

sin8) •

A

k sin6-W

(3)

k sinG+W
(4)

where W = ^ ^ (5)
iy(0)

is determined by equation (1)

The problem of interest to the experimentalist is to determine the "interface structure"

n2(z) from the observed reflectivity function. This requires usually a careful application of the

trial and error method, but in the case presented here, the result of the experiment should

provide a direct evidence (Ref.2) on the nature of the interface structure.

b) A dimensionlessform of the wave equation

For polymers in solution, adsorbed at an interface, the index of refraction writes :

An
n2(z) = 1 - - ^ (bcCp(z) + I)5Cs(Z)) (6)

where q(z) (i = p,s) is the concentration at a distance z from the interface, and bi the collision

length. The index i = p refers to the monomer of the polymer chain and the index i = s to the

solvent molecule. The polymer solution being incompressible, it is convenient to introduce the

volume fraction :

0(Z) = Cp(Z)Vp (7)



where Vp is the monomer partial volume. Expression (6) becomes

n2(z) = 1 - ^ (j* 4.(Z)-Ij(I-Kz)) (8)

As in the distorted wave approximation, it is convenient to decompose <|>(z) into a constant and

variable parts

4> (9)

where 4> = lim <)>(z).
Z—>«o

As a result

sin29 n2(z) = k2 sin2e - 4rc (B + AB(z)) (10)

where $ = l im <)>(z).
Z—>oo

^ (12)
vs

where Y = ( ^ - I ) (13)

The wave equation writes now

( ^ +K2-4K AB(Z)) 4>(z) = 0 (14)

where K2 = k2sin29-4JtB (15)

A dimensionless form is obtained with transformation

y = ->/4JtB z (16)

As a result

( ^ + Y 2 - AV(y))4>(y) = 0 (17)



where

The function AV(y) is given by the polymer concentration profile, which is to be determined

from observed values of the reflectivity function K, (ksinô/

c) Application to self similar profiles

We assume that the polymer concentration obeys the self similar concentration profile proposed

by P.G. de Gennes (Ref.9) and the universality relation proposed by J. des Cloizeaux

(Ref.10).

Let Cic(z) be the Kuhmian concentration

Ck(z) = C(z) X ^ (19)

R2

where C(z) if the polymer concentration and X2 = - j - (R2 is the square end to end distance, d

the dimension of space).

The theoretical profile is

^ <20)

where p. = d - - and A0 (to first order in E) = — = 0.2 are the universal constant ; Z0 is a cut-
v Ti2

off distance depending on attractive forces.

In terms of the volume fraction 4>(z) we have

<Kz) = C(z)Nvp (21)

where N is the degree of polymerization. Combining

^ ( 2 2 )

We express X2 in terms of the radius of gyration RG- For d = 3

X 2 = T = 2 R O / X (23)

when x is a coefficienL In good solvents the asymptotic value of % is .952.



We introduce the dimensionless variable (16)

y =

In the case of the theoretical profile (22), <t> = h m <j>(z) = 0. Combining all these relations,
z —> «

we obtain for the potential

AV(y) = . * (24)
(y+y0)^

where

^c = Y Nvp (2 R^/xr 1 / 2 v (4TtB)U^ A0 (25)

This expression is independent of N. The sign of y can be varied in the case of a neutron

radiation, by isotropic substitution. Thus the sign of \ can be imposed by the experimentalist

and this is an important fact.

We now examine the reflectivity function %iy) associated with the solution of the propagation

equation

0 > y > ° (26)

If Ĵ c is negative, this equation describes the interaction of a wave with a well. Thus we

examine the reflectivity associated with a shallow well extending to infinity. Values of the

parameters corresponding to a physical situation are typically

Ac = -0.01 , y0 = 0.05

We shall also examine the reflectivity associated with other values, in particular S^ = -0.07.

d) The reflectivity discontinuity

We consider here the reflectivity at total reflection edge

lim
Y-»0

VY2+1-W

/Y2+1+W
(27)

It is easy to show (Ref.4) that for any potential with a finite extension yinax. the quantity

lim
Y-»0 i

( 2 g )

is purely imaginary. As a consequence, 1Rj= 1 and this is an expected result because the waves

propagating within the sample become evanescent as Y2 < 0.



The result is different when the potential behaves as in equation (24), over an infinite range. An
intuitive demonstration consists to calculate W with the asymptotic form of the wave function
y. Asymptotically, y(y) can be represented by the WKBJ approximate solution to the
wave equation

lim
y-»»

AV(y)
' (29)

(Note that the requirement | AV(y)(Y2 + | AV(y)| )-3/2| « i f o r t h e v a l i d i t y o f t h e W K f i J

method, is satisfied if JJ. < 2 in (24)).

The quantity W =- is real when Y - • 0, and therefore * . - ""> ft Y)) < 1. In order
Y » 0Y-»0

however to determine the numerical value of % the extrapolation to y = 0 of the asymptotic

form (29) is not adequate and we need the exact solution H*(y). The result obtained by O.

Guiselin (Ref. 6) is :

(y + yo)(2"u>/2[ (30)yo)1/2A ~
2-H

where Ha is Hankel function of the first kind. In fig. 1, a schematic representation of 4*(y) is

plotted against the distance y to the interface. It is seen that when ¥(y) is normaUzed to unity at

y(0) (the interface), then »P(y) oscillates and diverges as y -» ~. Such a behaviour is just the

opposite of the one we observe in simple situations, corresponding for instance to the Fresnel

reflectivity : the amplitude of the transmitted wave tends to zero in the limit Y -> 0.

Fig.l. Wave amplitude at total reflectivity edge. Schematic representation. The amplitude of the
incoming wave is normalized to unity.

a) case of the step potential (Fresnel reflectivity)
b) case of the self similar well (24) : at total reflection edge, the radiation is still trapped in

the reflecting sample.



From equation (30), exact values of W are calculated and the result we are looking for writes

now :

OtCO =1-361 J 6I 2^ (31)

e) Effect of the cut-off in the interaction potential

In reality, the interaction potential given by equation (24) has a finite range, y < ymax because

'he length of the adsorbed polymer chains is finite. Thus, beyond ymax. the interaction potential

is zero ; as a consequence, the solution *F(y) of the wave equation is asymptotically a plane

wave, and W is imaginary. Strictly speaking, we have then R. = 1, but in the vicinity of Y=O,

the function %iy) will decrease sharply and since the resolution in the observation of ^(y) is not

perfect, equation (31) holds practically true if the polymer chain is long enough.

We can evaluate the smallest extension ymax that the polymer chain should have in order to have

an "observable" discontinuity in the reflectivity, using an argument proposed by P.G. de

Gennes (Ref.9) : the quantity ymax should at least cover the first nodes of the wave function

*P(y). The Bohr-Sommerfeld quantization rule (Ref.12) for the first node z = zi writes (see

equation (14))

[^dz 4JtAB(Z) dz = 3/4 (32)

Replacing AB(z) by the physical parameters (equation (12)) we obtain for zi

} (47CyB)"1/2 (33)

where C= ( | x ^ ^Ov) = 7.10-2. I n dimensionless units yi = 7.10"2 X1/(2"^.
4 M- c

For the radius of gyration RG of the adsorbed polymer it is thus required that

RG ^ zi (34)

Thus the effective cut off depends not only on the chain size but also on the depth of the

interaction potential.

3. EXPERIMENTAL EVIDENCE

c

We examine the reflectivity function (27)

/ Y 2 + l - W

+ W

and in particular the limit

(35)



obtained in two different kinds of experiments.

- The first is a numerical simulation of the wave equation for a potential well (24)

- the second consists in the measurement of the radiation intensity reflected by the air-solution

interface of a polymer solution.

a) Numerical simulation

A numerical calculation of *P(y=O) and of ViY) was performed by J. des Cloizeaux (Ref.4).

The method consist in replacing the derivative in the wave equation

V (y+yo)n
(36)

by finite steps, in the interval O S y S y m a x = 80. The solution obtained with the finite step

system is to coincide at y = ymax with the asymptotic form Vas(y) of the WKBJ

approximation (see (29)). Great precautions have been taken to avoid propagation of round off

errors.

0.2 0.4 0.6 0-8 .. 1.0

Fig.2. Reflectivity function 3C[Y) obtained by numerical simulation (Ref.4) ; Y =

^c = - 0.07, y0 = 0.1.
result of the numerical simulation
Fresnel reflectivity function

The observed value 3?.- ^ V ^(Y) is in agreement with formula (31).

f
4TtB

- 1,



The result obtained with Xc = -0.07 and y0 = 0.1 is shown in fig.2. This figure displays a

discontinuity at Y = 0. The limit Y—> 0 corresponds to the onset of total reflection (k 5 "y 4;tB)

and here

St= ^ St(Y) = 0.41

The theoretical values corresponding to formula (31) is

St= 0.397

b) Experiments on Polydimethylsiloxane chains in deuterated toluene

For a solution of Polydimethylsiloxane in deuterated toluene, the coefficient y is

Y = -.987

and thus the wave equation (17) corresponds to the case of an extended well. The coefficient fy

(25) is here

^c = .-014

The prediction of section II are (see equation (31))

St= " m
n St(Y) = 0.95

zi = 310 nm

The molecular mass (Ref.13) of the sample is 4.2 x 106. The corresponding radius of gyration
is !Rc = 115 nm. Thus condition (34) is satisfied, but the predicted reflectivity jump is very

small. The angular resolution of the reflectometer (—)"1 = 1.66 is not high enough to allow
6

for a direct observation of the discontinuity. Let then 9$Kk) be the Fresnel reflectivity measured

for the air-solution interface of an equivalent pure solvent. A model calculation (Ref.8) shows

that the ratio

cancels the finite resolution effects. In this representation, the experimental data obtained at the

Laboratoire Léon Brillouin (Ref.8) give a first evidence of the reflectivity discontinuity (fig.3).

We note that the difficulty in observing a discontinuity in ^(Y) comes from the fact that, the

isotopic substitution does not provide a physical system with a negative coupling constant Ac

of large enough absolute value I **J .



aO7 0.08 0.09 0.10 0.11 0.12

ksindlnrrV1)

Fig.3. The ratio ^fk)/^p(k) of measured reflectivity, are plotted against k (Ref. (8)).

Total reflection occurs at k < ̂ 4,xB = 0.084 nnr1

(a) the molecular mass of the Polydimethylsiloxane chains is Mw = 8.2 x 104

(b) Mw = 4.2 x 106.

4. PHYSICAL INTERPRETATION. AN ANALCXJY WITH THE RAMSAUcR

TOWNSEND EFFECT

A physical interpretation of the low reflectivity observed at total reflection edge, is found by

comparing this effect to similar phenomena «curing in different systems. The first classical

result which we may consider, is the reflectivity by a rectangular well (as the Fabry-Perot

dielectric slab, or the semi conductor heterostructure (Ref. 13)).

Transmission resonances (i.e. minima in the reflectivity) are found whenever R \ k2+1 V| is a

multiple of K (here V is the depth of the well and R its extension. A characteristic of such states

is the enhanced amplitude of the wave inside the well (as in figure 1, curve b). These are the

virtual bound states.

The limit Ic-K) is of particular interest, as explained by Morse and Feshback (Ref. 14). Consider

namely the case of a potential V* for which there exist a true bound state just below the top of

the well. If V is slightly decreased bslow V*, this bound state is "squeezed out into the

continuum" and becomes identical to the virtual bound state. The reflectivity anomaly is in this

case very sharp (see figure 4).

The fact that the spectrum of bound states is discrete imposes condition to the potential V, in

order to obtain a narrow minimum in the reflectivity as k~*0. This condition becomes obsolete

when the spectrum of true bound states is continuous (Ref.9). In the case of the well with a self



\

similar potential extending to infinity (24), the spectrum of this well is continuous for | i< 2.

Consider namely the Bohr Sommeifcld quantization rule

f
J

zi(K)
+1 AV(Z)I dz = (n + h (38)

where zi(K), Z2(K) are the turning points associated to the wavevector K, and where n is the

index of the eigenmode. In the limit K~*0, the integration extends from -<*> to +<*>, and the

integral is proportional to z1"^/2- For ,u < 2, this quantity diverges as z-»», and as a

consequence the number of modes in the well is infinite. Thus in the limit K~*0, the top bound

mode gives the non zero transmission amplitude in the reflectivity experiment. Calculations

show that the amplitude of this wave function is important in the potential well, as illustrated in

fig.l for the case of profile (24).

IO -

CS-

i -

20 6 0 J ao

Fig.4. Calculated reflectivity function 3^k) for a potential well. The parameter V, R (potential
depth and range) are chosen in such a way that the top bound level is just "squeezed" out in the
continuum. (Ref.l4).Here R W = 4.99 re.
This plott does not display a true discontinuity as in fig.2.

A similar situation is found in the scattering of slow electrons by rare-gas atoms. The

interaction potential of the electron with the atom, is a Coulomb potential, with a cut-off at the

outer electron shell.

The observed sffect is the vanishing of the total cross section as the energy of the incident

electrons tens to zero (fig.5). This was found to occur for heavy targets such as Ar1Kr1Xe but

could not be observed on lighter targets (H2,He,Ne). The explanation (Ref.lS) is that the wave

function needs one or two oscillations within the atom in order to probe the Coulomb potential.

In heavy atoms the effective range R^V is large enough (fig.6), but in light atoms this is no

more true. The argument is similar to the one given in section lie). Another point of interest in

figure 6 is the great amplitude of the wave inside the atom.

Morse and Feshbach (Ref.14) give a detailed calculation of the scattering amplitude, from the

stationary solution of a model system. For the 1=0 contribution their equation writes

Uo(r) = (39)



where

k2- 2MZe2

fi2R (40)

2MZe2 .
k is the incoming wave number, and 2 p " ls ^ cut-off caused by the neutralizing sphere at

a distance R.

ISO

Ti

10 10 5 4 1 25

. Xt „
\Ar«r

•H,Nt

Tt/VOlt

Uxi,

Fig.5. Total cross section of rare-gas atoms scattered by electron. The observation of interest is
here the vanishing of the cross section as the energy of the electron tends to zero. This fact dees
not hold true for rare-gas atoms such as H2, He and Ne (Ref.lS).

-02
0 1 2 3 A x S

Fig.6. The wave function \|/(x) is plotted gainst the dimensionless variable x = —^.

The Coulomb interaction V is cut off at a distance x = ^ (where R is the radius of the

neutralizing shell) (Ref.lS). In order to probe the Coulomb potential, the wave function of the
electron undergoes several oscillations within the atom.

The scattering amplitude determined from the phase shift tends to zero as k->0, if the radius R

of the neutralizing shell extends to infinity. In this limit, the top bound state just emerges from

the well and the cross section is zero. Although the interaction potential extends now to infinity,



-LLB

there is still an unperturbed incoming plane wave. This is at variance with the case of a pure

Coulomb field, for which the cross section at zero angle diverges.

5. CONCLUSION

The release of Bora's restrictive conditions in the reflectance calculation, has allowed us to

reveal an interesting property of very long adsorbed polymer chains. The reflectivity function is

discontinuous at the edge of total reflectivity and the first experimental evidence has already

been given. This result provides the most direct experimental proof that adsorbed polymer

chains from a self similar profile, extending far away from the interface and decaying with a

power law whose exponent is strictly smaller than 2.

The conditions for the observation of the discentivity are now well established. The size of the

jump would be much greater if one could find monomers with a negative scattering length.

Also of importance for this study, is die effective length of the polymer chain (i.e. the length

modulated by the potential depth), and the angular resolution of the reflectometer.

The effect which we have described is not an isolated accident. Similar results have been

found, at however a much smaller scale than polymer chains, such as the vanishing scattering

amplitude of rare-gas atoms by slow electrons. There are probably other examples of

interaction wells for which the above phenomena occur.
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